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1. Introduction 

 
Continuous accumulation of fatigue damage gradually 

deteriorates different types of structures and machine parts. 
Nondestructive inspection (NDI) and Structural health 
monitoring (SHM) technologies are widely investigated to 
detect fatigue damage in structures. One of the most popular 
methods of non-destructive testing is the ultrasonic 
technique. Among the different features extracted from 
ultrasonic testing, such as time of flight (Yu and Giurgiutiu 
2005) and electromechanical impedance (Karayannis et al. 
2015, Rajabi et al. 2017), nonlinear features show greater 
sensitivity to small defects which can be used to detect 
fatigue damages in early stages (Deng and Pei 2007, Prawin 
and Rao 2018). Depending on the principle of detection, 
nonlinear ultrasonic methods can be divided into higher and 
sub harmonic generations (Ginzburg et al. 2017, Ding et al. 
2018, Masurkar et al. 2018, Li et al. 2020), resonance 
frequency shift (Solodov 2014), vibro-acoustic modulation 
(Zhang et al. 2017a, Klepka et al. 2019, Singh et al. 2019) 
and wave mixing methods (Chen et al. 2014, Jingpin et al. 
2017a, Ding et al. 2020). Among these methods, harmonic 
generations are widely used by many researchers to 
evaluate early damages in structure experimentally and 
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analytically (Cantrell 2003, Deng 2009, Pruell et al. 2009, 
Ding et al. 2018, Masurkar et al. 2018). One of the 
drawbacks of the harmonic generation method is inevitable 
distortions in the transmitting/receiving system and 
coupling media which add considerable higher harmonics to 
exciting signal (Jingpin et al. 2015). In practice, it is 
difficult to separate harmonic generations due to 
nonlinearity of testing system from structural nonlinearity. 
To overcome this problem, the method of vibro-acoustic 
modulation and wave mixing are proposed by some 
researchers. Based on these techniques, if two waves with 
different frequencies interact each other through a nonlinear 
medium, these nonlinearities can lead to generation of some 
new waves with different frequencies (Jingpin et al. 2017a). 
The amplitude of these new resonance waves is related to 
the nonlinearity of materials and structures and is less 
sensitive to nonlinearities in the measurement system 
(Croxford et al. 2009). Also, these techniques provide 
flexibility in selecting wave modes, frequencies, and 
propagation directions (Croxford et al. 2009). Vibro-
acoustic wave modulation technique is based on the 
modulation of a strong low-frequency vibration, called 
pumping wave, on a high-frequency acoustic wave, called 
probing wave (Zhang et al. 2017a). The technique is 
successfully applied to identify different structural defects 
like local (Liu et al. 2016, Klepka et al. 2019) and micro 
cracks (Huifeng et al. 2019) of metallic structures, impact 
damages (Dao et al. 2017) and delamination in composite 
structures (Singh et al. 2019). While vibro-acoustic 
modulation is mainly used for experimental observation of 

 
 
 

Investigation on modulation of multi-frequency ultrasonic waves 
in structures with quadratic nonlinearity 

 
Hamid Salehi 1a, Mahnaz Shamshirsaz∗1 and Mohammad Mohammadi Aghdam 2b 

 
1 New Technologies Research Center, Amirkabir University of Technology, Tehran, Iran 
2 Mechanical Engineering Department, Amirkabir University of Technology, Tehran, Iran 

 
 

(Received March 14, 2020, Revised November 28, 2020, Accepted April 4 2021) 

Abstract.  In this study, the modulation of multiple frequency content of a single ultrasonic wave in nonlinear structures is 
investigated analytically, numerically and experimentally. An experimental technique is proposed based on nonlinear lamb wave 
propagation in aluminum bars using piezoelectric wafer active sensors (PWAS) to study intrinsic nonlinearity of structures. First, 
a one-dimensional analytical procedure is developed to study the modulation of one dimensional wave with multiple-frequency 
content in isotropic medium with quadratic nonlinearity. This procedure is implemented to study modulation of frequency 
contents of a well-known tone burst signal in nonlinear medium. Then, predictions obtained by the proposed analytical 
procedure are compared with the results of finite element model, which show strong correlations. The experimental and 
analytical results reveal that in excitation with a train of tone burst, due to frequency modulation, some new harmonics including 
a strong sub harmonic generation with frequency of 𝑓଴/𝑁௣ appear in the response. The amplitude of this harmonic is even 
higher than common second harmonic generation (2𝑓଴). This can be seen in the experimental results when the excitation 
frequencies are correctly selected. Finally, it is explained that, why the new sub harmonic generation is less affected by the 
nonlinearity induced by the excitation system. 
 
Keywords:  distributed damage; frequency modulation; nonlinear medium; PWAS; ultrasonic waves 

 

43



 
Hamid Salehi, Mahnaz Shamshirsaz and Mohammad Mohammadi Aghdam 

non-classical material nonlinearities, there is considerable 
reports on using wave mixing technique to study classical 
nonlinearity of materials such as evenly distributed 
damages in structures. In this method, two intersecting 
ultrasonic waves interact with material nonlinearity and 
therefore, other waves are generated with frequencies equal 
to the sum and difference of primary frequencies through 
the structure (Jingpin et al. 2017b). In the case where two 
intersecting waves propagate in the same or opposite 
directions, the method is called collinear wave mixing. 
Other the other hand, the non-collinear wave mixing is used 
when two intersecting waves propagate in nonparallel but 
coplanar directions (Jingpin et al. 2017b). Liu et al. (2012) 
applied a collinear wave mixing method to study plastic 
deformation and fatigue damages of Al-6061 alloys. Tang et 
al. (2014) developed a scanning method based on collinear 
mixing to detect localized plastic deformation. Chen et al. 
(2014) derived a set of necessary conditions for generating 
resonant waves from two propagating time-harmonic plane 
waves and obtained closed-form analytical solutions for 
resonant waves generated by two collinearly propagating 
sinusoidal pulses. Zhao et al. (2015) investigated the 
frequency deviation during imperfect resonant conditions 
through FEM simulations and experimental measurements 
using a one-way mixing technique. Also, many researchers 
have used non-collinear wave-mixing method for detection 
of structural damages in early stages. Croxford et al. (2009) 
studied the application of a non-collinear mixing technique 
for the assessment of plasticity and fatigue damage. 
Demcenko et al. (2012) used non-collinear wave mixing to 
study physical aging of polyvinyl chloride. Zhang et al. 
(2016) developed two analytical models for estimating the 
mixing efficiency of two non-collinear shear waves at an 
imperfect interface. Jingpin et al. (2017b) applied non-
collinear technique to evaluate fatigue cracks in steel 
beams. 

It is generally known that the nonlinear behavior of 
electronic instruments appears mainly in the form of higher 
harmonics and electronic instruments rarely produce 
subharmonics (Zhang et al. 2017b, Jhang 2009, Jeong and 
Barnard 2011). Therefore, sub harmonic components 
resulting from frequency modulation and wave mixing 
techniques are more reliable for detecting structural 
nonlinearity comparing to higher harmonic generations 
which is strongly affected by piezoelectric and electronic 
devices nonlinearities (Jeong and Barnard 2011). 

According to some advantages of lamb waves including 
long distance propagation within plate and shell structures 
and ability to access hidden section of structures (Peng et 
al. 2006, Ding et al. 2018), some researches are carried out 
based on lamb wave mixing technique (Jingpin et al. 2017a, 
Li et al. 2018, Metya et al. 2018, Ding et al. 2020, Sun et 
al. 2019). Metya et al. (2018) used nonlinear lamb wave 
mixing technique to assess the localized deformation of 
steel samples during creep. Ding et al. (2020) numerically 
studied nonlinear behavior of thin plates with randomly 
distributed micro-cracks using one-way Lamb mixing 
method. Sun et al. (2019) applied interaction of counter-
propagating Lamb waves to detect and localize micro 
cracks in plates. Li et al. (2018) investigated propagation of 

Lamb waves in thin plates with quadratic nonlinearity by 
one way mixing method using numerical simulations. They 
showed that due to frequency deviation, the waveform of 
the mixing wave changes significantly from a regular 
diamond shape to tone burst trains. Jingpin et al. (2017a) 
applied nonlinear Lamb wave-mixing to detect micro-
cracks in plates. They combined two Hanning windowed 
tone burst signals with different central frequencies to study 
the modulation of main frequencies of these signals through 
the cracked plate. It is well known that frequency spectrum 
of any time limited signals covers many frequencies. 
According to analytical solution of nonlinear wave 
equation, multi frequency content of any wave can 
modulate each other during propagation of wave through 
the nonlinear medium. However, many authors used two 
separate exciting tools for wave modulation study. 

In this paper, the propagation of multi frequency 
ultrasonic waves is studied in nonlinear medium using 
analytical, numerical and experimental methods. It is shown 
that a general solution can be obtained for modulation of 
multiple-frequency exciting signals. Hence, the modulation 
of three frequency contents of a tone burst signal is 
investigated using proposed analytical procedure and 
numerical method. Finally, the proposed procedure for 
wave modulation is used for experimental study of lamb 
wave modulation through an aluminum bar with intrinsic 
nonlinearity. For the first time, piezoelectric wafer active 
sensors (PWAS) are employed for considering intrinsic 
nonlinearity of metals. 

 
 

2. Considering nonlinear wave equations using 
Laplace transforms 
 
One-dimensional nonlinear wave problem is studied by 

many authors (Hikata et al. 1965, Zhou et al. 2012, Fierro 
and Meo 2015). The governing equations for this problem is 
derived in terms of displacement, using dynamic equation 
of motion and nonlinear hook’s low (Zhou et al. 2012) as 

 𝐸 𝜕ଶ𝑢(𝑥, 𝑡)𝜕𝑥ଶ + 𝐸𝛽 𝜕ଶ𝑢(𝑥, 𝑡)𝜕𝑥ଶ 𝜕𝑈(𝑥. 𝑡)𝜕𝑥−𝜌 𝜕ଶ𝑢(𝑥, 𝑡)𝜕𝑡ଶ = 0 
(1)

 
in which 𝐸 is linear modulus of elasticity, 𝜌 is density 
and 𝛽 is called second-order nonlinear elastic coefficient 
(Xiang et al. 2014). Since, nonlinear equations generally 
have no exact analytical solutions, some semi-analytical 
methods are used to obtain approximate closed form 
solutions for these problems. Using perturbation method 
Eq. (1) can be converted to series of linear equation 

 𝑐ଶ 𝜕ଶ𝑢଴𝜕𝑥ଶ − 𝜕ଶ𝑢଴𝜕𝑡ଶ = 0 (2a)
 𝑐ଶ 𝜕ଶ𝑢ଵ𝜕𝑥ଶ − 𝜕ଶ𝑢ଵ𝜕𝑡ଶ = 𝑐ଶ𝛽 𝜕ଶ𝑢଴𝜕𝑥ଶ 𝜕𝑢଴𝜕𝑥  (2b)
 𝑐ଶ 𝜕ଶ𝑢ଶ𝜕𝑥ଶ − 𝜕ଶ𝑢ଶ𝜕𝑡ଶ = 𝑐ଶ𝛽 ቊ𝜕ଶ𝑢଴𝜕𝑥ଶ 𝜕𝑢ଵ𝜕𝑥 + 𝜕ଶ𝑢ଵ𝜕𝑥ଶ 𝜕𝑢଴𝜕𝑥 ቋ (2c)
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and so on. In these equations 𝑐(ඥ𝐸/𝜌) is speed of sound. 
The Eq. (2a) is the famous wave equation in the linear 
medium. The next equations represent the deviation of the 
general solution from the linear part. These equations can 
be solved for different boundary and initial conditions. 
Semi-infinite wave problem can help to better 
understanding of NDI process using ultrasonic waves. In 
this paper this problem is solved using Laplace transforms. 
Consider a semi-infinite rod which is excited at the 
beginning by proper harmonic load. Therefore, an 
ultrasonic wave is formed and propagates through the rod. 
Prior to excitation, the rod is free from any stress and 
displacement. There is no reflection from the end of rod due 
to semi-infinite assumption. Therefore, initial and boundary 
conditions can be written as 

 𝑢(𝑥, 0) = డ௨(௫,଴)డ௧ = 0,      𝑢(0, t) = 𝐻(𝑡)𝑋଴sin (𝜔𝑡) (3)
 

in which 𝐻(𝑡) is Heaviside function, 𝑋଴ is amplitude of 
excitation and 𝜔  is its frequency. Typically, in the 
perturbation method, non-zero boundary conditions 
assumed to be specific to the first equation (Eq. 2a). Thus, 
the other equations will have zero boundary conditions. 
Using Laplace transform the solution for Eq. (2a) will be 

 𝑢଴(𝑥, 𝑡) = 𝑋଴𝐻 ቀ𝑡 − 𝑥𝑐ቁ sin ቆ𝜔 ቀ𝑡 − 𝑥𝑐ቁቇ (4)

 
This is the well-known solution of linear wave problem. 

The second relation in Eq. (2) is a non-homogeneous PDE. 
Its non-homogeneity is related to Eq. (4). Therefore, using 
the result of Eq. (4), Eq. (2b) can be rewritten as 

 𝑐ଶ 𝜕ଶ𝑢ଵ𝜕𝑥ଶ − 𝜕ଶ𝑢ଵ𝜕𝑡ଶ  = 𝛽 𝑋଴ଶ2𝑐 ቊ𝜔ଷ𝐻ଶ ቀ𝑡 − 𝑥𝑐ቁ sin ቆ2𝜔 ቀ𝑡 − 𝑥𝑐ቁቇቋ 
(5)

 
It can be proved that the Laplace transform of the 

second power of the Heaviside function is the same as 
simple Heaviside function. Therefore, using Laplace 
transform for Eq. (5) leads to 

 𝑐ଶ 𝜕ଶ𝑈ଵ𝜕𝑥ଶ − 𝑠ଶ𝑈ଵ = −𝛽 ቈ𝑋଴ଶ𝜔ସ2𝑐 𝑒ି௫௦/௖𝑠ଶ + 𝜔ଶ቉ (6)

 
Eq. (6) is a nonhomogeneous ODE with zero boundary 

condition. The solution to this equation will be 
 𝑈ଵ(𝑥, 𝑠) = 𝐶ଵ(𝑠)𝑒షೞೣ೎ + 𝐶ଶ(𝑠)𝑒ೞ೎ೣ                      − 𝛽𝑋଴ଶ𝜔ସ𝑒షೞೣ೎ (𝑐 + 2𝑠𝑥)4𝑐ଶ𝑠ଶ(𝑠ଶ + 4𝜔ଶ)  

(7)

 
Using inverse Laplace transform, Eq. (7) can be written 

as 
 
 

𝑢ଵ(𝑥, 𝑡) = 𝐻 ቀ𝑡 + 𝑥𝑐ቁ 𝑐ଶ ቀ𝑡 + 𝑥𝑐ቁ + 𝐻 ቀ𝑡 − 𝑥𝑐ቁ 𝑐ଵ ቀ𝑡 − 𝑥𝑐ቁ
                    +𝐻 ቀ𝑡 − 𝑥𝑐ቁ 𝛽𝑋଴ଶ ൞𝜔ଶ𝑡16𝑐 − 𝜔 𝑠𝑖𝑛 ൬2𝜔 ቀ𝑡 − ௫௖ቁ൰32𝑐

− 𝑥𝜔ଶ 𝑐𝑜𝑠 ൬2𝜔 ቀ𝑡 − ௫௖ቁ൰8𝑐ଶ + 𝜔ଶ𝑥8𝑐ଶ ൢ 

(8)

 
When 𝑡 = 0 and 𝑡 → ∞, 𝑢ଵ must be zero. Therefore, 𝑐ଶ becomes zero and after some calculations for obtaining 𝑐ଵ we have 
 𝑢ଵ(𝑥, 𝑡) = 𝐻 ቀ𝑡 − 𝑥𝑐ቁ ቊ𝛽𝑋଴ଶ𝜔ଶ𝑥8𝑐ଶ 〈1 − cos ቀ2𝜔(𝑡 − 𝑥𝑐)ቁ〉ቋ (9)

 
Eq. (9) is the popular solution that can be seen in many 

references (Hikata et al. 1965, Cantrell 2003). As it can be 
seen in Hikata et al. (1965), the solution of Eq. (2c) leads to 
harmonics which differ from Eq (9). In addition, the 
amplitude values related to third stage (Eq. 2c) is much 
smaller than the second one (Eq. 2b). 

The proposed procedure based on Laplace transforms 
shows that 𝑢ଵ(𝑥, 𝑡) can be directly obtained controversy to 
classical method passing by complex computations 
presented in literature (Malfense-Fierro 2014, Fierro and 
Meo 2015, Jingpin et al. 2015, 2017a). Specially, this 
complexity increases intensely when the exciting function 
contains several harmonics. In such case, each existing 
harmonics in Eq. (2b) modulates with other ones. 
Therefore, the number of expressions for the Eq. (5) 
increases enormously. Since the perturbation method 
converts a nonlinear equation to some linear equations, in 
each step the equation is linear and therefore, the 
superposition can be applied. Using this principle, we will 
suggest a procedure which is able to provide a general 
solution for multiple exciting frequencies therefore gain the 
advantage of simplicity of manipulating. 

In the calculation of the right side of Eq. (2b), both sine 
and cosine functions for 𝑢଴ lead to sinusoidal functions. 
Consequently, for multiple exciting functions, after some 
calculation, this equation can be written as 

 𝑐ଶ 𝜕ଶ𝑢ଵ𝜕𝑥ଶ − 𝜕ଶ𝑢ଵ𝜕𝑡ଶ = ෍ 𝐴௜ே
௜ୀଵ sin ቆ𝐵௜ ቀ𝑡 − 𝑥𝑐ቁቇ (10)

 
where 𝑁  is the number of sinusoidal terms after the 
calculation of the second side of Eq. (2b) and 𝐴௜ and 𝐵௜ 
are the related amplitudes and frequencies of these terms. 
Using the superposition, Eq. (10) can be divided into 𝑁 
separate equations as 

 𝑐ଶ 𝜕ଶ𝑢ଵ௜𝜕𝑥ଶ − 𝜕ଶ𝑢ଵ௜𝜕𝑡ଶ = 𝐴௜ sin ቆ𝐵௜ ቀ𝑡 − 𝑥𝑐ቁቇ (11)
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As mentioned earlier, all equations of (10) have zero 
boundary conditions (𝑢ଵ௜(0, 𝑡) = 0) . Using Laplace 
transform method, the solution of Eq. (11) can be written as 

 𝑢ଵ௜(𝑥, 𝑡) = 𝐴௜2𝐵௜𝑐 𝑥 ቆ1 − cos ቆ𝐵௜ ቀ𝑡 − 𝑥𝑐ቁቇቇ (12)

 
And finally, the solution of Eq. (10) for multiple 

frequency excitations can be expressed as 
 𝑢ଵ(𝑥, 𝑡) = ෍ 𝐴௜𝑥2𝐵௜𝑐ே

௜ୀଵ ቆ1 − cos ቆ𝐵௜ ቀ𝑡 − 𝑥𝑐ቁቇቇ (13)

 
As an example, tone burst signal is a finite duration 

signal and its frequency spectrum covers a limited band of 
frequencies. This type of signal is used to concentrate the 
energy of exciting signal near a central frequency. This 
work can alleviate the dispersion of dispersive waves like 
Lamb waves. A typical windowed tone burst signal can be 
written as 

 𝑇 = 𝐴௦2 ൤𝐻(𝑡) − 𝐻 ൬𝑡 − 𝑁௣𝑓௖ ൰൨         sin(2π𝑓௖𝑡) ൭1 − 𝑐𝑜𝑠 ቆ2π𝑓௖𝑡𝑁 ௣ቇ൱ 
(14)

 
where 𝐴௦ is amplitude, 𝑓௖ known as carrier frequency, 𝑁௣ 
is the number of peaks in signal and 𝐻(𝑡) is Heaviside 
function. Disregarding Heaviside functions in Eq. (14), the 
signal will have infinite duration with special repeating 
shapes. After some calculations and assuming this signal as 
an exciting function of one-dimensional nonlinear medium 
in 𝑥 = 0, we can write this excitation as 

 𝑢଴(0, 𝑡) = 𝑋଴ ቊsin(𝜔଴𝑡) − 12 sin ቆ𝑁௣ + 1𝑁௣ 𝜔଴𝑡ቇ                    − 12 sin ቆ𝑁௣ − 1𝑁௣ 𝜔଴𝑡ቇቋ 
(15)

 
where 𝑋଴ = 𝐴௦/2 and 𝜔଴ = 2π𝑓௖. As it can be seen, in 
this case, the windowed tone burst signal contains three 
separate frequencies. Based on solution of linear wave 
equation, 𝑢଴(0, 𝑡) for exciting function of Eq. (15) can be 
written as 

 𝑢଴(𝑥, 𝑡) = 𝑋଴ ቊsin ቆ𝜔଴ ቀ𝑡 − 𝑥𝑐ቁቇ 
                    − 12 sin ൭𝑁௣ + 1𝑁௣ 𝜔଴ ቀ𝑡 − 𝑥𝑐ቁ൱ 
                    − 12 sin ൭𝑁௣ − 1𝑁௣ 𝜔଴ ቀ𝑡 − 𝑥𝑐ቁ൱ൡ 

(16)

 
After calculation of right side of Eq. (2b) for Eq. (16) 

and performing some simplifications, we have 
 

𝑐ଶ 𝜕ଶ𝑢ଵ𝜕𝑥ଶ − 𝜕ଶ𝑢ଵ𝜕𝑡ଶ= −𝛽 𝜔଴ଷ𝑋଴ଶ2𝑐 ൝ቆ3𝑁௣ଶ − 1)2𝑁௣ଶ ቇ 𝑠𝑖𝑛 ቆ2𝜔଴ ቀ𝑡 − 𝑥𝑐ቁቇ
+ 14 ቆ𝑁௣ + 1𝑁௣ ቇଷ 𝑠𝑖𝑛 ൭2𝜔଴ 𝑁௣ + 1𝑁௣ ቀ𝑡 − 𝑥𝑐ቁ൱
+ 14 ቆ𝑁௣ − 1𝑁௣ ቇଷ 𝑠𝑖𝑛 ൭2𝜔଴ 𝑁௣ − 1𝑁௣ ቀ𝑡 − 𝑥𝑐ቁ൱
− ቆ 1𝑁௣ቇ 𝑠𝑖𝑛 ൭𝜔଴𝑁௣ ቀ𝑡 − 𝑥𝑐ቁ൱
− 12 ቆ2𝑁௣ଶ + 3𝑁௣ + 1𝑁௣ଶ ቇ 𝑠𝑖𝑛 ൭2𝑁௣ + 1𝑁௣ 𝜔଴ ቀ𝑡 − 𝑥𝑐ቁ൱
− 12 ቆ2𝑁௣ଶ − 3𝑁௣ + 1𝑁௣ଶ ቇ 𝑠𝑖𝑛 ൭2𝑁௣ − 1𝑁௣ 𝜔଴ ቀ𝑡 − 𝑥𝑐ቁ൱
+ 12 ቆ𝑁௣ଶ − 1)𝑁௣ଷ ቇ 𝑠𝑖𝑛 ൭2𝜔଴𝑁௣ ቀ𝑡 − 𝑥𝑐ቁ൱ൡ 

(17)

 
Using Eq. (13) the solution of Eq. (17) can be written as 
 𝑢ଵ(𝑥. 𝑡) = 𝛽 𝑥𝜔଴ଶ𝑋଴ଶ4𝑐ଶ ൝ቆ3𝑁௣ଶ + 1)8𝑁௣ଶ ቇ + 𝑐𝑜𝑠 ൭𝜔଴𝑁௣ ቀ𝑡 − 𝑥𝑐ቁ൱

                    − 14 ቆ൫𝑁௣ଶ − 1൯𝑁௣ଶ ቇ 𝑐𝑜𝑠 ൭2𝜔଴𝑁௣ ቀ𝑡 − 𝑥𝑐ቁ൱ 
                    − 18 ቆ𝑁௣ − 1𝑁௣ ቇଶ 𝑐𝑜𝑠 ൭2𝜔଴ 𝑁௣ − 1𝑁௣ ቀ𝑡 − 𝑥𝑐ቁ൱ 
                    + 12 ቆ𝑁௣ − 1𝑁௣ ቇ 𝑐𝑜𝑠 ൭2𝑁௣ − 1𝑁௣ 𝜔଴ ቀ𝑡 − 𝑥𝑐ቁ൱ 
                    − ቆ3𝑁௣ଶ − 1)4𝑁௣ଶ ቇ 𝑐𝑜𝑠 ቆ2𝜔଴ ቀ𝑡 − 𝑥𝑐ቁቇ 
                    + 12 ቆ𝑁௣ + 1𝑁௣ ቇ 𝑐𝑜𝑠 ൭2𝑁௣ + 1𝑁௣ 𝜔଴ ቀ𝑡 − 𝑥𝑐ቁ൱ 

− 18 ቆ𝑁௣ + 1𝑁௣ ቇଶ 𝑐𝑜𝑠 ൭2𝜔଴ 𝑁௣ + 1𝑁௣ ቀ𝑡 − 𝑥𝑐ቁ൱ൡ 

(18)

 
As can be seen in these results, six new frequencies 

appear in the solution due to the modulation of three 
frequencies of initial signal. It is worthy to mention that all 
amplitudes of new frequencies except for 𝜔଴/𝑁௣, depends 
on the value of 𝑁௣. Also, among the new frequencies, this 
frequency has the highest amplitude. Because, modulation 
of both side bands with main frequency leads to generation 
of waves with same frequency (𝜔଴/𝑁௣) and these new 
waves boosts each other. 

In general, the term subharmonic refers to harmonic 
product of single frequency excitation in nonlinear 
mediums with hysteresis, crack clapping and some other 
phenomenon. This subharmonic product usually occurs 
with the frequency of 𝑓଴/2 (Jhang 2009). However, in 
some references this term also is used for lower frequency 
products of modulation and wave mixing phenomenon 
(Aslam et al. 2020, Lee et al. 2014). In the present paper, 
the term “subharmonic” is used in the latter case. 
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Table 1 Material properties of aluminum 

Property Symbol Value Unit 
Density 𝜌 2700 kg/m3 

Modulus of elasticity 𝐸 70 GPa 
Poisson’s ratio 𝜈 0.33 - 

Nonlinearity coefficient 𝛽 14.67 - 
 

 
 

3. FE simulation 
 
A one-dimensional Finite Element model is used to 

solve modulation of different exciting functions in 
nonlinear medium. This model is generated in 
ABAQUS/CAE and analyzed using implicit dynamic 
method. Material nonlinearities are implemented by 
nonlinear stress–strain relation through a user subroutine 
UMAT. Mechanical properties of medium are taken from 
Nagy (Nagy et al. 2013). Table 1 shows mechanical 
properties of aluminum material used in FE and analytical 
model. As the model of Nagy is two-dimensional, the speed 
of sound is different from the present one-dimensional 
model. 

1800 T3D3 (3-node quadratic 3-D truss) link element is 
used to simulate the wave propagation in nonlinear 
medium. This model is shown in Fig. 1. 

Displacements are enforced on the left end of medium to 
excite longitudinal waves. The other end of wire has free 
boundary condition. However, due to the length of the one-
dimensional medium, during solution time, the wave 
reflection from the end of wire does not happen. The size of 
elements and time steps are chosen such that the rules of 
Eq. (19) be satisfied. 

 ∆𝑡 ൑ 120𝑓௠௔௫  & 𝐿௠௜௡ = 𝜆10 (19)
 

where 𝑓௠௔௫ is the highest frequency which exists in the 
model and 𝜆 is equivalent wave length. 

 
 

 
 

4. Experimental set up and procedure 
 
Generation of one-dimensional ultrasonic wave is 

difficult in many real structural elements and therefore, 
their structural health monitoring applications are limited. 
Hence, lamb waves are used to study the modulation of 
multi-frequency waves. Fig. 2 shows a schematic diagram 
of the measurement setup used in this study. Two square 
cross section aluminum bars equipped with PWAS (PZT-5H 
ceramics with 0.267 mm thickness) at two ends are used as 
experiment specimens. Recently, PWAS are extensively 
used for generating and receiving guided waves for 
structural health monitoring (Kamas et al. 2015, Hong et al. 
2016, Yang et al. 2019). This type of actuator/sensor is very 
light weight, small and cheap and can be bonded easily on 
the surface of structures (Zhao et al. 2007). Therefore, 
PWAS are proper tools for online monitoring of structures 
compared to conventional wedge type transducers used by 
many authors (Barnard et al. 2003, Cantrell 2003, Masurkar 
et al. 2018, Li et al. 2020). 

The dimensions of specimens are 600 mm × 10 mm × 
10 mm and piezoelectric actuators and sensors have the 
same size of aluminum bar cross section. These PZT wafers 
are bonded to the ends of specimen using thin layer of 
suitable adhesive. One of PZT wafers is used as actuator 
while the other one is used to detect propagated waves 
through the aluminum bar. Excitation signals are generated 
by Agilent 33220A waveform generator and amplified by an 
amplifier. The amplitude of exciting signal is 24 Vpp. The 
response signals acquired from PZT wafer sensor is directly 
connected to data acquisition system without amplification 
to reduce possible harmonic distortion due to amplification. 
Different abilities of PicoScope software are used to 
perform a real time output signal processing and recording. 

Fig. 3 shows a photo of test specimen and experimental 
setup. For each experiment, excitation is repeated more than 
50 times and average of responses is recorded as tests 
output. 

 
 
 

 
 

 
Fig. 1 FE model of one-dimensional nonlinear medium

Fig. 2 Schematic representation of experimental set up
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Fig. 3 Experimental setup with an aluminum bar as test 
specimen 

 
 

5. Results and discussion 
 
5.1 Analytical and numerical results 
 
A simulation is done using tone burst displacement 

function and applied to the model at the location x = 0 mm. 
It is well known that the tone burst has a bell shape in the 
frequency domain. This is true if, in time domain, the length 
of tone burst signal is limited to one period (2𝜋𝑁௣/𝜔) of 
time. If this period doubles, then triple frequencies of Eq. 
(16) will be revealed in the frequency domain. Logically, 
the longer the signal is in the time domain, the greater the 
clarity of these three frequencies will be, which can be 

 
 

 
 

clearly seen in Fig. 4. According to Eq. (16) and the results 
shown in Fig. 4, the values related to excitation are selected 
as:  𝑋଴ = 500 𝑛𝑚 , 𝜔 = 2𝜋 × 10଺ 𝑟𝑎𝑑/𝑠 , 𝑝 (total number 
of excitation displacement cycles) = 20 and 𝑁௣ = 5. 

Fig. 5 shows the exciting signal at 𝑥 = 0 𝑚𝑚 and the 
response at 𝑥 = 50 𝑚𝑚 . Fundamental harmonics of 
received signal can be suppressed by simulating numerical 
model under excitations with positive and negative 
polarities and then averaging two results (Nagy et al. 2013). 
Using this method, the nonlinear part of received signal of 
Fig. 5 is depicted in Fig. 6(a). The spectral content of the 
nonlinear part of response is extracted using Fast Fourier 
Transforms (FFTs) and depicted in Fig. 6(b). This figure 
shows that, increasing length of the exciting signal leads to 
higher accuracy in frequency spectrum. 

Fig. 7 shows the frequency spectrum of Fig. 5. As it can 
be seen, all predicted frequencies in Eq. (18) evidently 
observable in this figure. The amplitude of different 
nonlinear features of Fig. 7 are extracted from numerical 
simulations and compared with presented analytical 
solution at points 𝑥 = 50 𝑚𝑚, which are tabulated in Table 
2. Two sub harmonics and five higher harmonics are seen 
by the result presented in Fig. 7 and Table 2. The first sub 
harmonic demonstrates strong nonlinear amplitude. 
However, the second one has a weaker amplitude. Three of 
the five higher harmonics are related to the second 
harmonic of linear frequencies and two others are due to 
modulation. 

 

 
 

 
Fig. 4 Effect of time length of signal on frequency spectrum: (a), (b), (c) signals with different time length; 

(d), (e), (f) FFT of left counterpart signal

 
Fig. 5 Excitation and the medium response at x = 50 mm
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Table 2 Amplitude of different features at x = 50 mm 

 Analytical solution (𝑛𝑚) 
FEM (𝑛𝑚) 

Deviation
(%) 0.2 ቆ 𝑓଴𝑁௣ቇ 69.81 70.83 0.2 

0.4 ቆ2𝑓଴𝑁௣ ቇ 16.75 16.94 0.4 1(𝑓଴) 500 500 0 1.6 ቆ2𝑓଴ 𝑁௣ − 1𝑁௣ ቇ 5.58 5.65 0.07 

1.8 ቆ𝑓଴ 2𝑁௣ − 1𝑁௣ ቇ 27.92 27.98 0.06 2(2𝑓଴) 51.66 51.58 0.08 2.2 ቆ𝑓଴ 2𝑁௣ + 1𝑁௣ ቇ 41.88 41.81 0.07 

2.4 ቆ2𝑓଴ 𝑁௣ + 1𝑁௣ ቇ 12.57 12.50 0.07 
 

 
 
 

 
 
 
All the results obtained by numerical analysis (Table 2) 

are in good agreement with the results obtained by proposed 
analytical procedure summarized in Eq. (18). 

In Fig. 8, amplitude changes of these harmonics due to 
distance change of signal picking point from origin are 
plotted. As shown in this figure, amplitude changes with a 
distance from the origin obtained by numerical results are 
linear as was predicted by Eq. (18). 

It should be noted that the location of all harmonics of 
Eq. (18), except second harmonic of main frequency of 
excitation signal, are functions of the 𝑁𝑝. Thus, changing 
the 𝑁𝑝  can change the location of these harmonics in 
frequency domain. Also, among the new harmonics, the 
amplitude of 𝜔଴/𝑁𝑝 is higher than all harmonics, even at 
well-known second harmonic. 

 
5.2 Experimental results 
 
As mentioned earlier, the experiment performed in this 

paper is based on nonlinear lamb wave propagation in 
structure. However, some predictions by one-dimensional 

 
Fig. 6 The effect of signal length on the frequency spectrum of received signal; (a) time domain response; 

(b) FFT of (a) with different time length

 
Fig. 7 The appearance of multiple nonlinear frequencies based on FE results given in Fig. 6 
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Fig. 9 Response of specimens to sweep excitation
 
 

Fig. 10 Train of tone burst signal used for exciting 
aluminum bar and response signal 

 
 

 
 

wave theory for the lamb wave would not be correct. For 
example, while the response of two and three-dimensional 
structures to lamb wave is strongly depend on the excitation 
frequency, one dimensional wave theory states that the 
amplitude of output signal is independent of the excitation 
frequency. Therefore, selecting the correct frequency is very 
important for nonlinear lamb wave application. A frequency 
sweep from 50 to 400 kHz with amplitude of 24 Vpp was 
carried out to select suitable frequencies for tone burst 
excitation. The response of aluminum bars to this excitation 
is depicted in Fig. 9. As can be seen in this figure, sweep 
response of two specimens is similar with each other in 
resonance frequencies. But, cutting and bonding 
inaccuracies during PWAS attachment to structure causes 
some difference on the amplitude of the responses, 
especially at high frequencies. The highest response 
amplitude for specimen I is in the frequency range of 210 to 
230 kHz and for specimen II is between 320 and 340 kHz. 
According to Eq. (17) and experimental observations, 
nonlinear response of structure is affected by linear part. 

Therefore, the carrier frequency of tone burst is set on 
the frequency with highest amplitude. Also, the value of 𝑁௣ is selected so that the side bands have considerable 
amplitude. Accordingly, for specimen I, the value of 𝑓଴ 
(carrier frequency) is equal to 220.2 kHz and 𝑁௣ is equal 
to 61. Fig. 10 shows time domain plot of the selected 
excitation and the structural response to this excitation. 

 
 

 

 
Fig. 8 Amplitude of nonlinear features versus distance from origin 

 
Fig. 11 FFT of tone burst exciting (𝑁௣ = 61 and 𝑓଴ = 220.2 kHz) and response signals for specimen I 
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Fig. 11 exhibits the FFT of exciting and response signals. 
Due to imperfections of excitation system, there are extra 
harmonics in the excitation signal of Fig. 11. 

Moreover, the predicted harmonics of this study can be 
seen clearly in this figure. Two sub harmonics of 𝑓଴/𝑁௣ 
and 2𝑓଴/𝑁௣ have been generated at frequency points of 3.6 
kHz and 7.2 kHz. Also, in accordance with analytical 
predictions, the amplitude of the first sub harmonic (𝑓଴/𝑁௣) 
is greater than second one (2𝑓଴/𝑁௣). Other harmonics of 
relation (19), including second harmonic of three main 
frequencies of tone burst can be seen in Fig. 11. 

Another point to mention about second harmonics is that 
the effect of exciting system on these harmonics is 
significant. Since the amplitude of the lamb waves is 
strongly frequency dependent, so the present experimental 
results cannot exactly cover the analytical predictions about 
the amplitude of the harmonics. 

For specimen II, the value of carrier frequency is set to 
329.6 kHz and 𝑁௣ is equal to 142. The results of this test 
have been shown in Fig. 12. According the results showed 
in this figure, all above-mentioned harmonics appears in 
new frequency points. These frequency changes are 
proportional to the new value of 𝑓଴ and 𝑁௣. Also, like 
previous specimen, for this specimen, the first sub harmonic 
has strong nonlinearity. According to the results of Figs. 11 
and 12, the amplitude of the response in 𝑓଴/𝑁௣ harmonic is 
much higher than that of the excitation. This shows that the 
nonlinear behavior caused by the exciting instruments (refer 
to Fig. 2) does not play a significant role in creating this 
harmonic. After sensing PWAS the only electronic tools are 
data acquisition and signal processing devices. As 
mentioned in section 1, it is generally known that the 
nonlinear behavior of electronic instruments appears mainly 
in the form of higher harmonics. Therefore, it does not seem 
that the data acquisition signal processing systems can 
produce such a strong sub harmonic. On the other hand, the 
repetition of the test for specimen II with different 
excitation characteristics leads to completely consistent 
response with the analytical predictions for structural 
nonlinearity. Therefore, the nonlinearity generated in these 

 
 

two tests is most likely due to wave propagation in the 
structural nonlinear environment. 

Fig. 12 shows that, for specimen II, amplitude of second 
harmonic in response signal is greater than sub harmonics. 
This indicates that for the lamb waves, frequency selection 
has a significant effect on the intensity of nonlinear 
harmonics. 

 
 

6. Conclusions 
 
In this study, a new technique is presented for 

modulation of ultrasonic waves in nonlinear structures 
using single source excitation. First, an analytical procedure 
is proposed for considering modulation of multi frequency 
waves in nonlinear medium using Laplace transforms 
methods. Using the presented analytical procedure and also 
numerical simulations, the modulation of the three 
frequency contents of the well-known windowed tone burst 
signal was explored. The results show that modulation of 
each side band frequency with main frequency (carrier 
frequency) of tone burst signal generates a new strong 
subharmonic with frequency of 𝑓଴/𝑁௣. The experimental 
tests were performed on aluminum bars to verify the 
proposed procedure. Experimental results clearly showed 
the appearance of new sub and higher harmonics due to the 
modulation of frequency contents of single source 
ultrasonic wave. According to the results obtained in this 
study, a single source excitation can be used to modulate 
frequency contents of excitation signal in nonlinear medium 
instead of separate excitation methods like vibro-acoustic 
and common wave mixing techniques. 
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