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1. Introduction 

 
Electrostatically actuated sensors are frequently used in 

many applications, especially in the fields of chemistry, 
biology and, physics. Micro Electro Mechanical Systems 
(MEMS) sensors are classified as resonators and non-
resonance sensors. In the latter, a movable electrode 
(microcantilever) deflects towards the fixed opposing 
electrode by the application of the DC voltage between 
them. In mass sensors and pollutant sensors, the 
microcantilever is deformed, and the capacity of the 
capacitor comprising two electrodes is changed by 
attracting the mass or pollutant. Therefore, by measuring 
the changes in the capacity, the level of pollution or mass 
can be measured. In the resonant sensors the combination of 
DC and AC voltage is applied between the micro-beam and 
opposite electrode. The electrostatic force due to DC 
component deflects the micro-beam to a new position, 
while AC component vibrates the micro-beam around this 
equilibrium position. In these systems, the measurements 
are performed by monitoring the changes in the resonant 
frequency due to the nonlinear jump phenomenon. A change 
in the stiffness or mass of the system shifts the resonance 
frequency of the resonator or creates a sudden change on 
the response. The amount of the frequency or response shift 
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may be taken as a direct measurement of the physical 
parameter. The performance of these systems highly 
depends on the frequency response characteristics and the 
resonance frequencies (Younis 2011). 

One of the main causes of failure in the electrostatically 
actuated systems is due to the pull-in instability. The pull-in 
instability occurs when the elastic restoring force of the 
microbeam is incapable of resisting against the electrostatic 
force, and consequently coming in contact with the opposite 
electrode. There has been a vast body of literature on the 
effect of pull-in instability on the performance of 
microsystems (Bianchi and Radi 2020, Duan and Rach 
2013, Zamanian et al. 2018, Bansal et al. 2020, Abdalla et 
al. 2005, Zhang and Fu 2012). Another important factor 
affecting the performance of MEMS sensors and actuators 
is cracks on the microbeams. The cracks can develop as a 
result of the manufacturing and machining processes as well 
as during the operation of the sensors. Cracks increase the 
local flexibility of microbeam due to increased stress 
concentration. Therefore, cracks can affect the static and 
dynamic pull-in behavior, and thereby the stability of the 
MEMS devices. 

Sourki and Hoseini (2016) studied the effect of crack 
parameters on the transverse vibration of cracked Euler 
Bernoulli microbeam using modified couple stress theory. 
They concluded that these parameters significantly affect 
the natural frequency of the system. Similarly, Zhou et al. 
(2015) studied the influence of slant cracks on the static and 
dynamic features of electrostatically actuated microbeams. 
The study concluded that the effect of crack position is 
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more significant than the crack depth. The effect of the 
crack on the static and dynamic pull-in instability of 
microbeams with different boundary conditions is 
considered by Motallebi et al. (2012). In this study, the 
governing static and dynamic equations of motion are 
solved using SSLM and Galerkin methods. The study 
concluded that the dimension and location of the cracks had 
significant influence on the pull-in voltage. The effect of 
crack on the dynamic characteristics of electrostatically 
actuated beams is examined by Hassannejad and Amiri 
Jahed (2018) taking into account the residual stress and 
fringing field effects. In several studies, the effect of crack 
position and depth on the mechanical behavior of 
MEMS/NEMS beams has been studied. For instance, Akbas 
(2018) used the modified couple stress theory to study the 
influence of crack parameters on FGM microbeams. In 
another study, Al-Basyouni et al. (2015) studied the bending 
and vibration of FGM microbeams using modified couple 
stress theory and neutral surface position methods. In 
another study, Dastjerdi and Abbasi (2019) employed the 
transfer matrix method to analyze the behavior of AFM 
with the open crack. Similarly, the mechanical behavior of 
cracked nano-beams composed of nanocrystalline materials 
was considered by Shaat et al. (2016) by using a size-
dependent micromechanical model and Mindlin couple 
stress theory.In numerous studies, microbeams with proof 
mass are used as sensors, actuators, and resonators (Nayfeh 
et al. 2010, Ouakad 2015, Ouakad and Younis 2008, Khater 
et al. 2014, Firouzi et al. 2016, Firouzi and Zamanian 
2019). Nayfeh et al. (2010) proposed a new model of a gas 
sensor consisting of an electrostatically actuated 
microcantilever with a rigid plate attached to its end using 
Galerkin and finite difference methods. In another study, 
(Ouakad 2015, Ouakad and Younis 2008) investigated the 
effect of the capillary and mechanical shock on the 
performance of the gas sensors. Mechanical behavior of 
binary gas sensor with same configuration, which utilized 
static bifurcation-based sensing and binary detection, was 
investigated and validated experimentally by Khater et al. 
(2014). 

Since cracks can lead to sudden failure of systems, 
many research studies attempted to develop new methods to 
predict the location and depth of crack (Rajabi et al. 2017, 
Huang et al. 2017, Vakil-Baghmisheh et al. 2008, 2012, 
Moradi et al. 2011, Jena and Parhi 2015, Jena et al. 2015, 
Moezi et al. 2015, 2018b). In several studies, optimization 
algorithms are used to detect the possible crack in a simple 
beam by considering the problem as an inverse problem and 
considering the objective function as the weighted squared 
difference between the measured and calculated natural 
frequencies, and the depth and location of the crack are 
taken as optimization variables. Vakil-Baghmishe et al. 
(2008) used binary and continuous forms of Genetic 
Algorithms (GA) in order to identify the depth and location 
of cracks in the cantilever beams. In another study, 
Baghmishe et al. (2012), a hybrid algorithm using particle 
swarm (PS) and Nelder-Mead (NM) algorithm was 
proposed to detect cracks in the cantilever beams with 
improved accuracy. Bees Algorithm was used to detect 
cracks in cantilever beams, where the crack is modelled by 

a rotational spring (Moradi et al. 2011). The study 
concluded that Bee algorithm can predict the crack location 
more accurately compared to the particle swarm 
optimization (PSO) algorithm. (Jena et al. 2015) used Self 
Adaptive Fuzzy PSO algorithm to investigate its 
applicability for crack identification problems. Moezi et al. 
(2015) predicted the depth and location of crack in 
cantilever beams by using Modified Cuckoo optimization 
algorithm (MCOA). While the methodology was accurate in 
terms of detecting cracks in beams, the number of function 
evaluations was more than 26,000. Therefore, the authors 
proposed the application of generalized modified cuckoo 
optimization algorithm to reduce number of function 
evaluations in another study (Moezi et al. 2015). Besides, 
detecting the cracks in operational systems has a significant 
importance in engineering applications. There is a various 
array of studies on the crack detection of rotor systems 
when system is in operation (Xiang et al. 2008, He et al. 
2001, Zhang et al. 2016). Tables 1 and 2 give a summary of 
the related novel techniques for prediction and crack 
detection using optimization methods, respectively. 

Optimization methods have been used in a large number 
of engineering problems in order to improve the 
performance of systems or to predict the failure of the 
systems or medical diagnostics (Deng et al. 2019, Cheng et 
al. 2016, He et al. 2018a, b, Cao et al. 2019a, b, Chen et al. 
2017). Adaptive differential evolution algorithm using a 
combined strategy was proposed by Sun et al. (2019). 
Multi-objective optimization algorithms were used in many 
practical problems in order to optimize different objective 
functions simultaneously (Amouzgar et al. 2020, Cao et al. 
2019a, 2020b, c, d). Harris Hawk optimization algorithm 
(HHO) (Heidari et al. 2019) is inspired from the modelling 
of Harris hawk’s behavior. The essence of the algorithm is 
the co-operation between hawks in hunting their prey. More 
specifically, the attacking strategy of Harris Hawks 
simultaneously from various directions has been the 
building block of the algorithm. This algorithm has been 
demonstrated successfully due to improved exploitation and 
exploration phases in engineering problems (Abbasi et al. 
2019, Ekinci et al. 2019, Too et al. 2019, Yildiz et al. 
2019a, Aleem et al. 2019). Multi population differential 

 
 

Table 1 Novel techniques for prediction 

Study Methodology Description 
Roy et al. 

2020 
ANFIS-Firefly 

optimization algorithm 
Predict reference 

evapotranspiration 
Chen et al. 

2018 
Multi-criteria 

decision making 
evaluation of shale gas 

supply chains 
Wang et al. 

2017 
Chaotic Moth 

Flame Optimization Medical diagnostics 

Shen et al. 
2016 

SVM hybrid with firefly 
optimization algorithm Medical diagnostics 

Cao et al. 
2020c 

Improved Whale 
optimization algorithm Parameter estimation 

Liu et al. 
2019 

Genetic Algorithm 
Simulated Annealing 

Minimum Energy 
Consumption 
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evaluation-assisted Harris Hawk optimization method was 
proposed by Chen et al. (2020) to improve the exploitation 
and exploration performance of HHO algorithm. 

The microcantilever with tip mass introduced by Nayfeh 
et al. (2010) has many applications in MEMS, and therefore 
the capability of detecting crack parameters in such systems 
is of engineering importance. In this study, first the effect of 
the crack on the static and dynamic performance of the 
aforementioned microsystems are investigated. The 
equations of motion are derived using Newton’s method, 
and the static deflection and natural frequency of the beam 
are obtained analytically. The dynamic performance of the 
system is determined using the multiple scale perturbation 
method, which can determine the unstable region in the 
frequency response curve. This feature of the algorithm 
makes it more attractive than the other numerical methods. 
In the second part of the paper, a novel optimization-based 
method is proposed to determine the location and depth of 
the gas sensors using the modal characteristics of the 
system. The performance of the proposed hybrid algorithm 
is compared with algorithms commonly used in the 
literature. Although there are research studies on the 
application of the metaheuristic algorithms to detect cracks 
to simple beams, this is the first application of the 
aforementioned metaheuristic algorithms to the MEMS 
systems to the author's best knowledge. In addition, the 
existence of the force due to electrostatic actuation makes 

 

 
 

the current study more challenging. Since the nonlinearity 
due to electrostatic force and fringing field effects are taken 
into consideration in the proposed study, the cost function 
becomes more complex compared to the common 
modelling approaches in the literature in which the force 
and momentum terms are ignored. Besides, the existence of 
the electrostatic force has a softening effect thereby 
changing the mechanical characteristics of the system. The 
objective of this paper is to present a novel algorithm that is 
able to detect the crack position and depth accurately for the 
electrostatically actuated gas sensors with an open edge 
crack. 

The paper is organized as follows: first, mathematical 
model of the electrostatically actuated cracked microbeam 
with tip mass is explained in Section 2. Furthermore, the 
static deflection, natural frequency and nonlinear dynamics 
are presented in this section. The effect of the crack on the 
static and dynamic pull-in instability is analyzed in Section 
3. Section 4 is reserved for the analysis of the effect of 
crack on the natural frequencies of the microcantilever. 
Crack identification methodology using inverse approach is 
presented in Section 5. The performance of the HHO 
algorithm and the proposed hybrid algorithms is compared 
in Section 6. The comparison with the optimization 
algorithms from the literature is presented in Section 7. 
Finally, the conclusions are given in Section 8. 

 
 

Table 2 Optimization based crack detection in mechanical systems 
Study Methodology Case Modelling 

Sahoo and Maity (2007) Hybrid of Genetic Algorithm and 
artificial neural network (GA-ANN) 

Clamped Free Beam and 
Simple Plane Frame Finite element model 

Sutar et al. (2021) Genetic Algorithm (GA) Simple Cantilever Beam Experimental data 

Khatir et al. (2018) Particle Swarm Optimization (PSO) Beam like structures Finite element model and 
experimental data 

Rezaiee-Pajand and 
Tavakoli (2015) Genetic Algorithm (GA) Concrete gravity dams Finite element model 

Pawar and Gauguli 
(2003) Genetic Algorithm (GA) & Fuzzy Simple Cantilever Beam Finite element model 

He and Hwang (2006) Hybrid of genetic Algorithm and 
simulated annealing (GA-SA) Beam Structures Finite element Software 

(ANSYS) 

Vakil-Baghmisheh et al. 
(2008) Continuous Genetic Algorithm (CGA) Simple Cantilever Beam Analytical Method 

(Continuous model) 

Moradi et al. (2011) Bee Algorithm (BeA) Simple Cantilever Beam Analytical Method 
(Continuous model) 

Vakil-Baghmisheh et al. 
(2012) 

Hybrid of Particle Swarm Optimization 
and Genetic Algorithm (PSO-NM) Simple Cantilever Beam Analytical Method 

(Continuous model) 

Moezi et al. (2015) Modified Cuckoo Optimization 
Algorithm (MCOA) Simple Cantilever Beam Analytical Method 

(Continuous model) 

Jena and Parhi (2015) Modified Particle Swarm 
Optimization (MPSO) Simple Cantilever Beam Analytical Method 

(Continuous model) 

Jena et al. (2015) Adaptive Particle Swarm 
Optimization (APSO) Simple Cantilever Beam Analytical Method 

(Continuous model) 

Moezi et al. (2018a) Generally Modified Cuckoo 
Optimization Algorithm (GMCOA) Simple Cantilever Beam Analytical Method 

(Continuous model) 
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Fig. 2 Schematic view of microsystem and its parameters
 
 

2. Modelling and formulation 
 
A general flowchart of study is shown in Fig. 1. There 

are two sources of nonlinearity: 1) electrostatic force, and 2) 
fringing field effect. The static deflection, natural frequency 
and primary resonance of the system with crack are 
determined analytically. Then, the weighted squared 
difference of the measured and calculated natural frequency 
is used as the objective function. Finally, the location and 
depth of possible crack are estimated using metaheuristic 
algorithms. 

The configuration of the micro-gas sensor, which is 
shown in Fig. 2, consists of a cantilever micro-beam with 
length of L and a rigid plate attached to its free end. There is 
a transverse open-edge full-width crack of depth dc, at 
position lc. The crack is oriented perpendicular to the 
longitudinal axis of the microbeam. 

 
 

 
 
The system can be modelled by two uniform sections, 

representing the part of the beam before and after the crack 
(section 1 and 2 in Fig. 3(a)), that are connected to each 
other with a rotational spring. The DC voltage, VDC, is 
applied between the rigid plate and the electrode plate, 
which is located at a distance d from the microplate. The 
free body diagrams of the aforementioned microbeam in the 
original and deflected configurations are shown in Fig. 3(a) 
and 3(b), respectively. In this model, w1 and w2 describe the 
transverse displacement of the beam on the left and right 
sides of the crack, respectively. Similarly, w3 is the 
transverse displacement of the rigid microplate. The shear 
force, Feq, and the bending moment, Meq, at the free end of 
the microbeam are included in the equation of motion using 
a Dirac delta function. The governing equations of motion 
for the beam before and after the crack, and boundary 
conditions using Euler-Bernoulli beam formulation are 
summarized as follows (Hagedorn and DasGupta 2007) 

 𝐸𝐼 𝜕ସ𝑤ଵ𝜕𝑥ସ + 𝜌𝐴 𝜕ଶ𝑤ଵ𝜕𝑡ଶ + 𝑐 𝜕𝑤ଵ𝜕𝑡 = 0          0 ≤ 𝑥 ≤ 𝑙௖𝐼 𝜕ସ𝑤ଶ𝜕𝑥ସ + 𝜌𝐴 𝜕ଶ𝑤ଶ𝜕𝑡ଶ + 𝑐 𝜕𝑤ଶ𝜕𝑡  = 𝐹௘௤𝛿(𝑥 − 𝑙) + 𝑀௘௤ 𝜕𝛿(𝑥 − 𝑙)𝜕𝑥             𝐸𝑙௖ ≤ 𝑥 ≤ 𝐿 

(1)

 𝑤ଵ|𝑥 = 0 = 0,     𝜕𝑤ଵ𝜕𝑥 |𝑥 = 0 = 0,𝜕ଶ𝑤ଶ𝜕𝑥ଶ |𝑥 = 𝐿 = 0 |𝑥 = 𝐿, 𝜕ଷ𝑤ଶ𝜕𝑥ଷ |𝑥 = 𝐿 = 0 |𝑥 = 𝐿 

(2)

 

 
Fig. 1 A general flowchart for the proposed algorithm

 
Fig. 3 Free body diagram of system (a) original; and (b) deflected configurations 
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The continuity equations between the left and right sides 
of crack are given as follows 

 𝑤ଵ|𝑥 = 𝑙௖ = 𝑤ଶ|𝑥 = 𝑙௖, 𝜕ଶ𝑤ଵ𝜕𝑥ଶ |𝑥 = 𝑙௖ = 𝜕ଶ𝑤ଶ𝜕𝑥ଶ |𝑥 = 𝑙௖ 𝜕ଷ𝑤ଵ𝜕𝑥ଷ |𝑥 = 𝑙௖ = 𝜕ଷ𝑤ଶ𝜕𝑥ଷ |𝑥 = 𝑙௖, 𝐸𝐼 𝜕ଶ𝑤ଶ𝜕𝑥ଶ |𝑥 = 𝑙௖ = 𝐾ఏ ቆ𝜕ଶ𝑤ଶ𝜕𝑥ଶ |𝑥 = 𝑙௖ − 𝜕ଶ𝑤ଵ𝜕𝑥ଶ |𝑥 = 𝑙௖ቇ
(3)

 
The constant of rotational spring (𝐾ఏ) depends on the 

material and cross sectional geometry of the beam, which 
can be obtained as follows (Vakil-Baghmisheh et al. 2012) 

 𝐾ఏ = 𝐸𝐼6(1 − 𝜈ଶ)ℎ × 1𝐽  (4)

 
where J is the geometrical factor as given in Eq. (5) (Vakil-
Baghmisheh et al. 2012) 

 

 
Applying Newton’s second law for the Fig. 2 yields Eq. 

(6) 
 𝐹௘௤ = 𝐹௘௟ + 𝐹௙௥ − 𝑚௣ 𝜕ଶ𝑤(𝐿, 𝑡)𝜕𝑡ଶ − න 𝑐𝑤ሶ ଷ 𝑑𝑥௅ାଶ௟೛௅𝑀௘௤ = 𝑀௘௟ + 𝑀௙௥ − 𝐼௣ 𝜕ଷ𝑤(𝐿, 𝑡)𝜕𝑥𝜕𝑡ଶ               − න 𝑐(𝑥 − (𝐿 + 𝐿௣))𝑤ሶ ଷ 𝑑𝑥௅ାଶ௟೛௅  

(6)

 
where the force and torque due to the electrostatic 
actuation considering the fringing field effects (Vakil-
Baghmisheh et al. 2012) are calculated according to Eq. (7) 

 

 
Finally, the transverse displacement of rigid micro-plate, 𝑤ଷ(𝑥), can be written as follows 
 𝑤ଷ(𝑥, 𝑡) = 𝑤ଶ(𝐿, 𝑡) + 𝑙௣𝜃 + ቀ𝑥 − ൫𝐿 + 𝐿௣൯ቁ 𝑡𝑎𝑛 𝜃 ,𝜃 = 𝜕𝑤ଶ𝜕𝑥 ห𝑥ො = 𝑙መ (8)

 
 

By combining Eqs. (1), (6) and (7), the governing 
equation of motion, boundary and continuity conditions can 
be expressed as 

 𝐸𝐼 𝜕ସ𝑤ଵ𝜕𝑥ସ + 𝜌𝐴 𝜕ଶ𝑤ଵ𝜕𝑡ଶ + 𝑐 𝜕𝑤ଵ𝜕𝑡 = 0,     0 ≤ 𝑥 ≤ 𝑙௖𝐸𝐼 𝜕ସ𝑤ଶ𝜕𝑥ସ + 𝜌𝐴 𝜕ଶ𝑤ଶ𝜕𝑡ଶ + 𝑐 𝜕𝑤ଶ𝜕𝑡  = − ቈ𝑚௣ 𝜕ଶ𝑤ଶ𝜕𝑡ଶ |𝑥 = 𝐿቉ 𝛿(𝑥 − 𝑙)     +𝐹௘௟𝛿(𝑥 − 𝑙) + 𝐹௙௥𝛿(𝑥 − 𝑙)     − ቈන 𝑐𝑤ሶ ଷ 𝑑𝑥௅ାଶ௟೛௅ ቉ 𝛿(𝑥 − 𝑙)     +𝑀௘௟𝛿(𝑥 − 𝑙) + 𝑀௙௥𝛿(𝑥 − 𝑙)     − ቈ𝐼௣ 𝜕ଷ𝑤ଶ𝜕𝑥𝜕𝑡ଶ |𝑥 = 𝑙቉ 𝜕𝛿(𝑥 − 𝑙)𝜕𝑥  − ቈන 𝑐൫𝑥 − 𝑙௣൯𝑤ሶ ଷ 𝑑𝑥௅ାଶ௟೛௅ ቉ 𝜕𝛿(𝑥 − 𝑙)𝜕𝑥 ,     𝑙௖ ≤ 𝑥 ≤ 𝐿

(9)

 

 
For the convenience and the generalization of the 

findings, the following set of non-dimensional parameters 
are introduced 

 𝑥ො = 𝑥𝑙 , 𝑤ෝ௜ = 𝑤௜𝑑      𝑖 = 1,2,3, 
𝑡̂ = 𝑡𝑇 𝑇 = ඨ𝜌𝐴𝑙ସ𝐸𝐼 , (10)

 
Using the non-dimensional parameters described above, 

Eq. (9) is re-written as 
 
 

 
 
 
 
 
 
 
 
 
 

𝐽 = 1.8624 ൬𝑑
ℎ

൰ଶ − 3.95 ൬𝑑
ℎ

൰ଷ + 16.375 ൬𝑑
ℎ

൰ସ − 37.226 ൬𝑑
ℎ

൰ହ + 76.81 ൬𝑑
ℎ

൰଺        −126.9 ൬𝑑
ℎ

൰଻ + 172 ൬𝑑
ℎ

൰଼ − 143.97 ൬𝑑
ℎ

൰ଽ + 66.56 ൬𝑑
ℎ

൰ଵ଴
 

(5)

𝐹௘௟ = 12 𝜀𝑏௣(𝑉஽஼ + 𝑉஺஼ 𝑐𝑜𝑠(𝛺𝑡))ଶ න 1(𝑑 − 𝑤ଷ(𝑥))ଶ௅ାଶ௟೛௅ 𝑑𝑥𝐹௙௥ = 0.325𝜀(𝑉஽஼ + 𝑉஺஼ 𝑐𝑜𝑠(𝛺𝑡))ଶ න 1(𝑑 − 𝑤ଷ(𝑥))௅ାଶ௟೛௅ 𝑑𝑥 𝑀௘௟ = 12 𝜀𝑏௣(𝑉஽஼ + 𝑉஺஼ 𝑐𝑜𝑠(𝛺𝑡))ଶ න (𝑥 − (𝐿 + 𝐿௣))(𝑑 − 𝑤ଷ(𝑥))ଶ௅ାଶ௟೛௅ 𝑑𝑥 𝑀௙௥ = 0.325𝜀(𝑉஽஼ + 𝑉஺஼ 𝑐𝑜𝑠(𝛺𝑡))ଶ න (𝑥 − (𝐿 + 𝐿௣))(𝑑 − 𝑤ଷ(𝑥))௅ାଶ௟೛௅ 𝑑𝑥 

(7)
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where 

 𝐾෡ఏ = 𝐾ఏ𝐿𝐸𝐼 ,     𝛼௘௟ = 𝜀𝑏௣𝑙ସ2𝐸𝐼𝑑ଷ , 𝛼௙௥ = 0.325𝜀𝑙ସ𝐸𝐼𝑑ଷ ,𝛼ଷ = 𝑚்𝜌𝐴 ,       𝛼ସ = 𝐼்𝜌𝐴𝑙 ,       𝑐̂ = 𝑐𝑑ටఘ஺௟రாூ  (12)

 
The equivalent force and moment terms from Eq. (11) 

are moved to the boundary conditions for the free end of the 
beam. Finally, the following equations of motion, boundary 
and continuity conditions are obtained 

 𝜕ସ𝑤ෝଵ𝜕𝑥ସ + 𝜕ଶ𝑤ෝଵ𝜕𝑡ଶ = 0  0 ≤ 𝑥 ≤ 𝑙መ௖  𝜕ସ𝑤ෝଶ𝜕𝑥ସ + 𝜕ଶ𝑤ෝଶ𝜕𝑡ଶ = 0  𝑙መ௖ ≤ 𝑥 ≤ 1 
(13)

 
 

 
 
2.1 Static deflection and natural frequency 
 
The static equilibrium equations, presented in Eq. (15), 

are obtained by setting the terms involving the time 
derivatives to zero. 

 𝜕ସ𝑤௦ଵ𝜕𝑥ସ = 0 0 ≤ 𝑥 ≤ 𝑙௖ 𝜕ସ𝑤௦ଶ𝜕𝑥ସ = 0 𝑙௖ ≤ 𝑥 ≤ 𝐿 
(15)

 
Similarly, the boundary and continuity conditions are 

shown in Eq. (16). 
 
 
 
 

 

𝜕ସ𝑤ෝଵ𝜕𝑥ොସ + 𝜕ଶ𝑤ෝଵ𝜕𝑡̂ଶ + 𝑐̂ 𝜕𝑤ෝଵ𝜕𝑡̂ = 0,          0 ≤ 𝑥ො ≤ 𝑙መ௖,𝜕ସ𝑤ෝଵ𝜕𝑥ොସ + 𝜕ଶ𝑤ෝଵ𝜕𝑡̂ଶ + 𝑐̂ 𝜕𝑤ෝଵ𝜕𝑡̂  = −𝛼ଷ ቈ𝜕ଶ𝑤ෝଶ𝜕𝑡̂ଶ |𝑥ො = 𝑙቉ 𝛿൫𝑥ො − 𝑙መ൯ + 𝛼௘௟ ቈ(𝑉஽஼ + 𝑉஺஼ 𝑐𝑜𝑠( 𝛺𝑡))ଶ න 1(1 − 𝑤ෝଷ(𝑥ො))ଶ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቉ 𝛿൫𝑥ො − 𝑙መ൯ 
    +𝛼௙௥ ቈ(𝑉஽஼ + 𝑉஺஼ 𝑐𝑜𝑠( 𝛺𝑡))ଶ න 1൫1 − 𝑤ෝଷ(𝑥ො)൯௟መାଶ௟መ೛௟መ 𝑑𝑥ො቉ 𝛿൫𝑥ො − 𝑙መ൯ − ቈන 𝑐̂𝑤ሶ෡ଷ 𝑑𝑥ො௟መାଶ௟መ೛௟መ ቉ 𝛿൫𝑥ො − 𝑙መ൯ 
    −𝛼ସ ቈ 𝜕ଷ𝑤ෝଶ𝜕𝑥ො𝜕𝑡̂ଶ |𝑥ො = 𝑙቉ 𝜕𝛿൫𝑥ො − 𝑙መ൯𝜕𝑥ො + 𝛼௘௟ ቎(𝑉஽஼ + 𝑉஺஼ 𝑐𝑜𝑠( 𝛺𝑡))ଶ න ቀ𝑥ො − ൫𝑙መ + 𝑙መ௣൯ቁ(1 − 𝑤ෝଷ(𝑥ො))ଶ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቏ 𝜕𝛿൫𝑥ො − 𝑙መ൯𝜕𝑥ො  
    +𝛼௙௥ ቎𝑉஽஼ଶ න ቀ𝑥ො − ൫𝑙መ + 𝑙መ௣൯ቁ൫1 − 𝑤ෝଷ(𝑥ො)൯௟መାଶ௟መ೛௟መ 𝑑𝑥ො቏ 𝜕𝛿൫𝑥ො − 𝑙መ൯𝜕𝑥ො − ቈන 𝑐̂൫𝑥ො − 𝑙መ௖൯𝑤ሶ෡ଷ 𝑑𝑥ො௟መାଶ௟መ೛௟መ ቉ 𝜕𝛿൫𝑥ො − 𝑙መ൯𝜕𝑥ො ,            𝑙መ௖ ≤ 𝑥ො ≤ 𝑙መ, 
𝑤ෝଵ|𝑥ො = 0 = 0,         𝜕𝑤ෝଵ𝜕𝑥ො |𝑥ො = 0 = 0,         𝜕ଶ𝑤ෝଶ𝜕𝑥ොଶ |𝑥ො = 𝑙 = 0, 𝜕ଷ𝑤ෝଶ𝜕𝑥ොଷ |𝑥ො = 𝑙 = 0, 𝑤ෝଵ|𝑥 = 𝑙௖ = 𝑤ෝଶ|𝑥 = 𝑙௖ 𝜕ଶ𝑤ෝଵ𝜕𝑥ଶ |𝑥 = 𝑙௖ = 𝜕ଶ𝑤ෝଶ𝜕𝑥ଶ |𝑥 = 𝑙௖,                  𝜕ଷ𝑤ෝଵ𝜕𝑥ଷ |𝑥 = 𝑙௖ = 𝜕ଷ𝑤ෝଶ𝜕𝑥ଷ |𝑥 = 𝑙௖ 𝜕ଶ𝑤ෝଶ𝜕𝑥ଶ |𝑥 = 𝑙௖ = 𝐾෡ఏ ቆ𝜕ଶ𝑤ଶ𝜕𝑥ଶ |𝑥 = 𝑙௖ − 𝜕ଶ𝑤ෝଶ𝜕𝑥ଶ |𝑥 = 𝑙௖ቇ 

(11)

𝜕ଷ𝑤ෝଶ൫𝑙መ, 𝑡̂൯𝜕𝑥ොଷ + 𝛼௘௟(𝑉஽஼ + 𝑉஺஼ 𝑐𝑜𝑠( 𝛺𝑡))ଶ න 1(1 − 𝑤ෝଶ(𝑥, 𝑡))ଶ௟መାଶ௟መ೛௟መ 𝑑𝑥ො
+𝛼௙௥(𝑉஽஼ + 𝑉஺஼ 𝑐𝑜𝑠( 𝛺𝑡))ଶ න 11 − 𝑤ෝଶ(𝑥, 𝑡)௟መାଶ௟መ೛௟መ 𝑑𝑥ො = 𝑚̑௣ 𝜕ଶ𝑤ෝଷ൫𝑙መଵ, 𝑡̂൯𝜕𝑡̂ଶ , 
− 𝜕ଶ𝑤ෝଶ൫𝑙መ, 𝑡̂൯𝜕𝑥ොଶ − ቈ𝜕ଷ𝑤ෝଶ൫𝑙መ, 𝑡̂൯𝜕𝑥ොଷ ቉ 𝑙መ௣ + 𝛼௘௟(𝑉஽஼ + 𝑉஺஼ 𝑐𝑜𝑠( 𝛺𝑡))ଶ න ቀ𝑥ො − ൫𝑙መ + 𝑙መ௣൯ቁ(1 − 𝑤ෝଷ(𝑥))ଶ௟መାଶ௟መ೛௟መ 𝑑𝑥ො 
+𝛼௙௥(𝑉஽஼ + 𝑉஺஼ 𝑐𝑜𝑠( 𝛺𝑡))ଶ න (𝑥ො − (𝑙መ + 𝑙መ௣))1 − 𝑤ෝଷ(𝑥)௟መାଶ௟መ೛௟መ 𝑑𝑥ො = 𝐼መ௣ × 𝜕ଶ𝜃෠𝜕𝑡̂ଶ  𝑤ෝଵ|𝑥 = 0 = 0, 𝜕𝑤ෝଵ𝜕𝑥 |𝑥 = 0 = 0,               𝑤ෝଵ|𝑥 = 𝑙௖ = 𝑤ෝଶ|𝑥 = 𝑙௖, 𝜕ଶ𝑤ෝଵ𝜕𝑥ଶ |𝑥 = 𝑙௖ = 𝜕ଶ𝑤ෝଶ𝜕𝑥ଶ |𝑥 = 𝑙௖ ,                 𝜕ଷ𝑤ෝଵ𝜕𝑥ଷ |𝑥 = 𝑙௖ = 𝜕ଷ𝑤ෝଶ𝜕𝑥ଷ |𝑥 = 𝑙௖, 𝜕ଶ𝑤ෝଶ𝜕𝑥ଶ |𝑥 = 𝑙௖ = 𝐾෡ఏ ቆ𝜕ଶ𝑤ଶ𝜕𝑥ଶ |𝑥 = 𝑙௖ − 𝜕ଶ𝑤ෝଶ𝜕𝑥ଶ |𝑥 = 𝑙௖ቇ 

(14)
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The final form of the static deflection, 𝑤௦ଷ(𝑥), is given 

in Eq. (17) 
 

 
The general solution of Eq. (15) can be obtained as 
 𝜕ସ𝑤ෝௌଵ𝜕𝑥ොସ = 0 ⇒ 𝑤ෝௌଵ(𝑥ො) = 𝐴ଵ𝑥ොଷ + 𝐴ଶ𝑥ොଶ + 𝐴ଷ𝑥ො + 𝐴ସ,𝜕ସ𝑤ෝ௦ଶ𝜕𝑥ොସ = 0 ⇒ 𝑤ෝ௦ଶ(𝑥ො) = 𝐴ହ𝑥ොଷ + 𝐴଺𝑥ොଶ + 𝐴଻𝑥ො + 𝐴଼, (18)

 
where 𝐴௜, 𝑖 = 1. .8 are unknown coefficients, which are 
calculated by considering the boundary conditions and 
continuity equations defined in Eqs. (16) and (17), 
respectively. The microbeam deflection is the summation of 
the static, 𝑤௦௜(𝑥) , and dynamic solutions 𝑢௜(𝑥, 𝑡), 𝑖 =1, 2, 3 as given in Eq. (19) 

 𝒘ෝ 𝒊(𝒙ෝ, 𝒕ො) = 𝒘ෝ 𝑺𝒊(𝒙ෝ) + 𝒖𝒊(𝒙ෝ, 𝒕ො),     𝒊 = 𝟏, 𝟐, 𝟑 (19)
 
As the next step, Eq. (19) is substituted in Eqs. (13) and 

(14), in which the Taylor series expansion of the electrical 
force about u3(x,t) is used. Then, by employing Eqs. (16) 
and (17), the terms that represent equilibrium position are 
eliminated. The resulting equations of motion about static 
deflection and associated boundary conditions are given in 
Eq. (20) 

 
The natural frequencies and corresponding mode shapes 

about the static equilibrium position are obtained by simply 
substituting 𝑢௜(𝑥ො, 𝑡̂) = 𝜑௜(𝑥ො)𝑒௜ఠ௧መ , 𝑖 = 1,2,3 into Eq. (20). 

 
 
 
 

 
By substituting Eq. (19) into Eq. (14), expanding the forces 
and electrostatic moments around static equilibrium 
position up to third order, and removing the pure static 
terms, the nonlinear equation of motion about static position 
is finalized (see Appendix 1 for the details). Then, this 
equation is discretized using the Galerkin method. For that 
purpose, it is assumed that 𝑢ො௜(𝑥ො, 𝑡̂) = 𝑝(𝑡) × 𝜑௜ 𝑖 = 1,2,3, 
where 𝜑ଵ, 𝜑ଶ and 𝜑ଷare functions of linear mode shapes 
of vibration about static equilibrium position along the 
length of the section 1 and 2 of the microbeam and proof 
mass, respectively. Similarly, 𝑝(𝑡)  is the time domain 
response of the system. By substituting this assumption into 
equation (available in Appendix 1) and summing two 
equations of systems can be stated as 

 𝑀ଵ𝑝(𝑡) + 𝑀ଶ𝑝ଶ(𝑡) + 𝑀ଷ𝑝ଷ(𝑡) + 𝑀ସ𝑝ሶ(𝑡) + 𝑀ହ𝑝ሷ(𝑡)+𝑀଺𝑉௔௖ 𝑐𝑜𝑠(𝛺𝑡) + 𝑀଻𝑉௔௖ଶ 𝑐𝑜𝑠ଶ(𝛺𝑡) +𝑀଼𝑉௔௖𝑝(𝑡) 𝑐𝑜𝑠(𝛺𝑡) = 0 
(21)

 
where the coefficient of 𝑀௜, 𝑖 = 1. .8  are described in 
Appendix 2. Eq. (21) is solved by analytical multiple scale 
perturbation method, which is explained in the next section. 

 

 
 
 
 

𝑤௦ଵ|𝑥 = 0 = 0,        𝜕𝑤௦ଵ𝜕𝑥 |𝑥 = 0 = 0− 𝜕ଶ𝑤௦ଶ𝜕𝑥ଶ |𝑥 = 𝐿 + 𝛼௘௟(𝑉஽஼)ଶ න (𝑥 − (𝑙መ + 𝑙መ௣))(1 − 𝑤௦ଷ(𝑥))ଶ௅ା௟೛௅ 𝑑𝑥 + 𝛼௙௥(𝑉஽஼)ଶ න (𝑥 − (𝑙መ + 𝑙መ௣))(1 − 𝑤௦௣(𝑥))௅ା௟೛௅ 𝑑𝑥 = 0 𝜕ଷ𝑤௦ଶ𝜕𝑥ଷ |𝑥 = 𝑙 + 𝛼௘௟(𝑉஽஼)ଶ න 1(1 − 𝑤௦ଷ(𝑥))ଶ௅ା௟೛௅ 𝑑𝑥 + 𝛼௙௥(𝑉஽஼)ଶ න 1(1 − 𝑤௦ଷ(𝑥))௅ା௟೛௅ 𝑑𝑥 = 0 

(16)

𝑤௦ଷ(𝑥) = 𝑤௦ଶ(𝐿) + 𝑙௣2 𝜕𝑤௦ଶ𝜕𝑥 ห𝑥ො = 𝑙መ + (𝑥 − (𝐿 + 𝑙௣2 )) 𝜕𝑤௦ଶ𝜕𝑥 ห𝑥ො = 𝑙መ𝑤௦ଵ|𝑥 = 𝑙௖ = 𝑤௦ଶ|𝑥 = 𝑙௖ ,          𝜕ଶ𝑤௦ଵ𝜕𝑥ଶ |𝑥 = 𝑙௖ = 𝜕ଶ𝑤௦ଶ𝜕𝑥ଶ |𝑥 = 𝑙௖ ,          𝜕ଷ𝑤௦ଵ𝜕𝑥ଷ |𝑥 = 𝑙௖ = 𝜕ଷ𝑤௦ଶ𝜕𝑥ଷ |𝑥 = 𝑙௖ 𝐸𝐼 𝜕ଶ𝑤௦ଶ𝜕𝑥ଶ |𝑥 = 𝑙௖ = 𝐾ఏ ൬𝜕𝑤௦ଶ𝜕𝑥 |𝑥 = 𝑙௖ − 𝜕𝑤௦ଵ𝜕𝑥 |𝑥 = 𝑙௖൰ 

(17)

𝜕ସ𝑢ଵ𝜕𝑥ොସ + 𝜕ଶ𝑢ଵ𝜕𝑡̂ଶ = 0,          0 ≤ 𝑥ො ≤ 𝑙መ௖𝜕ସ𝑢ଶ𝜕𝑥ොସ + 𝜕ଶ𝑢ଶ𝜕𝑡̂ଶ = 0,          𝑙መ௖ ≤ 𝑥ො ≤ 1 𝑢ଵ(0, 𝑡̂) = 0,                   𝜕𝑢ଵ𝜕𝑥ො (0, 𝑡̂) = 0 𝜕ଷ𝑢ଶ൫𝑙መଵ, 𝑡̂൯𝜕𝑥ොଷ + 𝛼௘௟൫𝑉஽஼ + 𝑉஺஼ 𝑐𝑜𝑠൫𝛺෠𝑡̂൯൯ଶ න 𝑢ଷ(𝑥ො, 𝑡̂)(1 − 𝑤ෝௌଷ(𝑥ො))ଷ௅ାଶ௟೛௅ 𝑑𝑥ො      +𝛼௙௥൫𝑉஽஼ + 𝑉஺஼ 𝑐𝑜𝑠൫𝛺෠𝑡̂൯൯ଶ න 1(1 − 𝑤ෝௌଷ(𝑥ො))ଶ௅ାଶ௟೛௅ 𝑑𝑥ො = 𝑚ෝ௣ 𝜕ଶ𝑢ଷ𝜕𝑡̂ଶ  
− 𝜕ଶ𝑢ଶ൫𝑙መଵ, 𝑡̂൯𝜕𝑥ොଶ + 𝛼௘௟൫𝑉஽஼ + 𝑉஺஼ 𝑐𝑜𝑠( 𝛺෠𝑡̂൯)ଶ න ቀ𝑥 − ൫𝑙መ + 𝑙መ௣൯ቁ × 𝑢ଷ(𝑥ො)(1 − 𝑤ෝௌଷ(𝑥ො))ଷ௅ାଶ௟೛௅ 𝑑𝑥ො 
     +𝛼௙௥൫𝑉஽஼ + 𝑉஺஼ 𝑐𝑜𝑠(𝛺෠𝑡̂)൯ଶ න ቀ𝑥 − ൫𝑙መ + 𝑙መ௣൯ቁ(1 − 𝑤ෝௌଷ(𝑥ො))ଶ௅ାଶ௟೛௅ 𝑑𝑥ො = 𝐼መ௣ 𝜕ଷ𝑢ଶ(𝑙መଵ, 𝑡̂)𝜕𝑥ො𝜕𝑡̂ଶ  

(20)
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2.2 Multiple scale perturbation method 
 
Eq. (21) can be solved using multiple scale method of 

perturbation theory assuming that the nonlinear terms have 
lower orders compared to the linear terms. Therefore, p(t) 
can be represented as in Eq. (22) 

 𝑝(𝑡) = 𝜀 𝑝ଵ(𝑇଴, 𝑇ଵ, 𝑇ଶ) + 𝜀ଶ 𝑝ଶ(𝑇଴, 𝑇ଵ, 𝑇ଶ)              +𝜀ଷ 𝑝ଷ(𝑇଴, 𝑇ଵ, 𝑇ଶ) (22)

 
where 𝑇଴ = 𝑡,    𝑇ଵ = 𝜀 𝑡,    𝑇ଶ = 𝜀ଶ 𝑡, are time scales and 𝜀  is a dimensionless book-keeping parameter, which 
represents the order of the expressions. The derivatives of 
these functions, shown in Eq. (23), are calculated using the 
chain rule 

 𝜕𝜕𝑡 = 𝜕𝜕𝑇଴ + 𝜀 𝜕𝜕𝑇ଵ + 𝜀ଶ 𝜕𝜕𝑇ଶ 𝜕𝜕𝑡ଶ = 𝜕𝜕𝑇଴
ଶ + 2𝜀 𝜕𝜕𝑇଴ 𝜕𝜕𝑇ଵ + 𝜀ଶ 𝜕𝜕𝑇ଵ

ଶ + 2𝜀ଶ 𝜕𝜕𝑇଴ 𝜕𝜕𝑇ଶ 
(23)

 
In order to balance the nonlinear terms with the terms of 

air damping and excitation, these terms are considered as 
order 𝜀ଶ  and 𝜀ଷ , respectively. By this assumption and 
substituting Eqs. (22) and (23) into Eq. (21), Eqs. (26) to 
(28) are obtained. In this derivation, the equations with the 
same power of 𝜀 are collected. Ordering ε1 terms yield Eq. 
(24) 

 𝜕ଶ𝑝ଵ(𝑇଴, 𝑇ଵ, 𝑇ଶ)𝜕𝑇଴ଶ + 𝑁ଵ𝑝ଵ(𝑇଴, 𝑇ଵ, 𝑇ଶ) = 0,    𝑁ଵ = 𝑀ଵ𝑀ହ (24)

 
Similarly, ordering ε2 terms yield Eq. (25) 
 𝜕ଶ𝑝ଶ(𝑇଴, 𝑇ଵ, 𝑇ଶ)𝜕𝑇଴ଶ + 𝑁ଵ𝑝ଶ(𝑇଴, 𝑇ଵ, 𝑇ଶ) = −2 𝜕ଶ𝑝ଵ(𝑇଴, 𝑇ଵ, 𝑇ଶ)𝜕𝑇଴𝜕𝑇ଵ − 𝑁ଶ𝑝ଵ(𝑇଴, 𝑇ଵ, 𝑇ଶ)ଶ, 𝑁ଶ = 𝑀ଶ𝑀ହ 

(25)

 
Finally, ε3 terms are collected as shown in Eq. (26) 
 𝜕ଶ𝑝ଷ(𝑇଴, 𝑇ଵ, 𝑇ଶ)𝜕𝑇଴ଶ + 𝑁ଵ𝑝ଷ(𝑇଴, 𝑇ଵ, 𝑇ଶ) = −2 𝜕ଶ𝑝ଵ(𝑇଴, 𝑇ଵ, 𝑇ଶ)𝜕𝑇଴𝜕𝑇ଶ − 2 𝜕ଶ𝑝ଶ(𝑇଴, 𝑇ଵ, 𝑇ଶ)𝜕𝑇଴𝜕𝑇ଵ − 𝜕ଶ𝑝ଵ𝜕𝑇ଵଶ      −2𝑁ଶ𝑝ଵ(𝑇଴, 𝑇ଵ, 𝑇ଶ)𝑝ଶ(𝑇଴, 𝑇ଵ, 𝑇ଶ)      −𝑁ଷ 𝜕𝑝ଵ(𝑇଴, 𝑇ଵ, 𝑇ଶ)𝜕𝑇଴ − 𝑁ସ𝑝ଵ(𝑇଴, 𝑇ଵ, 𝑇ଶ)ଷ      −𝑁଺ 𝑉஺஼ 𝑐𝑜𝑠(𝛺𝑇଴) − 𝑁଻𝑉஺஼ଶ 𝑐𝑜𝑠ଶ(𝛺𝑇଴) , 𝑁ଷ = 𝑀ଷ𝑀ହ  𝑁ସ = 𝑀ସ𝑀ହ  𝑁଺ = 𝑀଺𝑀ହ  𝑁଻ = 𝑀଻𝑀ହ 

(26)

 
Since 𝜔 = ඥ𝑁ଵ, the homogeneous solution of Eq. (25) 

is as follows 
 𝑝ଵ = 𝐴(𝑇ଵ, 𝑇ଶ)𝑒௜ఠ బ் + 𝐴ሜ(𝑇ଵ, 𝑇ଶ)𝑒ି௜ఠ బ்  (27)

where 𝐴(𝑇ଵ, 𝑇ଶ) is a complex constant. By substituting Eq. 
(27) into Eq. (24) 

 𝜕ଶ𝑝ଶ𝜕𝑇଴ଶ + 𝑁ଵ𝑝ଶ= ൬−2𝑖𝜔 𝜕𝐴𝜕𝑇ଵ൰ 𝑒௜ఠ బ் + (𝑁ଶ𝐴ଶ)𝑒ଶ௜ఠ బ் + 𝑁ଶ𝐴𝐴ሜ + 𝐶௖ (28)

 
where Cc stands for the complex conjugate of the preceding 
terms. Eliminating the secular terms from 𝑝ଶ requires that 𝐴 = 𝐵(𝑇ଶ). The particular solution of Eq. (28) is given as 

 𝑝ଶ = 𝑁ଶ3𝜔ଶ 𝐴ଶ𝑒ଶ௜ఠ బ் + 𝑁ଶ3𝜔ଶ 𝐴ሜଶ𝑒ିଶ௜ఠ బ் − 2 𝑁ଶ𝜔ଶ 𝐴𝐴ሜ (29)

 
By substituting 𝑝ଵ and 𝑝ଶ from Eq. (27) and Eq. (29), 

into Eq. (26), considering resonance frequency as 𝛺 = 𝜔 +𝜀ଶ𝜎, and keeping the terms that contain secular terms, Eq. 
(30) is obtained 

 𝜕ଶ𝑝ଷ𝜕𝑇଴ଶ + 𝑁ଵ𝑝ଷ= ൬−𝑖𝜔𝑁ସ𝐴 − 2𝑖𝜔𝐴′ + 𝑁ହ𝐴ଶ𝐴ሜ + 𝑁଺2 𝑒௜ఙ మ்൰ 𝑒௜ఠ బ்     +𝐶௖ + 𝑁𝑆𝑇 𝑁ହ = 10𝑁ଶଶ3𝜔ଶ − 3𝑁ଷ 

(30)

 
where 𝜎 is the detuning parameter, and NST represents the 
rest of the terms, which do not produce secular terms. By 
expressing A in the polar form ( 𝐴 = ଵଶ 𝑎(𝑇ଶ)𝑒௜ఉ ) and 
substituting it into Eq. (30), elimination of secular terms 
requires 

 −𝑖𝑎′ + 𝑎𝛽′ + 18 𝑁ହ𝑎ଷ − 12 𝑁ସ𝑖𝜔𝑎 + 𝑁଺2 𝑐𝑜𝑠( 𝜎𝑇ଶ − 𝛽)+𝑖 𝑁଺2 𝑠𝑖𝑛( 𝜎𝑇ଶ − 𝛽) = 0 
(31)

 
Assuming 𝛾 = 𝜎𝑇ଶ − 𝛽,  and separating real and 

imaginary parts in Eq. (31) yields 
 𝑎′ = − 12 𝑁ସ𝑎 + 𝑁଺2𝜔 𝑠𝑖𝑛 𝛾 (32)

 𝑎𝛾 ′ = 𝜎𝑎 + 18𝜔 𝑁ହ𝑎ଷ + 𝑁଺2𝜔 𝑐𝑜𝑠 𝛾 (33)

 
By letting 𝑎ᇱ and 𝛾 ′to be equal to the zero in the Eq. 

(32) and Eq. (33), the equilibrium point can be obtained as 
follows 

 12 𝑁ସ𝜔𝑎 = 𝑁଺2 𝑠𝑖𝑛 𝛾 (34)

 ൬𝜎𝜔 + 18 𝑁ହ𝑎ଶ൰ 𝑎 = − 𝑁଺2 𝑐𝑜𝑠 𝛾 (35)

 
By squaring Eqs. (34) and (35) and adding them up, the 

frequency response equation is obtained as follows 

128



 
Identification and evaluation of cracks in electrostatically actuated resonant gas sensors using … 14 𝑁ସଶ𝜔ଶ𝑎ଶ + ൬𝜎𝜔 + 18 𝑁ହ𝑎ଶ൰ଶ 𝑎ଶ = 𝑁଺ଶ4  (36)

 
 

3. Effect of crack on the pull-in instability 
 
The effect of cracks in the static and dynamic pull-in 

instability in MEMS applications is well known in the 
literature (Zhou et al. 2015, Motallebi et al. 2012, 
Hassannejad and Amiri Jahed 2018, Akbas 2018, Al-
Basyouni et al. 2015, Dastjerdi and Abbasi 2019, Shaat et 
al. 2016). Therefore, we investigate the effect of crack 
parameters such as the position and depth of the cracks on 
the static and dynamic pull-in in this section. The physical 
and geometrical properties of the gas sensor are presented 
in Table 3. 

 
 
 

Table 3 Geometric and physical parameters of the gas 
sensor 𝐿 𝑏 ℎ 𝐿௣ 𝑏௣ ℎ௣

250 µm 5 µm 1.5 µm 25 µm 20 µm 2 µm𝐸 𝜌 𝜀 𝑑 𝑉஽஼ 𝑉஺஼
160 Gpa 2300 kg/m3 8.854×10-12 F/m 4 µm 6 v 0.1 v

 

 
 

 
 

3.1 The effect of crack on the static pull-in of 
system 

 
If a voltage is applied between the rigid plate and the 

electrode, the electrostatic force deflects the micro-
cantilever beam to a new static position. When the voltage 
exceeds a critical value, the mechanical restoring force of 
the microbeam can no longer maintain the opposing 
electrostatic force leading to the collapse of the structure. 
This voltage is known as static pull-in voltage, which is 
independent of time or primary location of the microbeam 
(Younis 2011). The maximum deflection of micro-
cantilever beam as a function of VDC is plotted in Fig. 4. 
The parameters are taken from the literature (Nayfeh et al. 
2010). In the analysis, the crack and fringing field effects 
are not taken into account. The results are in good 
agreement with the previous study from the literature 
(Nayfeh et al. 2010). 

The maximum static deflection versus the applied DC 
voltage for different crack length and depth is shown in Fig. 
5. The results show that, the pull-in occurs earlier when 
there is a crack in the microsystem due to the fact that crack 
increases the local flexibility of the microbeam. The results 
yield that the pull-in voltage has the lowest magnitude at the 
fixed end of microcantilever, i.e., Lc = 0, while it increases 
when the crack is closer to the microbeam’s free end. 
Furthermore, it can be observed that by increasing the depth 

 
 

 
 

 

 
Fig. 4 Maximum deflection of micro-cantilever beam as a function of VDC 

 
Fig. 5 Maximum deflection of micro-cantilever beam as a function of VDC for cracks with different length and depth

129



 
Behnam Firouzi, Ahmad Abbasi and Polat Sendur 

Fig. 6 The variation of response amplitude a with respect to 
σ for different values of the crack depth 

 
 

Table 4 The first four natural frequencies of the intact beam
f1 (Hz) f2 (Hz) f3 (Hz) f4 (Hz) 
1.3416 13.1624 39.5280 80.5635 

 

 
 
of the crack the static pull-in voltage decreases. The results 
from Fig. 5 show that for the lower voltage effect of crack 
length is negligible. 

 
3.2 The effect of crack on the dynamic pull-in of 

system 
 
When the rate of change in the voltage is not negligible, 

the inertia effects should be taken into consideration in the 
dynamic analysis of the microsystem. Under these 
conditions, the pull-in instability is called the dynamic pull-
in and the voltage that causes the instability is called 
dynamic pull-in voltage. Another important phenomenon in 
the electrostatically actuated microbeams is the shift of 
resonance frequency due to the nonlinearities of the 
systems. This condition occurs when the AC and DC 
voltages are applied between microbeam and electrode 
simultaneously. The changes of the system’s equilibrium 
amplitude a versus the change of σ at the primary 
resonances for different values of nondimensional crack 
depth and length are plotted in Figs. 7 and 8, 
respectively. These results show the softening behavior as a 
result of the softening nature of the electrostatic force. 
Moreover, it can be observed that the presence of crack 
increases with the nonlinear shift of the resonance 
frequency as well as the maximum amplitude. Fig. 5 
indicates the influence of crack depth on the resonance 
frequency. The nonlinear shift of resonance frequency for a 
system with Lc = 0.25 may be further decreased by 
decreasing the value of nondimensional depth without a 
main change on the value of the amplitude at the resonance 
peak. Fig. 6 demonstrates that both the nonlinear shift of the 
resonance frequency and the maximum amplitude increase 
when the crack is located closer to the fixed end of the 
microcantilever. 

 

Fig. 7 The variation of response amplitude a with respect to 
σ for different values of the crack length

 
 

4. The effect of crack on natural frequencies 
 
To evaluate the effect of crack on the natural frequency, 

the natural frequencies of the cracked microbeam with tip 
mass under electrostatic actuation are calculated according 
to the methodology outlined in Section 2.1. The first four 
bending natural frequencies are plotted in Fig. 8 as a 
function of crack depth and location. The first four bending 
natural frequencies are summarized in Table 4. The results 
show that the natural frequency decreases with the 
increased crack depth. Furthermore, it can be concluded 
from Fig. 8 that changing the crack depth is more influential 
in the higher frequencies. For example, the rate of change in 
the fourth natural frequency is comparably higher than the 
first natural frequency when the non-dimensional crack 
depth changes from 0.1 to 0.2. To investigate the effect of 
the crack parameters on natural frequency, 12 cases with 
different crack parameters are chosen. The natural 
frequencies corresponding to these cases are summarized in 
Table 5. 

 
 

Table 5 Results for the first four bending natural 
frequencies 

TN Lc Dc f1 (Hz) f2 (Hz) f3 (Hz) f4 (Hz)
1 0.2 0.1 1.3387 13.1618 39.5060 80.4468
2 0.2 0.15 1.3368 13.1616 39.4888 80.3546
3 0.2 0.2 1.3358 13.1615 39.4801 80.3076
4 0.4 0.1 1.3402 13.1460 39.4966 80.5331
5 0.4 0.15 1.3394 13.1332 39.4720 80.5093
6 0.4 0.2 1.3390 13.1267 39.4594 80.4971
7 0.6 0.1 1.3410 13.1404 39.4894 80.5351
8 0.6 0.15 1.3408 13.1233 39.4591 80.5129
9 0.6 0.2 1.3407 13.1145 39.4436 80.5015
10 0.8 0.1 1.3412 13.1578 39.4769 80.4031
11 0.8 0.15 1.3412 13.1545 39.4364 80.2763
12 0.8 0.2 1.3412 13.1527 39.4156 80.2116
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5. Crack detection using optimization methods 
 
It has been shown in Section 4 that the parameters of the 

depth and location of the crack lead to a change in natural 
frequencies compared to the original structure without any 
cracks. Therefore, this knowledge can be used to determine 
the location and depth of possible cracks using optimization 
methods. Towards this end, the objective function, given in 
Eq. (37), is considered as the weighted squared difference 
between the measured and calculated natural frequencies. 
Furthermore, the depth and location of the crack are 
considered as the optimization design variables. The depth 
of the crack varies from 0 and the height of the micro-
cantilever beam, while the location of the crack ranges from 
0 mm and the length of the micro-cantilever beam. These 
constraints are expressed in Eq. (38). 

 𝐶𝑜𝑠𝑡(𝑙௖, 𝑑௖) = ෍ 𝛷௜(𝑓௜ − 𝑓௜∗)ସ
௜ୀଵ

ଶ      (𝑖 = 1,2,3,4) (37)

 
subjected to 

 0 < 𝑑௖ < ℎ,          0 < 𝑙௖ < 𝐿 (38)
 

where 𝛷௜ is the ith weighting factor. fi and fi
* are the ith 

measured natural frequency of the cracked micro-cantilever 
beam, and the ith natural frequency estimated from the 
optimization algorithm, respectively. Since the change in 
higher natural frequencies are more than the lower 
frequencies, a weighting factor is introduced for each mode 

 
 

with a scale factor, ଵ௜  (Casciati 2008), in order to account 
for the effect of each mode equally. 

 
 

6. Methodology 
 
In this section, the methodology to solve the 

optimization problem defined in Section 5 is presented. 
Since proposed methodology is based on the HHO 
algorithm, this algorithm is briefly described in Section 6.1. 
Then the proposed hybrid algorithm is explained in Section 
6.2. The parameters of the algorithm are tuned using the 
Taguchi Design method to compare the results fairly with 
the algorithms in the literature. Taguchi Design method is 
briefly presented in Section 6.3. 

 
6.1 Harris Hawk Optimization Algorithm (HHO) 
 
Harris Hawk Optimization (HHO) algorithm is inspired 

by the cooperative behavior of Harris Hawks in chasing the 
prey (Heidari et al. 2019). The ability of Harris Hawks to 
attack in different directions at the same time and their 
attempt to surprise the prey from various paths have been 
the building block of the algorithm. Three stages of the 
HHO algorithm are as follow: 1) the first stage is the 
exploration stage, in which new and variable responses are 
generated, 2) the transition from exploration to exploitation 
is performed based on the external energy of the prey, and 
3) finally, local improvement of the responses from the 
exploration stage is carried out. The exploration stage can 
be formed as follows 

(a) (b) 
 

(c) (d) 

Fig. 8 Natural frequency of microsystem with an open-edge crack versus the location for different crack depth (a) 1st 
natural frequency; (b) 2nd natural frequency; (c) 3rd natural frequency; and (d) 4th natural frequency 
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where 𝑥(𝑡) and 𝑥(𝑡 + 1) are the current location and the 
location of the Harris Hawk in the next iteration t, 
respectively. 𝑋௣௥௘௬(𝑡) is the location of prey, 𝑟ଵ, 𝑟ଶ, 𝑟ଷ, 𝑟ସ 
and q are arbitrary numbers between zero and one. 𝑋௥௔௡ௗ(𝑡)  is the randomly selected hawk from the 
population. Moreover, LB and UB indicate the lower and 
upper limits of variables, respectively. 𝑋௠(𝑡)  is the 
average position of Harris Hawks, which can be determined 
according to Eq. (40). 

 𝑥௠(𝑡) = 1𝑁 ෍ 𝑥௜(𝑡)ே
௜ୀଵ  (40)

 
where N is the number of all Harris Hawks and illustrates 
the position of each Harris Hawk for iteration 
corresponding to time t. Apparently, the energy of the 
hawks is lessened during chasing and hunting, which is 
represented by Eq. (41) 
 

 𝐸 = 2𝐸଴ ൬1 − 𝑡𝑇൰ (41)
 
E denotes the escaping energy, 𝐸଴ stands for the initial 

energy, and T indicates the maximum number of iterations. 
In this stage, the value of 𝐸଴ determines the phase: |𝐸଴| ≥1 represents the exploration phase, and |𝐸଴| ≺ 1 
corresponds to the exploitation phase. The hawks’ 
surprising attack to the prey is performed from the previous 
phase in the exploitation phase. There are four models to 
represent the exploitation phase: 

- Soft surround: 𝑟 ≥ 0  and |𝐸| ≥ 0 , which can be 
calculated as 

 𝑥(𝑡 + 1) = 𝛥𝑥(𝑡) − 𝐸ห𝐽𝑥௣௥௘௬(𝑡) − 2𝑥(𝑡)ห (42)
 𝛥𝑥(𝑡) = 𝑥௣௥௘௬(𝑡) − 𝑥(𝑡) (43)
 

where 𝛥𝑥 is the difference between the prey location and 
the current location of Hawk corresponding to iteration at 
time, t. J is the random jump severity of the prey, which can 
be stated as follows 

 𝐽 = 2(1 − 𝑟ହ) (44)
 

where 𝑟ହ is a random number in the interval (0,1). 
- Hard surround: 𝑟 ≥ 0 and |𝐸| ≺ 0. 
In this stage, the prey is tired and does not have enough 

energy to escape. This phase is modeled as follows 
 𝑥(𝑡 + 1) = 𝑥௣௥௘௬(𝑡) − 𝐸௡|𝛥𝑥(𝑡)| (45)
 
- Soft surround with progressive rapid dive: 𝑟 ≺ 0 

and|𝐸| ≥ 0 
In this phase, the prey has sufficient energy to escape 

successfully. In this step, hawk examines the next move for 

 
performing soft surround that can be obtained as 

 𝑥 = 𝑥௣௥௘௬(𝑡) − 𝐸ห𝐽𝑥௣௥௘௬(𝑡) − 𝑥(𝑡)ห (46)
 
 𝑍 = 𝑌 + 𝑆 + 𝐿𝐹(𝐷) (47)
 
where D indicates the dimension and S is a random 

vector by size1 × 𝐷  and LF is the levy flight function 
(Heidari et al. 2019, Yang 2010). This can be represented as 
follows: 

 𝑥(𝑡 + 1) = ൜𝑌 𝑓(𝑌) ≺ 𝑓(𝑦(𝑡))𝑍 𝑓(𝑍) ≺ 𝑓(𝑦(𝑡)) (48)

 
- Hard surround with progressive: 𝑟 ≺ 0 and|𝐸| ≺ 0. 
The prey in this case does not have sufficient energy in 

order to escape properly, which can be expressed as follows 
 

 
 
6.2 Proposed hybrid algorithm based on Nelder-

Mead (HHO-NM) 
 
The Nelder-Mead (N-M) simplex search method 

(Nelder and Mead 1965) is a local search method for 
solving unconstrained optimum problems without using 
gradient information. N-M algorithm is effective in finding 
improved solution and shows superiority compared to the 
algorithms based on random search. Furthermore, the N-M 
algorithm makes it possible to re-scale or reshape due to 
simplex search by considering the local behavior of the 
response function. In addition, the search direction in N-M 
algorithm is determined from the comparison of the 
function values, which are insensitive to small inaccuracies. 
However, this algorithm is very sensitive to the selection of 
initial points and there is no guarantee for finding the global 
optimum (Sarakhsi et al. 2016). 

The hybrid algorithms are used previously in the 
literature (Vakil-Baghmisheh et al. 2012, Yildiz et al. 
2019b, Ma et al. 2020, Sarakhsi et al. 2016, Rajan and 
Malakar 2015, Ye et al. 2020a, b) to achieve a better 
exploration and exploitation. Previous research (Vakil-
Baghmisheh et al. 2012, Yildiz et al. 2019b, Sarakhsi et al. 
2016, Rajan and Malakar 2015) indicate that hybrid 
algorithms based on N-M can overcome the slow 
convergence rate and trapping in the local optima. 
Therefore, it is possible to find the optimum solution with a 
lower number of function evaluations. In this paper the 
three novel algorithms are combined with N-M to improve 
the convergence and accuracy for obtaining the optimal 
solution. The flowchart of the proposed hybrid algorithms is 
demonstrated in Fig. 9. There are three main steps in the 
proposed hybrid algorithms: 1) The first optimization 
algorithm (HHO) predicts the location and depth of the 

𝑥(𝑡 + 1) = ቊ𝑥௥௔௡ௗ(𝑡) − 𝑟ଵ|𝑥௥௔௡ௗ(𝑡) − 2𝑟ଶ𝑥(𝑡)| 𝑞 ≥ 0𝑥௣௥௘௬(𝑡) − 𝑥௠(𝑡) − 𝑟ଷ൫𝐿𝐵 + 𝑟ସ(𝑈𝐵 − 𝐿𝐵)൯ 𝑞 ≺ 0 (39)

𝑥(𝑡 + 1) = ቊ𝑥௣௥௘௬(𝑡) − 𝐸ห𝐽𝑥௣௥௘௬(𝑡) − 𝑥௠(𝑡)ห 𝑓(𝑌) ≺ 𝑓(𝑦(𝑡))𝑍 = 𝑌 + 𝑆 + 𝐿𝐹(𝐷) 𝑓(𝑍) ≺ 𝑓(𝑦(𝑡)) (49)
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Fig. 9 Flowchart of proposed hybrid algorithm
 
 

crack, 2) the results from first step are taken as the initial 
values for the N-M optimization method, and 3) The N-M 
algorithm is applied to the beam with an open-edge crack to 
find the location and depth of the crack as the optimization 
design variables. 

 
6.2 Taguchi Design of Experiment (DOE) Method 
 
Th൴s sect൴on descr൴bes the deta൴ls of the Taguch൴ des൴gn 

of exper൴ment to tune the opt൴m൴zat൴on algor൴thm 
parameters. The Taguch൴ method ൴s an exper൴mental des൴gn 
method that prov൴des a systemat൴c procedure to tune the 
parameters of the opt൴m൴zat൴on algor൴thms. Taguch൴ DOE 
method can be used to reduce the number of exper൴ments by 
employ൴ng orthogonal arrays and reduc൴ng the effects out of 
control factors. The essence of the Taguch൴ des൴gn of 
exper൴ment method ൴s to m൴n൴m൴ze the var൴ance of the s൴gnal 
to no൴se rat൴o (S/N), wh൴ch ൴s regarded as the object൴ve 
funct൴on. In th൴s method, orthogonal arrays (OA) are 
ut൴l൴zed to reduce the number of exper൴ment, wh൴ch would 
lead to a reduct൴on ൴n computat൴onal t൴me. In the present 
study, the L25 array of Taguch൴ des൴gn of exper൴ment 
method ൴s employed. The Taguch൴ method performs a 
sens൴t൴v൴ty analys൴s to select a proper level for each 
parameter. The S൴gnal-to-no൴se (S/N) rat൴o as the 
measurable value of the qual൴ty character൴st൴cs of cho൴ce ൴s 
used ൴n th൴s method. The Taguch൴ des൴gn flowchart ൴s shown 
൴n F൴g. 10. The s൴gnal-to-no൴se (S/N) rat൴o for the lower-the- 

Fig. 10 Flowchart of Taguchi Design of Experiment
 
 

better case def൴ned w൴th the Taguch൴ method (Roy 2001) ൴s 
g൴ven ൴n Eq. (50) 

 𝑆 𝑁⁄ 𝑅𝑎𝑡𝑖𝑜 = −10 log ቈ෍ 𝑦௜ଶ𝑥 ቉ (50)

 
where, 𝑦௜ ൴s the value of opt൴m൴zat൴on object൴ve funct൴on, 
and 𝑛 ൴s the number of repet൴t൴ons of opt൴m൴zat൴on method 
൴n a tr൴al for solv൴ng the problem. The levels of the Taguch൴ 
Des൴gn of Exper൴ment method for the GOA (Sarem൴ et al. 
2017), DA (M൴rjal൴l൴ 2016), WOA (M൴rjal൴l൴ and Lew൴s 
2016) and HHO (He൴dar൴ et al. 2019) algor൴thm are 
presented ൴n Table 6. The results of Taguch൴ Des൴gn of 
Exper൴ment are demonstrated ൴n F൴g. 11. 

 
 

Table 6 Parameters for Taguchi DOE method 

Opt൴m൴zat൴on
algor൴thm Parameter 

Level 
1 2 3 4 5

GOA 

Search Agent 20 25 30 35 40
Iterat൴on 300 350 400 450 500

Attract൴on lenght scale 0.8 1 1.2 1.4 1.6
Intens൴ty of Attract൴on 0.3 0.4 0.5 0.6 0.7

DA 
Search Agent 20 25 30 35 40

Iterat൴on 300 350 400 450 500
Beta 0.8 1 1.2 1.4 1.6

WOA 
Search Agent 20 25 30 35 40

Iterat൴on 300 350 400 450 500
b 0.8 1 1.2 1.4 1.6

HHO 
Search Agent 20 25 30 35 40

Iterat൴on 300 350 400 450 500
Beta 0.8 1 1.2 1.4 1.6
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7. Comparඈson of optඈmඈzatඈon algorඈthms 
 
The accuracy of f൴ve opt൴m൴zat൴on algor൴thms for the 

determ൴nat൴on of the locat൴on and depth of a crack on the 
electrostat൴cally actuated gas sensor w൴th proof mass ൴s 
൴nvest൴gated ൴n th൴s sect൴on. The parameters of the 
aforement൴oned opt൴m൴zat൴on algor൴thms are tuned us൴ng 
Taguc൴ des൴gn of exper൴ment as deta൴led ൴n Sect൴on 5. These 
parameters are summar൴zed ൴n Table 7. The results of the 
opt൴m൴zat൴on algor൴thms are compared w൴th the first four 
bending natural frequencies from theoretical calculations 
for the 12 cases presented in Table 3. The opt൴m൴zat൴on 
results, relat൴ve error and object൴ve cost funct൴ons for 
aforement൴oned opt൴m൴zat൴on algor൴thms are presented ൴n 
Table 8, Tables 9 and 10, respect൴vely. The relat൴ve error 
est൴mat൴on for the open edge crack ൴n the sytem can be 
obta൴ned us൴ng the follow൴ng equat൴on 

 %𝐸𝑟𝑟𝑜𝑟 = ฬ𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒𝑑 𝑉𝑎𝑙𝑢𝑒 − 𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑑 𝑉𝑎𝑙𝑢𝑒𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑑 𝑉𝑎𝑙𝑢𝑒 ฬ × 100 (51)

 
The results from Table 8, Table 9 and Table 10 clearly 

show that the accuracy of the HHO ൴s h൴gher compared to 
GOA (Sarem൴ et al. 2017), DA (M൴rjal൴l൴ 2016), WOA 
(M൴rjal൴l൴ and Lew൴s 2016) algor൴thms. More spec൴f൴cally, 
the average relat൴ve error of HHO ൴n f൴nd൴ng the locat൴on 
and depth of crack based of equat൴on shown ൴n Eq. (51) are 
0.158% and 0.529%, respect൴vely. The super൴or൴ty of HHO 
compared to GOA, WOA and DA can be attr൴buted to the 
features of the HHO algor൴thm that enhances the 
explo൴tat൴on and explorat൴on phases of HHO algor൴thm. 
More spec൴f൴cally, there are several d൴vers൴f൴cat൴on 
techn൴ques based on the locat൴on of the hawks. Furthermore, 
the energy parameter of the HHO algor൴thm ൴s used ൴n order 

 
 

to ൴mprove the explo൴tat൴on and explorat൴on phases. Even 
though the accuracy of the HHO algor൴thm ൴s qu൴te h൴gh, 
there ൴s st൴ll room for ൴mprovement the accuracy of 
algor൴thm for the crack detect൴on appl൴cat൴on. There are 
stud൴es, wh൴ch address the balance between the explorat൴on 
and explo൴tat൴on phases for spec൴f൴c appl൴cat൴ons, ൴n the 
l൴terature. As one of the d൴sadvantage, the HHO algor൴thm 
may be trapped ൴n the local opt൴ma and cons൴der the local 
opt൴ma as a global opt൴ma. Therefore, a hybr൴d algor൴thm 

 
 

Table 7 Optimization parameters used in the crack detection

Optimization 
Algorithm Parameter Value 

GOA 

Search Agent 35 
Iterat൴on 500 

Attract൴on lenght scale 0.6 
Intens൴ty of Attract൴on 1.6 

DA 
Search Agent 35 

Iterat൴on 500 
Beta 1.4 

WOA 
Search Agent 35 

Iterat൴on 500 
b 1.2 

HHO 
Search Agent 30 

Iterat൴on 500 
Beta 1.6 

HHO-NM 
Search Agent 30 

Iteration 500 
Beta 1.6 

(a) (b) 
 

(c) (d) 

F൴g. 11 Taguch൴ des൴gn parameters for (a) GOA; (b) DA; (c) WOA; and (d) HHO algor൴thms 
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(a) (b) 
 

(c) (d) 
 

(e) (f) 

F൴g. 12 The best cost value for (a) Test 1; (b) Test 3; (c) Test 5; (d) Test 7; (e) Test 9; and (f) Test 11

Table 8 The comparison of the results of optimization algorithms on the location and depth of the crack 

TN 
Actual 
value 

Measured value 
DA GOA WOA HHO HHO-NM 

L D Location Depth Location Depth Location Depth Location Depth Location Depth 
1 0.2 0.1 0.197998 0.098652 0.201252 0.09947 1.99E-01 0.100706 0.200216 0.099977 0.200024 0.099977
2 0.2 0.15 0.200799 0.148846 0.199798 0.149324 2.02E-01 0.148748 0.200266 0.149946 0.200182 0.149999
3 0.2 0.2 0.200201 0.203681 0.201326 0.204557 2.00E-01 0.198489 0.199793 0.200836 0.199979 0.200075
4 0.4 0.1 0.400428 0.099857 0.400448 0.098026 4.02E-01 0.098718 0.400324 0.099947 0.400203 0.099961
5 0.4 0.15 0.400369 0.149877 0.400222 0.148375 4.00E-01 0.150641 0.402421 0.149917 0.400002 0.149989
6 0.4 0.2 0.402812 0.212267 0.401821 0.206829 4.02E-01 0.211403 0.40024 0.200836 0.400202 0.200084
7 0.6 0.1 0.598058 0.098665 0.600254 0.10136 6.00E-01 0.100309 0.599677 0.096210 0.599968 0.09999
8 0.6 0.15 0.601242 0.150424 0.600663 0.149857 6.02E-01 0.150537 0.600204 0.149902 0.600204 0.14992
9 0.6 0.2 0.600021 0.203068 0.600312 0.213522 6.00E-01 0.200705 0.602421 0.200832 0.600421 0.20014
10 0.8 0.1 0.801123 0.101413 0.804625 0.100456 8.00E-01 0.100613 0.800263 0.100013 0.800206 0.100013
11 0.8 0.15 0.802413 0.148879 0.802985 0.150337 8.00E-01 0.149865 0.802026 0.148666 0.800003 0.15 
12 0.8 0.2 0.799808 0.198297 0.798257 0.200271 8.00E-01 0.198766 0.799748 0.199631 0.799997 0.199963
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Table 10 Optimization cost value for the optimization 
algorithm 

TN 
Evaluated cost value 

DA GOA WOA HHO HHO-NM
1 6.79E-06 3.51E-08 6.79E-06 1.25E-09 2.24E-20
2 1.49E-09 5.10E-08 1.03E-05 1.49E-09 1.58E-18
3 2.67E-09 6.04E-05 3.36E-08 2.67E-09 8.34E-20
4 1.10E-08 4.29E-06 4.78E-06 1.84E-10 1.26E-19
5 9.28E-10 1.16E-05 1.48E-07 9.28E-10 1.43E-18
6 1.59E-05 3.14E-10 8.17E-06 3.14E-10 2.84E-20
7 0.000349 3.68E-09 6.96E-08 3.52E-09 3.71E-19
8 2.32E-09 8.51E-09 6.14E-07 2.32E-09 2.63E-19
9 2.54E-09 2.54E-09 2.81E-08 2.54E-09 1.61E-20

10 2.01E-06 3.29E-07 3.83E-09 3.62E-10 3.77E-19
11 7.16E-06 2.84E-08 2.13E-08 2.27E-08 5.98E-18
12 2.06E-08 1.24E-08 2.18E-08 2.06E-09 1.71E-20

 

 
 

based on Nelder Mead ൴s proposed to enhance the 
performance of HHO algor൴thm and avo൴d local opt൴ma 
stagnat൴on ൴n th൴s study. 

The best cost value versus number of ൴terat൴ons ൴s 
plotted ൴n F൴g. 12 for all 12 cases. The results demonstate 
the super൴or൴ty of HHO-NM algor൴thm compared to the 
other algor൴thms for the crack detect൴on appl൴cat൴on. It can 
be observed from F൴g. 12 that the speed of convergence ൴s 
൴mproved w൴th the proposed hybr൴d algor൴thm (HHO-NM). 
The results from Table 8 ൴nd൴cate that HHO-NM can pred൴ct 
the crack parameters more accurately. More spec൴f൴cally, the 
average error for the locat൴on of the crack ൴s 0.0285% and 
൴ts average error ൴n f൴nd൴ng the depth ൴s 0.025568% as can 
been from Table 9. 

 
 

8. Conclusඈons 
 
In this study, the effect of crack on the mechanical 

behavior of electrostatically actuated microcantilever with a 
tip mass as a representation of gas sensor is investigated. 
Besides, a novel hybrid algorithm is proposed to determine 
the location and depth of the crack on the microsystem. The 
static deflection and natural frequency of the system are 
obtained using exact method where the equations of motion 
are solved using the perturbation method. In the first part of 
paper, the effect of crack on the both static and dynamic 
pull-in is analyzed. It is shown that a crack can affect the 
pull-in instability. The results show that the length of the 

 
 

crack is more dominant than the depth of the crack. 
We proposed a novel hybrid metaheuristic algorithm to 

detect the location and position of the crack in the second 
part of the paper. The proposed HHO-NM hybrid algorithm 
is more accurate and efficient compared to the well-known 
conventional algorithms (WOA-DA-GOA-HHO) from the 
literature. The parameters of optimization algorithms are 
tuned using Taguchi design of experiment (DOE) method 
for a fair comparison of the results. The results showed the 
superiority of the proposed algorithm in term of accuracy in 
finding cracks parameters. The proposed algorithm is 
expected to prove beneficial where the accuracy and 
efficiency of the determination of the crack parameters are 
important for critical engineering applications. 
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APPENDIX 1 
 

 
  

𝜕ସ𝑢ଵ𝜕𝑥ොସ + 𝜕ଶ𝑢ଵ𝜕𝑡̂ଶ + 𝛼ହ 𝜕𝑢ଵ𝜕𝑡 = 0 , 0 ≤ 𝑥ො ≤ 𝑙መ௖ 𝜕ସ𝑢ଶ𝜕𝑥ොସ + 𝜕ଶ𝑢ଶ𝜕𝑡̂ଶ + 𝛼ହ 𝜕𝑢ଶ𝜕𝑡 = −𝛼ଷ ቈ𝜕ଶ𝑢ଶ𝜕𝑡̂ଶ |𝑥ො = 𝑙቉ 𝛿(𝑥ො − 𝑙መ) + 2𝛼௘௟𝑉஽஼ଶ ቈන 𝑢ଷ(𝑥, 𝑡)(1 − 𝑤௦ଷ(𝑥ො))ଷ௅ାଶ௟೛௅ 𝑑𝑥ො቉ 𝛿(𝑥ො − 𝑙መ) + 𝛼௙௥𝑉஽஼ଶ ቈන 𝑢ଷ(𝑥, 𝑡)(1 − 𝑤௦ଷ(𝑥ො))ଶ௅ାଶ௟೛௅ 𝑑𝑥ො቉ 𝛿(𝑥ො − 𝑙መ) 3𝛼௘௟𝑉஽஼ଶ ቈන 𝑢ଷଶ(𝑥, 𝑡)(1 − 𝑤௦ଶ(𝑥ො))ସ௅ାଶ௟೛௅ 𝑑𝑥ො቉ 𝛿(𝑥ො − 𝑙መ) + 4𝛼௘௟𝑉஽஼ଶ ቈන 𝑢ଷଷ(𝑥, 𝑡)(1 − 𝑤௦ଷ(𝑥ො))ହ௅ାଶ௟೛௅ 𝑑𝑥ො቉ 𝛿(𝑥ො − 𝑙መ) +𝛼௙௥𝑉஽஼ଶ ቈන 𝑢ଷ(𝑥, 𝑡)(1 − 𝑤௦ଶ(𝑥ො))ଷ௅ାଶ௟೛௅ 𝑑𝑥ො቉ 𝛿(𝑥ො − 𝑙መ) + 𝛼௙௥𝑉஽஼ଶ ቈන 𝑢ଷଷ(𝑥, 𝑡)(1 − 𝑤௦ଷ(𝑥ො))ସ௅ାଶ௟೛௅ 𝑑𝑥ො቉ 𝛿(𝑥ො − 𝑙መ) −𝛼ସ ቈ 𝜕ଷ𝑢ଵ𝜕𝑥ො𝜕𝑡̂ଶ |𝑥ො = 𝑙቉ 𝜕𝛿(𝑥ො − 𝑙መ)𝜕𝑥ො − ቈන 𝑐̂𝑢ሶ ଷ 𝑑𝑥௅ାଶ௟೛௅ ቉ 𝛿(𝑥ො − 𝑙መ) + 
2𝛼௘௟𝑉஽஼ଶ ቈන (𝑥ො − (𝑙መ + 𝑙መ௣))𝑢ଷ(𝑥, 𝑡)(1 − 𝑤௦ଷ(𝑥ො))ଷ௅ାଶ௟೛௅ 𝑑𝑥ො቉ 𝜕𝛿(𝑥ො − 𝑙መ)𝜕𝑥ො + 
𝛼௙௥𝑉஽஼ଶ ቈන (𝑥ො − (𝑙መ + 𝑙መ௣))𝑢ଷ(𝑥, 𝑡)(1 − 𝑤௦ଷ(𝑥ො))ଶ௅ାଶ௟೛௅ 𝑑𝑥ො቉ 𝜕𝛿(𝑥ො − 𝑙መ)𝜕𝑥ො + 
3𝛼௘௟𝑉஽஼ଶ ቈන (𝑥ො − (𝑙መ + 𝑙መ௣))𝑢ଷଶ(𝑥, 𝑡)(1 − 𝑤௦ଷ(𝑥ො))ସ௅ାଶ௟೛௅ 𝑑𝑥ො቉ 𝜕𝛿(𝑥ො − 𝑙መ)𝜕𝑥ො + 4𝛼௘௟𝑉஽஼ଶ ቈන (𝑥ො − (𝑙መ + 𝑙መ௣))𝑢ଷଷ(𝑥, 𝑡)(1 − 𝑤௦ଷ(𝑥ො))ହ௅ାଶ௟೛௅ 𝑑𝑥ො቉ 𝜕𝛿(𝑥ො − 𝑙መ)𝜕𝑥ො  
+𝛼௙௥𝑉஽஼ଶ ቈන (𝑥ො − (𝑙መ + 𝑙መ௣))𝑢ଷଶ(𝑥, 𝑡)(1 − 𝑤௦ଷ(𝑥ො))ଷ௅ାଶ௟೛௅ 𝑑𝑥ො቉ 𝜕𝛿(𝑥ො − 𝑙መ)𝜕𝑥ො + 
𝛼௙௥𝑉஽஼ଶ ቈන (𝑥ො − (𝑙መ + 𝑙መ௣))𝑢ଷଷ(𝑥, 𝑡)(1 − 𝑤௦ଷ(𝑥ො))ସ௅ାଶ௟೛௅ 𝑑𝑥ො቉ 𝜕𝛿(𝑥ො − 𝑙መ)𝜕𝑥ො  +2𝛼௘௟𝑉஽஼𝑉஺஼ 𝑐𝑜𝑠( 𝛺𝑡) 𝜕𝛿(𝑥ො − 𝑙መ)𝜕𝑥ො ቈන 1(1 − 𝑤௦ଷ(𝑥ො))ଷ௅ାଶ௟೛௅ 𝑑𝑥ො቉ 𝛿(𝑥ො − 𝑙መ) − ቈන 𝑐̂൫𝑥ො − (𝑙መ + 𝑙መ௣)൯𝑢ሶ ଷ 𝑑𝑥ො௅ାଶ௟೛௅ ቉ 𝜕𝛿(𝑥ො − 𝑙መ)𝜕𝑥ො  +2𝛼௙௥𝑉஽஼𝑉஺஼ 𝑐𝑜𝑠( 𝛺𝑡) 𝜕𝛿(𝑥ො − 𝑙መ)𝜕𝑥ො ቈන 1(1 − 𝑤௦ଷ(𝑥ො))ଶ௅ାଶ௟೛௅ 𝑑𝑥ො቉ 𝛿(𝑥ො − 𝑙መ) + 2𝛼௘௟𝑉஽஼𝑉஺஼ 𝑐𝑜𝑠( 𝛺𝑡) ቈන (𝑥ො − 𝑙௖)(1 − 𝑤௦ଷ(𝑥ො))ଷ௅ାଶ௟೛௅ 𝑑𝑥ො቉ 𝜕𝛿(𝑥ො − 𝑙መ)𝜕𝑥ො + 2𝛼௙௥𝑉஽஼𝑉஺஼ 𝑐𝑜𝑠( 𝛺𝑡) ቈන (𝑥ො − 𝑙௖)(1 − 𝑤௦ଷ(𝑥ො))ଶ௅ାଶ௟೛௅ 𝑑𝑥ො቉ 𝜕𝛿(𝑥ො − 𝑙መ)𝜕𝑥ො , 𝑙መ௖ ≤ 𝑥ො ≤ 𝑙መ 
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𝑀ଵ = න ቊ𝜕ସ𝜑ଶ𝜕𝑥ସ − 2𝛼௘௟𝑉஽஼ଶ ቈන 𝜑ଷ(1 − 𝑤௦ଷ(𝑥ො))ଷ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቉ 𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯ቋ௟መ
௟መ೎ 𝜑ଶ𝑑𝑥ො 

           +2𝛼௘௟𝑉஽஼ଶ න ቎න ቀ𝑥ො − ൫𝑙መ + 𝑙መ௣൯ቁ 𝜑ଷ൫1 − 𝑤௦ଷ(𝑥ො)൯௟መାଶ௟መ೛௟መ 𝑑𝑥ො቏௟መ
௟መ೎ 𝜕𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜕𝑥ො 𝜑ଶ𝑑𝑥ො 

           −𝛼௙௥𝑉஽஼ଶ ቈන න 𝜑ଷ(𝑥ො, 𝑡)(1 − 𝑤௦ଷ(𝑥ො))ଶ௟መାଶ௟መ೛௟መ
௟መ

௟መ೎ 𝑑𝑥ො቉ 𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜑ଶ𝑑𝑥ො 
           +𝛼௙௥𝑉஽஼ଶ න ቈන (𝑥ො − (𝑙መ + 𝑙መ௣))𝜑ଷ(1 − 𝑤௦ଷ(𝑥ො))ଶ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቉௟መ

௟መ೎ 𝜕𝐷𝑖𝑟𝑎𝑐(𝑥ො − 𝑙መ)𝜕𝑥ො 𝜑ଶ𝑑𝑥ො + න 𝜕ସ𝜑ଵ𝜕𝑥ସ௟መ೎଴ 𝜑ଵ𝑑𝑥ො 

𝑀ଶ = −3𝛼௘௟𝑉஽஼ଶ න ቈන 𝜑ଷଶ(1 − 𝑤௦ଷ(𝑥ො))ସ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቉௟መ
௟መ೎ 𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜑ଶ𝑑𝑥ො

           +3𝛼௘௟𝑉஽஼ଶ න ቎න ቀ𝑥ො − ൫𝑙መ + 𝑙መ௣൯ቁ 𝜑ଷଶ(1 − 𝑤௦ଷ(𝑥ො))ସ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቏௟መ
௟መ೎ 𝜕𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜕𝑥ො 𝜑ଶ𝑑𝑥ො 

           −𝛼௙௥𝑉஽஼ଶ ቈන න 𝜑ଶଷ(𝑥ො, 𝑡)(1 − 𝑤௦ଷ(𝑥ො))ଷ௟መାଶ௟መ೛௟መ
௟መ

௟መ೎ 𝑑𝑥ො቉ 𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜑ଶ𝑑𝑥ො 
           +𝛼௙௥𝑉஽஼ଶ න ቎න ቀ𝑥ො − ൫𝑙መ + 𝑙መ௣൯ቁ 𝜑ଷଶ(1 − 𝑤௦ଷ(𝑥ො))ଷ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቏௟መ

௟መ೎ 𝜕𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜕𝑥ො 𝜑ଶ𝑑𝑥ො +  
𝑀ଷ = −4𝛼௘௟𝑉஽஼ଶ න ቈන 𝜑ଷଷ(1 − 𝑤௦ଷ(𝑥ො))ହ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቉௟መ

௟መ೎ 𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜑ଶ𝑑𝑥ො 
           +4𝛼௘௟𝑉஽஼ଶ න ቎න ቀ𝑥ො − ൫𝑙መ + 𝑙መ௣൯ቁ 𝜑ଷଷ(1 − 𝑤௦ଷ(𝑥ො))ହ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቏௟መ

௟መ೎ 𝜕𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜕𝑥ො 𝜑ଶ𝑑𝑥ො 
           −𝛼௙௥𝑉஽஼ଶ ቈන න 𝜑ଷଷ(𝑥ො, 𝑡)(1 − 𝑤௦ଷ(𝑥ො))ସ௟መାଶ௟መ೛௟መ

௟መ
௟መ೎ 𝑑𝑥ො቉ 𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜑ଶ𝑑𝑥ො 

           +𝛼௙௥𝑉஽஼ଶ න ቈන (𝑥ො − (𝑙መ + 𝑙መ௣))𝜑ଷଷ(1 − 𝑤௦ଷ(𝑥ො))ସ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቉௟መ
௟መ೎ 𝜕𝐷𝑖𝑟𝑎𝑐(𝑥ො − 𝑙መ)𝜕𝑥ො 𝜑ଶ𝑑𝑥ො 

𝑀ସ = න 𝛼ହ௟መ೎଴ 𝜑ଵଶ𝑑𝑥ො + න 𝛼ହ௟መ
௟መ೎ 𝜑ଶଶ𝑑𝑥ො + න ቈන 𝑐̂𝜑ଷ 𝑑𝑥ො௟መାଶ௟መ೛௟መ ቉௟መ

௟መ೎ 𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜑ଶ𝑑𝑥ො 
           − න ቈන 𝑐̂൫𝑥ො − (𝑙መ + 𝑙መ௣)൯𝜑ଶ 𝑑𝑥ො௟መାଶ௟መ೛௟መ ቉௟መ

௟መ೎ 𝜕𝐷𝑖𝑟𝑎𝑐(𝑥ො − 𝑙መ)𝜕𝑥ො 𝜑ଶ𝑑𝑥ො 

𝑀ହ = න 𝜑ଵଶ𝑑𝑥ො௟መ೎଴ + න 𝜑ଶଶ𝑑𝑥ො௟መ
௟መ೎ + 𝛼ଷ න 𝜑ଶଶ௟መ

௟መ೎ 𝐷𝑖𝑟𝑎𝑐(𝑥ො − 𝑙መ)𝑑𝑥 − 𝛼ସ න ൤𝜕𝜑ଶ𝜕𝑥ො |𝑥ො = 𝑙൨௟መ
௟መ೎ 𝜕𝐷𝑖𝑟𝑎𝑐(𝑥ො − 𝑙መ)𝜕𝑥ො 𝜑ଶ𝑑𝑥ො 

𝑀଺ = −2𝛼௘௟𝑉஽஼ න ቈන 1(1 − 𝑤௦ଷ(𝑥ො))ଷ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቉௟መ
௟መ೎ 𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜑ଶ𝑑𝑥ො 

           +2𝛼௘௟𝑉஽஼ න ቎න ቀ𝑥ො − ൫𝑙መ + 𝑙መ௣൯ቁ(1 − 𝑤௦ଷ(𝑥ො))ଷ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቏௟መ
௟መ೎ 𝜕𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜕𝑥ො 𝜑ଶ𝑑𝑥ො 

           −2𝛼௙௥𝑉஽஼ න ቈන 1(1 − 𝑤௦ଷ(𝑥ො))ଶ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቉௟መ
௟መ೎ 𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜑ଶ𝑑𝑥ො 

       +2𝛼௙௥𝑉஽஼ න ቈන (𝑥ො − (𝑙መ + 𝑙መ௣))(1 − 𝑤௦ଷ(𝑥ො))ଶ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቉௟መ
௟መ೎ 𝜕𝐷𝑖𝑟𝑎𝑐(𝑥ො − 𝑙መ)𝜕𝑥ො 𝜑ଶ𝑑𝑥ො 
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𝑀଻ = −𝛼௘௟ න ቈන 1(1 − 𝑤௦ଷ(𝑥ො))ଷ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቉௟መ
௟መ೎ 𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜑ଶ𝑑𝑥ො + 𝛼௘௟ න ቎න ቀ𝑥ො − ൫𝑙መ + 𝑙መ௣൯ቁ(1 − 𝑤௦ଷ(𝑥ො))ଷ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቏௟መ

௟መ೎ 𝜕𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜕𝑥ො 𝜑ଶ𝑑𝑥ො
           −𝛼௙௥ න ቈන 1(1 − 𝑤௦ଷ(𝑥ො))ଶ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቉௟መ

௟መ೎ 𝐷𝑖𝑟𝑎𝑐(𝑥ො − 𝑙መ)𝜑ଶ𝑑𝑥ො + 𝛼௙௥ න ቈන (𝑥ො − (𝑙መ + 𝑙መ௣))(1 − 𝑤௦ଷ(𝑥ො))ଶ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቉௟መ
௟መ೎ 𝜕𝐷𝑖𝑟𝑎𝑐(𝑥ො − 𝑙መ)𝜕𝑥ො 𝜑ଶ𝑑𝑥ො 

𝑀଼ = −2𝛼௘௟𝑉஽஼ න ቈන 𝜑ଷ(1 − 𝑤௦ଷ(𝑥ො))ଷ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቉௟መ
௟መ೎ 𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜑ଶ𝑑𝑥ො 

           +2𝛼௘௟𝑉஽஼ න ቎න ቀ𝑥ො − ൫𝑙መ + 𝑙መ௣൯ቁ 𝜑ଷ(1 − 𝑤௦ଷ(𝑥ො))ଷ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቏௟መ
௟መ೎ 𝜕𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜕𝑥ො 𝜑ଶ𝑑𝑥ො 

           −2𝛼௙௥𝑉஽஼ න ቈන 𝜑ଷ(1 − 𝑤௦ଷ(𝑥ො))ଶ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቉௟መ
௟መ೎ 𝐷𝑖𝑟𝑎𝑐൫𝑥ො − 𝑙መ൯𝜑ଶ𝑑𝑥ො 

          +2𝛼௙௥𝑉஽஼ න ቈන (𝑥ො − (𝑙መ + 𝑙መ௣))𝜑ଷ(1 − 𝑤௦ଷ(𝑥ො))ଶ௟መାଶ௟መ೛௟መ 𝑑𝑥ො቉௟መ
௟መ೎ 𝜕𝐷𝑖𝑟𝑎𝑐(𝑥ො − 𝑙መ)𝜕𝑥ො 𝜑ଶ𝑑𝑥ො 
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