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1. Introduction 

 
A number of past studies have used large shake tables to 

examine the behavior of coupled soil-structure systems 
(Luco et al. 1988, Gueguen and Bard 2005, Aldaikh et al. 
2015, Zhuang et al. 2019). However, conducting large- and 
full-scale experiments is costly and time-consuming. 
Enclosing a sufficient amount of soil in a soil-box is 
typically required to adequately emulate the soil-structure 
interaction (SSI) effects (Todorovska 2002, Kabeyasawa 
2008, Ebeido et al. 2018). Because this greatly increases the 
payload on the shake table, this requirement does impose 
limitations on the size of the superstructure. In addition, 
there is a boundary beyond which the scale cannot be 
reduced further, ensuring that the soil properties are 
compatible with the scaling laws. Clearly, a significant 
amount of preparatory work is needed to set up a single 
experiment, and then once it is in place, that configuration 
may not be suitable to consider a variety of soil types. Only 
a few shake tables around the world meet all of these 
requirements and support such testing. Complementary 
testing methods that can inform such experiments and thus 
allow researchers to focus their experimental efforts on the 
most relevant and informative experiments are needed. 
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RTHS provides an alternative means to conduct such 

experiments. RTHS is a cyber-physical testing method 
typically used for structural testing that includes rate 
dependencies (Blakeborough et al. 2001). A structural 
system is divided into numerical (computational) and 
physical (experimental) components, which can greatly 
reduce the costs and time involved in design, fabrication, 
and execution of an experiment (Gao et al. 2013, Gomez et 
al. 2015, Chen et al. 2019). In RTHS, certain challenges are 
also present. First, the interface conditions between the 
numerical and physical specimens should be enforced. Also, 
transfer system dynamics, time delay/lag and control-
structure interaction effects (Dyke et al. 1995) should be 
carefully handled. These challenges of RTHS have been 
thoroughly discussed in the literature (Chae et al. 2013, 
Maghareh et al. 2014, 2017, Wang et al. 2014, Ou et al. 
2017, Chen and Chen 2020). Hydraulic or electric-powered 
actuators are generally used as transfer systems in RTHS 
due to their ability to respond relatively quickly and with a 
large force capacity. 

A select group of researchers have adopted shake tables 
as the transfer system in RTHS experiments. For example, 
uniaxial shake tables have been used to reproduce inter-
story motions in RTHS to evaluate buildings subjected to 
earthquakes. Here, using acceleration feedback, a 
proportional controller (Nakata and Stehman 2014) and a 
linear quadratic Gaussian controller (Zhang et al. 2016, 
2017) were designed to drive the shake table. As discussed 
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by the authors, the reliable bandwidth of the controllers was 
limited to 6 Hz (Nakata and Stehman 2014) and 5 Hz 
(Zhang et al. 2016, 2017). In previous work on SSI using 
RTHS (Wang et al. 2011, Zhou et al. 2014), the soil was 
represented with a two degree-of-freedom (DOF) linear 
lumped-mass model (Wang et al. 2011) and a 132-DOF 
finite element model (Zhou et al. 2014). A displacement-
based shake table controller was used in these studies. 
Later, an acceleration-based controller was adopted to study 
SSI effects using RTHS (Guo et al. 2016). However, these 
studies consider only a linear, single-variable tracking 
controller. This approach may have limitations in achieving 
good tracking performance as the test specimen becomes 
more complex or nonlinear. This approach may also have 
modest performance when seeking to track both 
displacement and acceleration at the same time or to control 
nonlinear transfer systems. Thus, methods are needed that 
can accommodate nonlinear shake table dynamics while 
also exhibiting robust tracking performance for both 
displacement and acceleration. Additionally, although there 
are abundant studies examining SSI with base isolators in 
the superstructures (Constantinou and Kneifati 1988, 
Spyrakos et al. 2009, Tsai et al. 2016, Neethu and Das 
2019), no RTHS of soil-isolator-structure coupled systems 
can be found in literature to the authors’ best knowledge. It 
is worthwhile to conduct RTHS for the systems including 
base isolators because they are widely adopted in 
engineering practice. 

In this paper, we focus on advancing the theory and 
capacity of RTHS methods toward their use for 
experimentation involving nonlinear soil-isolator-structure 
system. A shake table with nonlinear behavior serves as the 
transfer system to enforce interface conditions between the 
numerical (foundation/soil) and the physical (super-
structure) components. A nonlinear numerical model is 
established as the reference model to verify the RTHS 
results. The foundation and the soil comprise the numerical 
component in the RTHS. The simplified, linear sway-
rocking model is applied to describe a range of soils, and 
we show that three types of soil (soft, medium, and dense) 
can be considered with a single experimental setup. The 
physical component consists of a superstructure which is a 
2-DOF linear shear frame equipped with four geometric 

 
 

nonlinear rolling isolators. The shake table exhibits highly 
nonlinear behavior due to friction. An approach for 
designing a robust model-based sliding mode controller is 
developed by incorporating necessary considerations and 
adaptations of the friction and uncertainties for the 
nonlinear shake table. A set of problem-specific evaluation 
criteria are defined and computed to quantitatively evaluate 
the controller tracking performance as well as the RTHS 
performance as compared with the reference model. 

 
 

2. Nonlinear reference model 
 
Consider the system shown in Fig. 1(a), consisting of a 

shear type frame, nonlinear rolling isolators, a foundation 
and soil layers between the foundation and solid rock. The 
input to the system is the ground motion from the solid 
rock. The system has three subsystems: (a) foundation/soil 
subsystem; (b) base subsystem; (c) frame subsystem. The 
nonlinear reference model is presented in this section. 

 
2.1 Format on of the reference model 
 
The system shown in Fig. 1(a) is represented as a 

nonlinear coupled system as shown in Fig. 1(b), where 𝑥ሷ௚ 
is the ground motion, 𝑥଴ is the foundation displacement 
relative to the ground (solid rock), xb , 𝑥ଵ  and 𝑥ଶ  are 
displacements of the base, first floor and second floor, 
relative to the foundation. The base mass 𝑚௕ includes the 
top part of the isolators, the foundation mass 𝑚଴ includes 
the bottom part of the isolators. 𝑘଴ and 𝑐଴ are the stiffness 
and damping coefficients of soil. 𝑘௜ and 𝑐௜ (𝑖 ൌ 1, 2) are 
the stiffness and damping coefficients of the frame. Detailed 
descriptions of the reference model for each subsystem are 
presented in follows. 

 
(a) Foundation/soil subsystem 
The linear sway-rocking (SR) model is one of the 

common models used for the SSI (Ghahari et al. 2013, 
Pioldi et al. 2017). In the SR model, translational and 
rotational stiffness and damping values are adopted, which 
are determined based on the shear modulus, Poisson’s ratio, 
mass density and shear-wave velocity of the adopted soil 

 
 

(a) Structure-isolator-soil system (b) Reference model of the system 

Fig. 1 The studied structure-isolator-soil system and its reference model 
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Fig. 2 Foundation/soil subsystem 
 
 

 
Fig. 3 Base subsystem 

 
 

(Pioldi et al. 2017). Depending on the scope and complexity 
of the study, the soil stiffness and damping values may be 
defined as frequency-dependent (Pais and Kausel 1988) or 
constant (Pioldi et al. 2017) values. Here we assume they 
are constant. The rotational stiffness is usually much larger 
than the translational stiffness, therefore the foundation 
rotation only becomes evident when the superstructure has a 
high center of mass. The tested frame in this paper has only 
two floors which might cause minor foundation rotation. 
And given the fact that the used shake table cannot generate 
rotational movements, the rotational effects of SSI is 
ignored here. Note that this study is focused on advancing 
the use of RTHS techniques to enable SSI studies, rather 
than exploring the influence of the soil in detail. The 
simplified SR model is adopted here more for the purpose 
of demonstrating and evaluating the proposed RTHS 
technique. However, the RTHS technique is not limited to 
the selected SSI model. More sophisticated SSI models 
which include rotational and nonlinear effects could 
certainly be considered using the proposed RTHS technique 
if a shake table with rotational (pitch) capabilities were 
available and if the computational needs for complex soil 
models were available. 

Based on the simplified SR model described above, Fig. 
2 shows the free body diagram of the foundation/soil 
subsystem. The equation of motion (EOM) of the 
foundation is 

 𝑚଴𝑥ሷ଴ ൅ 𝑐଴𝑥ሶ଴ ൅ 𝑘଴𝑥଴ ൌ െ𝑚଴𝑥ሷ௚ ൅ 𝐹௕, (1)
 

where 𝐹௕ is the base shear force. 
 
(b) Base subsystem 
The nonlinearity of the coupled soil-isolator-structure 

system is in the base subsystem. Besides rubber bearings 
that are the most commonly used base isolators, friction and 
rolling (ball) pendulum isolators are also widely adopted in 
base isolation systems due to the pendulum mechanisms 
involved (Jangid 2005, Harvey and Gavin 2013, Calhoun 
and Harvey 2018). The isolator of interest in this study is 
the highly geometric nonlinear rolling isolator shown in 
Fig. 3, where the rolling surface of the isolators is a circular 
arc with radius 𝑅௖, and the radius of the rolling ball is 𝑟 .Defining the effective radius 𝑅 ൌ 2ሺ𝑅௖ െ 𝑟ሻ  and 

 
Fig. 4 Shear frame subsystem 

 
 

according to the Lagrange’s equation, the EOM of the 
isolated base is 

 𝑚௕𝑅ଶ𝑥ሷ௕𝑅ଶ െ 𝑥௕ଶ ൅ 𝑐௕𝑥ሶ௕ ൅ 𝑚௕𝑅ଶ𝑥௕𝑥ሶ௕ଶሺ𝑅ଶ െ 𝑥௕ଶሻଶ ൅ ሺ𝑚ଵ ൅ 𝑚ଶ ൅ 𝑚௕ሻ𝑔𝑥௕ඥ𝑅ଶ െ 𝑥௕ଶൌ 𝑚௕ െ ൫𝑥ሷ௚ ൅ 𝑥ሷ଴൯ ൅ 𝐹ଵ, (2)

 
where, 𝑐௕  is the damping coefficient combining all the 
isolators, 𝑔 ൌ 9.8 m/sଶ  is the gravitational acceleration, 
and 𝐹ଵ is the shear force at the first floor of the frame. 
Note that the non-conservative forces (nonlinear damping 
force, friction, etc.) are simplified as a single damping force 𝑐௕𝑥ሶ௕ see the second term in Eq. (2). As discussed later, this 
simplification of the base model is a main contributor to the 
RTHS error. 

The base shear is given by 
 𝐹௕ ൌ 𝐹ଵ𝑚௕ െ ൫𝑥ሷ௚ ൅ 𝑥ሷ଴ ൅ 𝑥ሷ௕൯. (3)
 
(c) Frame subsystem 
According to Fig. 4, the EOM of the 2-DOF frame is 
 𝐌௦𝐱ሷ ௦ ൅ 𝐂ୱ𝐱ሶ ௦ ൅ 𝐊௦𝐱௦ ൌ െ𝐌௦𝜄௦൫𝑥ሷ௚ ൅ 𝑥ሷ଴ ൅ 𝑥ሷ௕൯ (4)
 

where 
 𝒙௦ ൌ ሾ𝑥ଵ െ 𝑥௕, 𝑥ଶ െ 𝑥௕ሿT (5)
 

and 
 𝐌௦ ൌ ൤𝑚ଵ 00 𝑚ଶ൨ , 𝐂௦ ൌ ቂ𝑐ଵ ൅ 𝑐ଶ െ𝑐ଶെ𝑐ଶ 𝑐ଶ ቃ ,𝜄௦ ൌ ሾ1,1ሿ୘, 𝐊௦ ൌ ൤𝑘ଵ ൅ 𝑘ଶ െ𝑘ଶെ𝑘ଶ 𝑘ଶ ൨ , (6)

 
The first floor shear force is given by 
 𝐹ଵ ൌ െ𝑚ଵ൫𝑥ሷ௚ ൅ 𝑥ሷ଴ ൅ 𝑥ሷଵ൯ െ 𝑚ଶ൫𝑥ሷ௚ ൅ 𝑥ሷ଴ ൅ 𝑥ሷଶ൯. (7)
 
2.2 Compar son w th the l near zed model 
 
If the movement of the isolated base is relatively small 

(𝑥௕ ≪ 𝑅), the rolling isolators can be approximated by a 
linear damper and a linear spring with the damping 
coefficient cୠ and stiffness 

 𝑘௕ ൌ ሺ𝑚ଵ ൅ 𝑚ଶ ൅ 𝑚௕ሻ 𝑔 𝑅⁄ . (8)
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Thus, the complete coupled soil-isolator-structure 
system can be represented with a linearized model. The 
EOM for the linearized model is 

 𝐌௟𝐱ሷ ௟ ൅ 𝐂௟𝐱ሶ ௟ ൅ 𝐊௟𝐱௟ ൌ 𝐌௟𝜄௟𝑥ሷ௚, (9)
 

where 
 𝒙௟ ൌ ሾ𝑥଴௟, 𝑥௕௟ ൅ 𝑥଴௟, 𝑥ଵ௟ ൅ 𝑥଴௟, 𝑥ଶ௟ ൅ 𝑥଴௟ሿT, (10)
 

and 
 

 𝑥଴௟ ,  𝑥௕௟ ,  𝑥ଵ௟  and 𝑥ଶ௟  are the displacements of 
foundation, base, first floor and second floor in the 
linearized model, which are defined similar to 𝑥଴, 𝑥௕, 𝑥ଵ 
and 𝑥ଶ in Fig. 1(b) for the reference model. 

The responses of this linearized model are compared 
with those of the nonlinear reference model. For both 
models, the effective radius is 𝑅 ൌ 5.62  cm. Other 
parameters are listed in Table 1. Note that these parameters 
are also used in the RTHS, and dense soil type is selected 
for the comparison. Detailed information and how to obtain 
these parameters will be discussed in Section 3. 

 
 

Table 1 Parameters of the linearized model and the 
reference model 
 Mass [kg] Stiffness [N/m] Damping [Ns/m]

Foundation/soil 10 5740 662 
Base 6.4 1300 7.84 

First floor 0.49 2909 2.0 
Second floor 0.56 3387 0.5 

 

*Note: the base stiffness is for the linearized model only
 
 

A band-limited white noise (BLWN) with a cutoff 
frequency of 10 Hz and a duration of 30 s is used as the 
ground displacement input. The ground velocity and 
acceleration inputs are numerical derivatives of the 
displacement input. Define a general expression for the 
normalized root mean square error (NRMS) as 

 NRMSሺ𝑦, 𝑧ሻ ൌ RMSሺ𝑦 െ 𝑧ሻ𝑚𝑎𝑥ሺ𝑧ሻ െ 𝑚𝑖𝑛ሺ𝑧ሻ ൈ 100%, (12)

 

 
where RMSሺ∙ሻ represents the root mean square error, 𝑦 
and 𝑧 are the two vectors to be compared and they have 
the same dimension. Thus, the differences between the 
reference model and the linearized model can be quantified 
using the criterion 

 𝐽௕ ൌ NRMSሺ𝑥௕, 𝑥௕௟ሻ. (13)
 
Fig. 5 shows the base displacement responses when the 

power spectral density (PSD) of the BLWN input is 0.1 
cm2.The responses of two models are almost the same with 𝐽௕ ൌ 0.28% . As the amplitude of the input increases, 
geometric nonlinearity becomes an important factor. In Fig. 
6, there are significant discrepancies between the responses 
associated with the linearized and reference models and 𝐽௕ 
increases to 7.32%. Here, the PSD of the BLWN input is 10 
cm2. Note that the excitation used in Fig. 6 is also used in 
the RTHS tests. Fig. 7 plots how 𝐽௕ changes as a function 
of PSD of the BLWN input. It can be seen that 𝐽௕ increases 
with PSD and 𝐽௕ will be greater than 5% when PSD > 6.5 
cm2. The comparison with the linearized model shows the 
significance of the geometric nonlinearity in the reference 
model. 

 
 

 

𝐌௟ ൌ ൦𝑚଴ 0 0 00 𝑚௕ 0 00 0 𝑚ଵ 00 0 0 𝑚ଶ൪ , 𝐂௟ ൌ ൦𝑐଴ ൅ 𝑐௕ െ𝑐௕ 0 0െ𝑐௕ 𝑐௕ ൅ 𝑐ଵ െ𝑐ଵ 00 െ𝑐ଵ 𝑐ଵ ൅ 𝑐ଶ െ𝑐ଶ0 0 െ𝑐ଶ 𝑐ଶ ൪ ,
𝜄௟ ൌ ሾ1,1,1,1ሿ୘,                        𝐊௟ ൌ ൦𝑘଴ ൅ 𝑘௕ െ𝑘௕ 0 0െ𝑘௕ 𝑘௕ ൅ 𝑘ଵ െ𝑘ଵ 00 െ𝑘ଵ 𝑘ଵ ൅ 𝑘ଶ െ𝑘ଶ0 0 െ𝑘ଶ 𝑘ଶ

൪ , (11)

 
Fig. 5 Base displacement (relative to the foundation), PSD = 0.1 cm2 
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Fig. 7 Curve of 𝐽௕ changing with PSD of the BLWN input
 
 

3. Real-time hybrid simulationy 
 
In RTHS, foundation/soil subsystem is the numerical 

component, and the superstructure including the base and 
frame subsystems is the physical component. The RTHS 
setup, transfer system and the sliding mode control design 
are discussed in details in the following sections. 

 
3.1 RTHS setup 
 
To enforce the interface conditions between the 

numerical and physical components, a shake table located 
in the Intelligent Infrastructure Systems Laboratory (IISL) 
at Purdue University is used as the transfer system. This 
coupled dynamic system including shake table and physical 
component is called the plant hereafter, which is shown in 
Fig. 8. 

 
 

 
Fig. 8 Shake table and physical component

 
 
Fig. 9 shows the RTHS block diagram, where 𝐱௚ is the 

input ground motion, 𝑥ௗ  and 𝑥௠ഥ  are designated and 
measured trajectories of the shake table, respectively, 𝑥௖ is 
the command input to the shake table, and 𝐹௕௠ഥ  is the base 
shear calculated based on the measured accelerations. To be 
specific 

 𝒙௚ ൌ ൣ𝑥௚, 𝑥ሶ௚, 𝑥ሷ௚൧, (14)
 𝒙ௗ ൌ ሾ𝑥ௗ, 𝑥ሶௗ, 𝑥ሷௗሿ ൌ ሾ𝑥଴ௗ, 𝑥ሶ଴ௗ, 𝑥ሷ଴ௗሿ ൅ 𝒙௚, (15)
 𝒙௠ഥ ൌ ሾ𝑥௠, 𝑥ሶ௠ഥ , 𝑥ሷ௠ሿ, (16)
 𝐹௕௠ഥ ൌ െ𝑚௕𝑢ሷ ௕௠ െ 𝑚ଵ𝑢ሷ ଵ௠ െ 𝑚ଶ𝑢ሷ ଶ௠, (17)
 

where 𝑥଴ௗ  is the designated foundation displacement 
(relative to the ground), 𝑥௠  is the measured absolute 
displacement of the shake table, 𝑢ሷ ௕௠, 𝑢ሷ ଵ௠ and 𝑢ሷ ଶ௠ are 
measured absolute accelerations of the base, first floor and 
second floor, respectively. Note that all variables with the 
subscript “𝑚” means we can actually measure them in the 
test. However, variables with subscript “𝑚ഥ” such as 𝐹௕௠ഥ  
and 𝑥ሶ௠ഥ  means they are calculated based on measured 
variables. For reasons of clarity and consistency, the 
variables that will be mentioned in the rest of the paper are 
absolute variables unless stated otherwise, because all 
measurements in the test are absolute values. 

 
3.2 Transfer system 
 
The uniaxial shake table plays the role of transfer 

system in this study. Its behavior is highly nonlinear due to 
friction in the shake table bearings. For the purpose of this 

 
 

Fig. 9 RTHS block diagram 

 
Fig. 6 Base displacement (relative to the foundation), PSD = 10 cm2 
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study, the way to model the shake table here is not to use a 
precise and complicated model to include all the nonlinear 
dynamics of the shake table, but to create a relatively 
simple nonlinear model which captures the essential 
dynamics. And by including a reasonable range of 
uncertainties on the model parameters, the shake table can 
be well represented using that model. The advantage of 
such nonlinear model with uncertainties is that it takes less 
control efforts without losing the control performance for 
the sliding mode controller. The shake table can be 
represented using the following model (Condori et al. 2020) 

 𝑥ሷ௠ ൌ 𝑓ሺ𝑥௠ሻ ൅ 𝑑𝑥௖, (18)
 

where 
 𝑓ሺ𝑥௠ሻ ൌ 𝑎𝑥ሶ௠ഥ ൅ 𝑏𝑥௠ ൅ 𝛾 tanhሺ𝜌𝑥ሶ௠ഥ ሻ. (19)
 
In the above model, parameters 𝑎 and 𝑏 are associated 

with the linear damping and stiffness of the shake table, and 
the term 𝛾 tanhሺ𝜌𝑥ሶ௠ഥ ሻ with parameters 𝛾 and 𝜌 denotes 
the nonlinear friction. 

The nominal function for 𝑓ሺ∙ሻ is 
 𝑓መሺΔሻ ൌ 𝑎ොΔሶ ൅ 𝑏෠Δ ൅ 𝛾ො tanh൫𝜌Δሶ ൯, (20)
 

where 𝑎ො , 𝑏෠ and 𝛾ො  are nominal values of 𝑎 , 𝑏  and 𝛾 . 
Parameters 𝑎 , 𝑏  and 𝛾  are assumed to be bounded in ሾ𝑎௠௜௡, 𝑎௠௔௫ሿ , ሾ𝑏௠௜௡, 𝑏௠௔௫ሿ  and ሾ𝛾௠௜௡, 𝛾௠௔௫ሿ . Setting 𝑎ො , 𝑏෠and 𝛾ො as the numerical means of the above bounds yields 

 𝑎ො ൌ 𝑎௠௔௫ ൅ 𝑎௠௜௡2 ,      𝑏෠ ൌ 𝑏௠௔௫ ൅ 𝑏௠௜௡2 ,  𝛾ො ൌ 𝛾௠௔௫ ൅ 𝛾௠௜௡2 . (21)

 
Therefore, the estimation error on 𝑓ሺ∙ሻ is bounded by a 

function 𝑓ሚሺ⋅ሻ 
 ∣ 𝑓መሺΔሻ െ 𝑓ሺΔሻ ∣൑ 𝑓ሚሺΔሻൌ 𝑎෤ ∣ Δሶ ∣ ൅𝑏෨ ∣ Δ ∣ ൅𝛾෤ ∣ tanh൫𝜌Δሶ ൯ ∣, (22)
 

where 
 𝑎෤ ൌ 𝑎௠௔௫ െ 𝑎௠௜௡2 ,      𝑏෨ ൌ 𝑏௠௔௫ െ 𝑏௠௜௡2 ,  𝛾෤ ൌ 𝛾௠௔௫ െ 𝛾௠௜௡2 . (23)

 
3.3 Sl d ng mode control system 
 
The sliding mode control method is adopted due to the 

nonlinear nature of this plant. Let 
 𝑒 ൌ 𝑥௠ െ 𝑥ௗ (24)
 

be the tracking error in the shake table (foundation) 
displacement. The compact tracking error is defined as 

 𝐸 ൌ 𝑒ሶ ൅ 𝜆𝑒, (25)
 

where 𝜆 is a strictly positive constant (unit: 1/s). The goal 
of the controller is to keep the scalar 𝐸 always tending to 

zero, which can be achieved by choosing the control law 
that satisfies (Slotine and Li 1991) 

 𝐸𝐸ሶ ൑ െ𝜂 ∣ 𝐸 ∣, (26)
 
Where 𝜂  is a strictly positive constant 

(nondimensional). And with considering of uncertainties on 
the model parameters, the control law can be deduced as 

 𝑥௖ ൌ 𝑑መିଵ𝑢ොሺ𝑥௠ሻ െ 𝑑መିଵ𝑘തሺ𝑥௠ሻsatሺ𝐸/Φሻ, (27)
 

where 𝑑መ is the nominal value of 𝑑. We assume that 𝑑 is 
bounded in ሾ𝑑௠௜௡, 𝑑௠௔௫ሿ . Since 𝑑  represents the input 
gain, it is recommended to select 𝑑መ as the geometric gain 
of the bound of 𝑑 

 𝑑መ ൌ ඥ𝑑௠௜௡ ⋅ 𝑑௠௔௫. (28)
 
The first part 𝑑መିଵ𝑢ොሺ𝑥௠ሻ  in Eq. (27) denotes the 

“perfect” command signal that would strictly achieve 𝐸 ൌ0 if the shake table is governed by the nominal model, and 
the second part is the correction term considering the 
uncertainties on the shake table model. The detailed 
expressions of each term in Eq. (27) are 

 𝑢ොሺ⋅ሻ ൌ െ𝑓መሺ⋅ሻ ൅ 𝑥ሷௗ െ 𝜆𝑒ሶ , (29)
 𝑘തሺ𝑥௠ሻ ൌ 𝑘ሺ𝑥௠ሻ െ 𝑘ሺ𝑥ௗሻ ൅ 𝜆Φ/𝛽, (30)
 𝑘ሺ⋅ሻ ൌ 𝛽ൣ𝑓ሚሺ⋅ሻ ൅ 𝜂൧ ൅ ሺ𝛽 െ 1ሻ ∣ 𝑢ොሺ⋅ሻ ∣, (31)
 𝛽 ൌ ሺ𝑑௠௔௫/𝑑௠௜௡ሻଵ/ଶ, (32)
 

and Φ is the boundary layer surrounding the “surface” 𝐸 ൌ 0 . The chattering in the control signal could be 
eliminated properly with the adoption of the saturation 
function of 𝐸 and Φ (Li et al. 2021) 

 satሺE/Φሻ= ൜ 𝐸/Φ, ∣ 𝐸/Φ ∣൑ 1sgnሺ𝐸ሻ, ∣ 𝐸/Φ ∣൐ 1, (33)
 

where sgn is defined as follows 
 sgnሺ𝑥ሻ= ൝െ1, 𝑥 ൏ 00, 𝑥 ൌ 01, 𝑥 ൐ 0. (34)

 
Fig. 10 shows how the boundary layer smooths the 

control command and a schematic drawing of the boundary 
layer along the sliding surface. The thickness of the 
boundary layer Φ can be tuned in real time in the test so 
that 𝐸ሶ  always represents a first-order filter of 𝐸  with 
bandwidth 𝜆, thus Φ satisfies 

 Φሶ ൌ ൜ െ𝜆Φ ൅ 𝛽𝑘ሺ𝑥ௗሻ, 𝑘ሺ𝑥ௗሻ ൐ 𝜆Φ/𝛽െ𝜆Φ/𝛽ଶ ൅ 𝑘ሺ𝑥ௗሻ/𝛽, 𝑘ሺ𝑥ௗሻ ൑ 𝜆Φ/𝛽. (35)

 
As stated previously, the shake table velocity 𝑥ሶ௠ഥ  

cannot be measured directly. In this work, 𝑥ሶ௠ഥ  is calculated 
based on the shake table displacement 𝑥௠, which is  
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Fig. 11 Elimination of shake table velocity spikes
 
 

obtained directly from the digital encoder inside of the 
shake table. The encoder has a resolution of  Δ𝑥௠ ൌ1/4000 cm for the displacement measurement, leading to 
very high smoothness of 𝑥௠ in time domain. However, the 
data processing in the test is executed using a fixed time 
step Δ𝑡 ൌ 1/2048 s. Therefore, if a first-order derivative of 𝑥௠ is taken to obtain the shake table velocity, the resolution 
of the velocity is Δ𝑥௠/Δ𝑡 ൌ 0.00512 m/s, which cannot be 
ignored because it is comparable to the velocity values. 
Thus, the velocity would have noticeable spikes in time 
domain. To eliminate these spikes caused by the derivative 
operation, a low-pass filter together with a phase-lead 
compensator are adopted as shown in Fig. 11, where s is the 
Laplace variable. 

Fig. 12 demonstrates one representative case showing 
the elimination of the velocity spike in a real data set. The 
solid line represents the velocity computed by differentia- 

 
 

 
 

ting the measured displacement 𝑥௠ . Hereinafter this 
velocity is referred to as original velocity. It can be seen 
that there are a lot of spikes on the solid line and the values 
are integral multiples of the resolution 0.00512 m/s. The 
dash line represents the filtered and phase compensated 
velocity, which is defined as the filtered velocity and it is 
much smoother. It has been verified by the author that the 
elimination of velocity spikes can make the controller to 
perform better. Thus, the term 𝑥ሶ୫ഥ  is specified to be the 
filtered velocity of the shake table, and it will be used as the 
feedback of the controller. 

 
 

4. Experimental setup and identification 
 
This section presents the preparatory work before 

conducting the RTHS test. First, the experimental setup is 
introduced. And then, information or identifications of three 
subsystems and the transfer system are presented. 

 
4.1 Exper mental setup 
 
The shake table uses a custom built servo-motor 

manufactured by SMI Technology to move a 46 cm ൈ 46 
cm top plate with a stroke of 15 cm. A digital encoder 
which measures the top plate displacement with a resolution 
of 1/4000 cm is built inside of the shake table. All the tests 

 
 

  
(a) sgnሺ𝐸ሻ and satሺE/Φሻ (b) Sliding surface and the boundary layer

Fig. 10 Control command interpolation within the time-varying boundary layer 

 
Fig. 12 A case of shake table velocity spikes elimination
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are conducted at 2048 Hz using a commercial off-the-
shelf sequential platform Speedgoat real-time kernel 
configured as a target PC equipped with a Core i5 3.5 GHz 
processor. Four accelerometers (model: PCB 33B40, 
frequency range: 0.5 to 3000 Hz) are attached at the shake 
table, base, first floor and second floor with wax to measure 
accelerations. The model of accelerometer power supply is 
PCB 483B08. A 16-bit NI-PCIe 6259 board with a NI SCB-
68A 68 pin breakout connector is used as the data 
acquisition system. The integration and data processing are 
executed using the explicit fourth-order Runge-Kutta 
scheme (ode4) with a fixed time step  Δ𝑡 ൌ 1/2048 s in 
Simulink, MATLAB 2013a. 

 
4.2 Foundat on/so l subsystem nformat on 
 
Three types of soil which are defined as soft, medium, 

and dense in the reference (Pioldi et al. 2017) are studied in 
this paper. The superstructure is small in size, therefore, to 
maintain the consistency in scaling between superstructure 
and foundation/soil, the foundation mass is selected as 10 
kg to accommodate the superstructure. Then, according to 
the relationship between the soil and foundation parameters 
in the reference (Pioldi et al. 2017), and considering the 
shake table capacity (maximum displacement: േ15 cm), a 
similarity ratio 2 ൈ 10ିହ is adopted here compared with 
the soil parameters listed in the reference (Pioldi et al. 
2017). Table 2 summarizes the parameters for each soil type 
used in the present study. 

 
4.3 Base subsystem dent f cat on 
 
The base subsystem has four isolators. Figs. 13-14 show 

the design and layout. Polylactic acid filaments are used to 
 
 

Table 2 Parameters of adopted soil types 

Soil type 𝑘଴ [N/m] 𝑐଴ [Ns/m] 
Soft 190.8 10.96 

Medium 1800 34.6 
Dense 5740 662 

 

 
 

  
Fig. 13 3D sketches of the rolling isolators

 
 

 
Fig. 14 The 3D printed rolling isolators 

 

Fig. 15 Acceleration of the isolated base of free vibration
 
 
3D print the isolators and H buckles at the Innovation 
Design Center in Purdue University. Two isolators are 
restricted to move along the direction of analysis by the H 
type buckles. These, in turn, are connected to the shake 
table by bolts. 

The radius of the rolling surface and the steel ball of the 
isolator are 𝑅௖ ൌ 4 cm and 𝑟 ൌ 1.19 cm (15/16 inches). 
Thus 𝑅 ൌ 2ሺ𝑅௖ െ 𝑟ሻ ൌ 5.62 cm. The base mass includes 
the top of part of the isolators is 6.4 kg. To identify the 
damping coefficient 𝑐௕ in the base subsystem, several free 
vibration tests are conducted on the isolated base only (no 
frame on the top of the base) to extract the natural 
frequency 𝜔௕ and the damping ratio 𝜉௕. And then 𝑐௕ is 
approximated using the equation 𝑐௕ ൌ 2𝑚௕𝜔௕𝜉௕. Fig. 15 
shows the base acceleration time-domain measurements for 
one of the free vibration tests. According to these tests, the 
average vibration period is identified as 𝑇௕ ൎ 0.42  s, 
which results in the average natural frequency: 𝜔௕ ൌ1/𝑇௕ ൎ 2.40 Hz. The damping ratio is determined using 
the logarithmic decrement method from Amp୮ to Amp୮ା୯ 
over q cycles of motion (Chopra 2012) 

 𝜉௕ ൎ 12𝜋𝑞 ln ቆ Amp௣
Amp௣ା௤ቇ. (36)

 
Based on the tests, the average damping ratio is 𝜉௕ ൎ4.07 %. Therefore 𝑐௕ ൌ 2𝑚௕𝜔௕𝜉௕ ൌ 7.84  Ns/m. It is 

important to remark that the adoption of Eq. (36) indicates 
that the nonlinear effects such as nonlinear inertia, 
nonlinear restoring force, nonlinear damping, etc. are 
ignored when identifying the linear damping ratio 𝜉௕ (and 
hence 𝑐௕ ). This simplification might be one reason 
contributing to the error between the numerical and RTHS 
results. 

 
4.4 Frame subsystem dent f cat on 
 
The measured masses for the first and second floors are 

0.675 kg and 0.563 kg including the masses of the steel 
columns near each floor. To further identify the stiffness and 
damping values, the frame is mounted on the shake table 
and predefined BLWN signals with bandwidth of 30 Hz and 
different PSD: 5 cm2, 10 cm2 and 15 cm2 (time duration is 
180 s) are sent to the system to let the frame vibrate. A PI 
controller with the displacement feedback provided by a 
digital encoder is implemented in the test, with proportional 
and integral gains of 4 and 0.1, respectively. The 
accelerations of the shake table, first floor and second floor 
are measured, represented by 𝑢ሷ ଴௜௠, 𝑢ሷ ଵ௜௠ and 𝑢ሷ ଶ௜௠. The 
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Table 3 Identified parameters of the frame 

Floor Mass [kg] Stiffness [N/m] Damping [Ns/m]
First 0.49 2909 2.0 

Second 0.56 3387 0.5 
 

 
 

transfer functions from 𝑢ሷ ଴௜௠ to 𝑢ሷ ଵ௜௠ and 𝑢ሷ ଶ௜௠ are given 
by the followings 

 𝑇𝐹ଵሺ𝑠ሻ ൌ 𝑢ሷ ଵ௜௠ሺ𝑠ሻ𝑢ሷ ଴௜௠ሺ𝑠ሻ ൌ 1𝐼 ሾ𝑚ଶ𝑐ଵ𝑠ଷ ൅ 𝑚ଶ𝑘ଵ𝑠ଶ ൅ 𝐻ሿ, (37)

 𝑇𝐹ଶሺ𝑠ሻ ൌ 𝑢ሷ ଶ௜௠ሺ𝑠ሻ𝑢ሷ ଴௜௠ሺ𝑠ሻ ൌ 𝐻𝐼 , (38)
 

where 
 𝐻 ൌ 𝑐ଵ𝑐ଶ𝑠ଶ ൅ ሺ𝑐ଵ𝑘ଶ ൅ 𝑐ଶ𝑘ଵሻ𝑠 ൅ 𝑘ଵ𝑘ଶ, (39)
 𝐼 ൌ 𝑚ଵ𝑚ଶ𝑠ସ ൅ ሾሺ𝑚ଵ ൅ 𝑚ଶሻ𝑐ଶ ൅ 𝑚ଶ𝑐ଵሿ𝑠ଷ        ൅ሾሺ𝑚ଵ ൅ 𝑚ଶሻ𝑘ଶ ൅ 𝑚ଶ𝑘ଵሿ𝑠ଶ ൅ 𝐻. (40)

 
Based on the tests, the stiffness and damping of each 

floor can be determined by fitting the experimental transfer 
functions. Fig. 16 shows the experimental and identified 
frequency responses in terms of gain and phase. It can be 
seen that the responses at frequencies higher than 15 Hz 
cannot be captured well, especially around the second 
mode. In this study, the frame is considered as two lumped 
masses which are constant for the two modes, while 
modelling errors could arise because the masses of columns 
could alter the effective masses of each floor for different 
modes, especially for the higher mode (Harris and Piersol 
2010). If the column mass were much smaller compared to 
the floor mass, such modelling error could be ignored. 

 
 

 
 

However, the mass ratio between the column and floor of 
the tested frame is relatively high (over 20%), therefore 
leads to the noticeable modelling error over 15 Hz as shown 
in Fig. 16. We will discuss that such modelling error is one 
noteworthy source of the errors between the RTHS and 
reference model results. Table 3 lists identified parameters 
of the frame. The effective masses for each floor have been 
slightly adjusted compared to the measured values. 

 
4.5 Transfer system dent f cat on 
 
To identify the shake table model parameters and the 

associated uncertainties, three conditions are considered 
here: 1. no additional mass on the shake table; 2. additional 
mass weighed 4.08 kg is attached on the shake table; 3. 
additional mass weighed 9.30 kg is attached on the shake 
table.  Normally one would need to design a specific 
tracking controller for each RTHS case being considered. 
However, by experimentally determining the parametric 
uncertainty it is possible to design a single controller that 
will account for the variability in the test due to changes in 
the specimen. The identified system includes the PI 
controller (P gain is 4, I gain is 0.1) with displacement 
feedback that is used to stabilize the motor. The input 
command are selected as BLWN signals with bandwidth of 
30 Hz and different PSD: 2.5 cm2 and 3.5 cm2 (time 
duration is 180 s). Table 4 lists the identified nominal values 
and uncertainties for parameters of the shake table model. 

 
 

5. RTHS implementation and results 
 
5.1 Exc tat ons 
 
Both a BLWN (cutoff frequency is 10 Hz, PSD is 10 

cm2) and a scaled El Centro earthquake are selected as 
excitations for the RTHS tests. The time/frequency of the El 

 
 

 

 
Fig. 16 Experimental and identified frequency responses, the left are for the first floor, the right are for the second floor

Table 4 Identified parameters of the nonlinear shake table model 
Parameter 𝑎 [s-1] 𝑏 [s-2] γ [m/s2] 𝑑 [s-2] ρ [s/m] 

Nominal value 17.29 -47.40 -97.82 279.20 4.23 
Uncertainty (-21.0, -13.6) (-73.7, -21.1) (-112.0, -83.7) (261.4, 298.2) - 
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Centro earthquake is not scaled, while the intensity of the 
earthquake is scaled down by one-half to meet the capacity 
of the shake table. Fig. 17 plots the time histories of the 
displacement, velocity, and acceleration for both 
excitations. 

 
5.2 Observat ons 
 
The measurements in the RTHS test are: 1) shake table 

displacement 𝑥௠; 2) shake table acceleration 𝑥ሷ௠; 3) base 
acceleration 𝑢ሷ ௕௠; 4) first floor acceleration 𝑢ሷ ଵ௠; 5) second 
floor acceleration 𝑢ሷ ଶ௠. The variables that are numerically 
obtained in real time in the RTHS test are: 1) shake table 
filtered velocity 𝑥ሶ௠ഥ ; 2) shake table designated 
displacement 𝑥ௗ; 3) shake table designated velocity 𝑥ሶௗ; 4) 
shake table designated acceleration 𝑥ሷௗ. Besides, to cut off 
the high frequency contents in the measured accelerations, 
the filtered variables 𝑥ሷ௠௙ , 𝑢ሷ ௕௠௙ , 𝑢ሷ ଵ௠௙  and 𝑢ሷ ଶ௠௙  based 
on 𝑥ሷ௠, 𝑢ሷ ௕௠, 𝑢ሷ ଵ௠ and 𝑢ሷ ଶ௠ are used for the evaluation. 

 
5.3 Controller des gn 
 
There are two parameters 𝜆  and 𝜂  that need to be 

tuned for the sliding mode controller. 𝜂 has little effect on 
the controller, it is selected as 𝜂 ൌ 0.1 in the tests. An 
efficient way to improve the performance of the controller 
is to increase 𝜆 to make it cover the bandwidth of the 
system response (Condori et al. 2020, Maghareh et al. 
2020). However, increasing 𝜆 too much would make the 
controller aggressive and amplify the influence of the high 
frequency content of the measurements, thereby causing 
unnecessary control effort. It has been tested and verified by 
the authors that increasing 𝜆 to 400 s-1 (63.66 Hz) does not 
create noticeable high frequency content in the command 
signal 𝑥௖ . In this way, the theoretical bandwidth of the 
controller is 63.66 Hz, which we believe would cover the 
possible high frequency responses excited in the RTHS 
tests. We have also tried to set 𝜆 ൐ 400 s-1 and found the 
increase of the controller tracking performance is very 
limited. Therefore 𝜆 ൌ 400 s-1 and 𝜂 ൌ 0.1 are adopted 
for the controller used in the RTHS test. 

 
5.4 Evaluat on cr ter a 
 
To quantitatively evaluate the RTHS results and the 

 
 

performance of the sliding mode controller, nine RTHS 
evaluation criteria are defined here. Lower evaluation 
criteria indicate better performance. The first three criteria 
are called the controller tracking criteria. They are 
defined as the tracking errors of shake table displacement, 
velocity, and acceleration (referring to Eq. (12) for the 
function NRMS) 

 𝐽ଵ ൌ NRMSሺ𝑥ௗ, 𝑥௠ሻ, (41)
 𝐽ଶ ൌ NRMSሺ𝑥ሶௗ, 𝑥ሶ௠ഥ ሻ, (42)
 𝐽ଷ ൌ NRMS൫𝑥ሷௗ, 𝑥ሷ௠௙൯, (43)
 
The next three criteria are defined as NRMS between 

the RTHS and reference model results for the shake table 
(foundation) displacement, velocity, and acceleration 

 𝐽ସ ൌ NRMSሺ𝑥௠, 𝑥௥ሻ, (44)
 𝐽ହ ൌ NRMSሺ𝑥ሶ௠ഥ , 𝑥ሶ௥ሻ, (45)
 𝐽଺ ൌ NRMS൫𝑥ሷ௠௙, 𝑥ሷ௥൯, (46)
 

where 𝑥௥ , 𝑥ሶ௥  and 𝑥ሷ௥  are the foundation absolute 
displacement, velocity, and acceleration obtained from the 
reference model. The last three criteria are defined as 
NRMS between results of RTHS and the reference model 
for the accelerations of base, first floor and second floor 

 𝐽଻ ൌ NRMS൫𝑢ሷ ௕௠௙, 𝑢ሷ ௕௥൯, (47)
 𝐽 ൌ NRMS൫𝑢ሷ ଵ௠௙, 𝑢ሷ ଵ௥൯, (48)
 𝐽ଽ ൌ NRMS൫𝑢ሷ ଶ௠௙, 𝑢ሷ ଶ௥൯, (49)
 

where 𝑢ሷ ୠ୰, 𝑢ሷ ଵ௥ and 𝑢ሷ ଶ௥ are absolute accelerations of the 
base, first floor and second floor calculated from the 
reference model. 𝐽ସ~𝐽ଽ are called global criteria which is 
used to evaluate the global RTHS performance compared to 
the reference model. 

 
5.5 Results and val dat on 
 
Fig. 18 shows the controller tracking of displacement, 

 
F൴g. 17 D൴splacement, veloc൴ty, and accelerat൴on of the ground exc൴tat൴ons, left: BLWN, r൴ght: El Centro earthquake
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velocity, and acceleration (from the top to the bottom) for 
the case of medium soil and BLWN excitation. The right 
three figures in Fig. 18 show the measured or filtered values 
against designated values for displacement, velocity, and 
acceleration, respectively. They are almost straight lines 
across the origin with slopes nearly of one. The corresponding 

 
 

 
 

 
 
controller tracking criteria are 𝐽ଵ ൌ 0.13%, 𝐽ଶ ൌ 0.83% 
and 𝐽ଷ ൌ 1.56%, indicating good performance of the 
displacement, velocity, and acceleration tracking.Table 5 
provides the values of the evaluation criteria for several 
cases considering different excitations and soil types. 𝐽ଵ is 
no greater than 0.765%, 𝐽ଶ is no greater than 1.78%, 𝐽ଷ is 

 
F൴g. 18 Controller track൴ng performance: med൴um so൴l and BLWN exc൴tat൴on 

Table 5 RTHS evaluation criteria for cases of different excitations and soil types 
Exc. Soil 𝐽ଵ [%] 𝐽ଶ [%] 𝐽ଷ [%] 𝐽ସ [%] 𝐽ହ [%] 𝐽଺ [%] 𝐽଻ [%] 𝐽  [%] 𝐽ଽ [%]

1 
Soft 0.17 1.78 5.16 33.53 22.27 13.30 23.93 33.79 47.38

Medium 0.13 0.83 1.56 1.86 2.02 3.49 4.15 5.08 5.42 
Dense 0.65 0.32 1.36 1.63 0.67 1.33 7.24 6.27 7.40 

2 
Soft 0.06 0.35 5.40 17.00 21.53 28.21 21.01 22.04 22.63

Medium 0.23 0.30 2.24 1.94 3.66 5.51 4.56 4.48 4.57 
Dense 0.61 0.58 4.03 0.67 1.49 4.53 5.15 5.24 5.34 

 

*Note: Exc. means excitation, Exc.1 is BLWN, Exc.2 is El Centro earthquake

 
F൴g. 19 Foundat൴on (shake table) response: soft so൴l and BLWN exc൴tat൴on 
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no greater than 5.4%. However, the global criteria (𝐽ସ~𝐽ଽ) of 
soft soil case are much higher (in the range of 17% ~ 
47.38%). Thus, the RTHS experiments are not able to 
characterize the behavior of the reference model for the soft 
soil case. Time domain responses of RTHS and reference 
model for the case of BLWN excitation and soft soil are 
shown in Figs. 19-20. Fig. 19 compares the measured 
displacement, filtered velocity and filtered acceleration of 
shake table (foundation) in RTHS with the calculated ones 
from the reference model, and Fig. 20 compares the filtered 
accelerations of base, first floor and second floor with 
calculated accelerations from the reference model. 

According to Figs. 19-20, there are much differences 
between the RTHS and reference model results. By 
observing the tests for the soft soil case, we found that the 
shake table and superstructure vibrated rather lightly, and 
the rolling isolators had almost no relative movements. One 
reasonable explanation of the poor performance of the soft 
soil case might be that the friction in the rolling isolators 
could not be overcome because the base shear is relatively 

 
 

 
 

small. 
For the medium and dense soil types, some time domain 

comparisons are provided in Figs. 21-24. Good agreement 
between the RTHS and reference model can be observed in 
these time domain responses. The corresponding global 
criteria lie in the range of 0.67% ~ 7.40%. Two remarks are 
noted here for the results of medium and dense soil types: 

 
(1) The global criteria (𝐽ସ~𝐽ଽ) have relatively higher 

values. This behavior indicates that although the 
controller achieves good tracking performance, the 
errors between the RTHS and reference model 
results are still large. The reason might be due to 
the modelling error in the reference model. Since 
we divide the system into the base and frame 
subsystems and identify them separately, the 
modelling errors might be accumulating. In the 
base subsystem, the non-conservative forces are 
simplified as a linear damping force with one 
parameter 𝑐௕, which might cause modeling errors. 
 
 

 

 
F൴g. 20 Frame and base accelerat൴on h൴stor൴es: soft so൴l and BLWN exc൴tat൴on 

 
F൴g. 21 Foundat൴on (shake table) response: med൴um so൴l and BLWN exc൴tat൴on 
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F൴g. 22 Frame and base accelerat൴on h൴stor൴es: dense so൴l and BLWN exc൴tat൴on 

 
F൴g. 23 Foundat൴on (shake table) response: dense so൴l and El Centro exc൴tat൴on 

 
F൴g. 24 Frame and base accelerat൴on h൴stor൴es: med൴um so൴l and El Centro exc൴tat൴on 
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And the model of the frame subsystem also 
contains errors as discussed in Section 4.4. 

(2) The values of the global criteria follow a 
relationship: 𝐽ସ  (displacement tracking) < 𝐽ହ 
(velocity tracking) < 𝐽଺~𝐽ଽ (acceleration tracking), 
which means the higher the order of the tracking 
variable, the worse the tracking performance. High 
order responses such as acceleration might be very 
sensitive to the modelling error in the reference 
model because the acceleration response contains a 
wider range of frequency content. This behavior 
could be a main reason for the high values of the 
acceleration tracking criteria. 

 
 

6. Conclusions 
 
In this paper we advance the capacity of RTHS methods 

as we consider a nonlinear soil-isolator-structure system. 
Three types of soil (soft, medium, and dense) are 
considered and captured using the simplified linear sway-
rocking model. A band-limited white noise and scaled El 
Centro earthquake are chosen as ground motions. A shake 
table serves as the transfer system and is found to exhibit 
nonlinear behavior due to friction. A sliding mode controller 
is designed based on the nonlinear shake table model and 
the uncertainties observed in this transfer system. The 
controller is tested and validated and shown to have good 
tracking performance by computing an appropriate set of 
evaluation criteria, which are no greater than 5.4%. 

A nonlinear reference model is established for the 
system. The reference model behaves similarly as the 
linearized model at low excitation. However, the differences 
increase as the magnitude of the excitation increases due to 
the geometric nonlinearity. Based on the evaluation criteria, 
the medium and dense soil cases have much better 
agreement (0.67% ~ 7.4%) with the reference model than 
the soft soil case (17% ~ 47.38%) does. It is important to 
note that the system vibrated very lightly and rolling 
isolators barely moved in the soft soil RTHS case. A 
possible explanation is the friction in the rolling isolators is 
not overcome during the tests, leading to the difference 
compared with the reference model. Despite that, the 
authors believe that the RTHS of the medium and dense soil 
cases give reasonable and acceptable results compared to 
the reference model. The robust RTHS control technique 
proposed in this paper shows high performance of the shake 
table displacement, velocity, and acceleration tracking, 
which raises the possibility for the community to further 
conduct more complex and realistic SSI studies using 
RTHS. 
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