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1. Introduction 

 
With the extensive development of portable electronic 

equipment, MEMS and wireless sensor networks, automatic 
sensing and communication are required across many fields 
(Matiko et al. 2013, Hannan et al. 2014). Engineering can 
be improved with the development of low-power wireless 
sensor, but how to supply power without using dry cell 
batteries which need to be repeatedly charged and 
discharged is of fundamental interest. One of the effective 
solutions proposed by the academic is to harvest energy 
from working environment (Mutashar et al. 2013, Beeby et 
al. 2006). This demand attracted the attentions of many 
researchers/academics for energy harvesting researches in 
the last decade (Matiko et al. 2013, Beeby et al. 2006, 
Wang 2016, Wang and Xiao 2013, Ab Rahman et al. 2013). 

Many early studies on energy harvesting were based on 
single-frequency harvesters (Roundy and Wright 2004, 
Siddique et al. 2015). As we all know, the vibration 
frequency is unstable in natural environment, and the 
vibration energy is mostly distributed in a fixed broadband. 
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It is difficult to produce resonance for a single resonant 
frequency piezoelectric energy harvester, which will 
inevitably lead to low efficiency of electromechanical 
energy conversion of the harvester (Siddique et al. 2015). 

Therefore, more and more attention has been paid to 
different methods of obtaining energy from multi-mode and 
wideband frequency vibration (Jaber et al. 2016), such as 
multi-modal technology (Yang et al. 2009), resonance 
tuning technology (Huang and Lin 2012) and nonlinear 
harvesting technology (Siddique et al. 2015, Jaber et al. 
2016, Sari et al. 2008, Zhou et al. 2016, Leng et al. 2017). 

Energy acquisition based on piezoelectric effect mostly 
adopts cantilever beam and single frequency excitation, 
which is the most basic energy acquisition method based on 
resonance. But the environmental vibration is complex and 
changeable, thus, the best performance of energy harvesters 
is always limited to excitation at its natural frequency 
(Varoto and Mineto 2014). To solve the conflict of narrow 
frequency band and small output power, 
piezomagnetoelastic systems are being studied more and 
more as broadband energy harvesters. Erturk et al. (2009) 
introduced a piezomagnetoelastic device whose 
experimental performance qualitative agreement with the 
theory. Compared with the conventional case without 
magnetic buckling, it is proved that the piezoelectric 

 
 
 

A study of a new hybrid vibration energy harvester 
based on broadband-multimode 

 
Bing Chen∗1, Shiqing Li 1, Xiaolei Tang 1 and Lijie Zhang 2 

 
1 School of Mechanical Engineering, University of Science and Technology Beijing, Beijing 100083, China 

2 China North Research Institute, Beijing, 100072, China 
 
 

(Received December 28, 2019, Revised April 22, 2021, Accepted April 29, 2021) 

Abstract.  To improve the energy conversion efficiency and working frequency bandwidth of a single frequency piezoelectric 
vibration energy harvester, a new type of hybrid vibration energy harvester is developed which is combined with the mechanism 
of piezoelectric and electromagnetic energy conversion. The system comprises of a PZT cantilever beam, an elastic suspended 
magnetic mass, a magnet block attached to the end of the cantilever beam and a resonator. The addition of resonator can not only 
increase the mode, but also adjust the frequency of harvester flexibly. Nonlinear magnetic force of magnet block not only 
broadens the frequency band and improves the output performance of the system, but also changes the resonant frequency to 
make the harvester have better adjustable performance. On this basis, an improved electromechanical coupled analytical model 
of continuum is proposed which can be solved by the Runge-Kutta algorithm and the influence of different factors (the mass and 
spring stiffness of the resonator, as well as the electromechanical coupling coefficient, electromagnetic coupling coefficient, 
magnet mass and magnetic flux) on the output are analyzed. According to the prototype of the vibration energy harvester 
developed, an experimental system was built. The performance of the independent and hybrid energy harvesters is evaluated by 
experimental and analytical methods. The peak output voltage of the piezoelectric part was about 4 times that of the 
electromagnetic part. The peak output current of the electromagnetic part is about 30 times that of the piezoelectric part. The 
study results show that the proposed new hybrid vibration energy harvester can achieve a wider frequency range and multi-
modal vibration energy harvesting. In addition, the bandwidth and power of the harvester can be dynamically adjusted by 
changing the resonator or electromechanical coupling coefficient, and the bandwidth of the harvester can also be adjusted by 
changing the quality and characteristics of the magnet. 
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electromagnetic elastic structure can improve the 
advantages of the broadband generator. Zhao and Erturk 
(2009). conducted numerical and experimental studies on 
the broadband random vibration energy acquisition of 
monostable and bistable piezoelectric cantilever beams. The 
study shows that under wide-band random excitation, the 
bistable energy harvester can be preferred only if it is 
designed to work under known excitation intensity. 

Electromagnetism has also attracted more and more 
attention in energy harvesting. When the coil moves relative 
to the magnet, electricity is generated according to 
Faraday’s law. Different shapes of cantilever beam and 
different magnets with different coil size are being used 
(Cannarella et al. 2011). Rajarathinam and Ali (2018) 
developed a broadband hybrid energy harvester that 
combines piezoelectric and electromagnetic effects. And the 
electromechanical coupling coefficient and the stiffness of 
the cantilever can affect the output power. Mann and Sims 
(2009) proposed the energy harvester using magnetic 
levitation to generate a tunable oscillator. The nonlinearity 
of magnetic levitation can produce large oscillations. The 
addition of magnetic force gives variable factors to the 
output characteristics of the energy harvester. Some are 
easy to adjust, such as the mass and position of the magnet 
block. However, some are harder to change, such as 
damping level. 

Although the nonlinear response can generate 
frequencies of broadband random, it can only work in 
certain bandwidth environments. In fact, the source of 
vibration in the environment is usually random. Therefore, 
traditional a single-degree-of-freedom energy harvester is 
inefficient. To improve energy harvesting efficiency, 
Researchers have tried to design and invent multimodal 
energy harvesters so that the energy harvester can excite 
multiple voltage peaks within a frequency range to make 
greater use of the energy generated by vibration. Zhou et al. 
(2011) proposed a piezoelectric energy harvester which can 
increase the bandwidth and energy of ambient vibration by 
using multimode amplifier. Tao et al. (2011) added 
electromagnetic force to form the two-degree-of-freedom 
(2DOF) harvester which is more efficient than the ordinary 
one-degree-of-freedom (1DOF) harvester. To adapt to the 
diversity of environmental frequencies, the combination of 
multimodal technology and nonlinear force is often used in 
energy harvesters. Shen et al. (2015) proposed a 
piezomagnetoelastic beam array structure for vibration 
energy harvester. Compared with conventional harvesters, 
the nonlinear vibration energy harvesters produce larger 
power in several excitation frequency ranges. However, 
such beam array often takes up more space. Although the 
structure design combines nonlinear magnetic force and 
multimode, the multimode mode is large in volume and 
inconvenient in frequency modulation. 

In addition to experiments and simulations, numerical 
solutions are often used to analyze the frequency 
characteristics and output of piezoelectric energy 
harvesting. Zhao and Erturk (2013) presented electroelastic 
modeling and numerical solutions which can be used as a 
more accurate alternative to single-degree-of-freedom 
solutions for wideband random energy harvesting. Kumar et 

al. (2015) proposed the mathematical model for the 
wideband piezoelectric elastic energy harvester. The 
electromechanical coupling equations are derived to 
describe the nonlinear dynamics. Also, the effect of base 
magnetic separation and the intensity of magnetic head are 
reported to confirm that once the system experiences the 
inter-well oscillation, it will gain more electrical energy. Ali 
et al. (2010) derived the approximate formula of the optimal 
electrical parameter which maximizes the average harvested 
power. The existing numerical analysis is based on 
dynamics, electromagnetism and other fields, and has 
strong theoretical support. 

This paper presents a new type of hybrid energy 
harvester which is composed of a PZT cantilever beam, an 
elastic suspended magnetic mass, a magnet block and a 
resonator. The resonator can not only increase the modal 
number of the hybrid harvester, but also adjust the resonant 
frequency and increase the bandwidth. The piezoelectric 
beam collector and magnet are coupled to form a bistable 
system, and such nonlinear magnetic interaction can not 
only broaden the frequency band and improve the output 
performance of the system, but also change the resonance 
frequency, which makes the harvester has a more flexible 
adjustable performance. In this case, an improved 
electromechanical coupling continuum analysis model was 
proposed on the basis of Zhao’s work (Zhao and Erturk 
2013), and the Runge-Kutta algorithm was used to conduct 
quantitative numerical analysis through MATLAB, which 
was mutually verified with the experimental results. And 
different from the research work of Ali et al. (2010), the 
influence of more certain and uncertain factors, including 
mass, stiffness and coefficient, on the output are all 
analyzed. 

The paper shows that the hybrid energy harvester can 
achieve multi-modal vibration energy collection in a wider 
frequency band. In addition, the bandwidth and power of 
the harvester can be dynamically adjusted by the resonator 
or electromechanical coupling coefficient, and the 
bandwidth can be adjusted by changing the quality factor 
and characteristics of the magnet. 

In this paper, the numerical expression of the harvester 
is analyzed and modelling of the harvester is described. The 
energy harvester is numerically analyzed being used 
MATLAB and compared to that of independent harvesters. 
The numerically simulation results are in good agreement 
with the experimental results. Finally, conclusions and 
results are discussed. 

 
 

2. Analytical modeling of the hybrid harvester 
 
The hybrid energy harvester is shown in Fig. 1. It 

consists of an elastic suspended magnetic mass, a resonator, 
a PZT cantilever beam and a magnet block attached on the 
cantilever beam. When the device vibrates with the 
foundation, the cantilever beam undergoes a strain, which 
generates electrical energy through the piezoelectric 
transduction, while the copper coil collects energy through 
electromagnetic induction by cutting the oscillating 
magnetic field flux lines. The magnet block adhered to the 
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Fig. 1 Broadband-multimodal hybrid energy harvester 
(BMHEH) 

 
 

free end is subjected to a nonlinear magnetic force, and the 
resonator consisting of a spring and a mass block increases 
the number of piezoelectric cantilever modes and reduce the 
influence of the strain node. Multiple frequencies of the 
energy harvester are matched with the excitation 
frequencies to improve the transducer efficiency. So, the 
system is referred to as a broadband-multimodal hybrid 
energy harvester (BMHEH). 

The resonator as shown in Fig. 1 is a spring-mass 
vibration subsystem, where 𝑚௔ଵ represents the mass of the 
resonator, 𝑤௕  is the base displacement. The 
electromagnetic (EM) portion is suspended by springs at the 
end of the cantilever. The magnetic exciter (MOE) consists 
of a magnet block mounted on the end of the cantilever and 
a magnetic block fixed on the base. 

As shown in Fig. 1, the resistances of the external circuit 
of the piezoelectric and the electromagnetic portion are 𝑅௣ 
and 𝑅௘௠ , and the voltage generated is 𝑉௣ and 𝑉௘௠ 
respectively. 

 
2.1 Electromechan cal coupled cont nuum model 
 
Erturk and Inman (2008) established a mathematical 

model of the piezoelectric cantilever beam. However, after 
adding a resonator and a magnetic exciter to the cantilever 
beam, and introducing an electromagnetic energy harvester, 
the electromechanical coupling continuum model and its 
related characteristics need further study. The system shown 
in Fig. 1 can be illustrated by an electromechanical coupled 
continuum model, and the motion of the device under basic 

 
 

excitation is shown in Fig. 2. 
Fig. 2(a) shows the force and motion of the cantilever 

beam, where 𝑥௔ denotes the horizontal displacement of the 
point of junction between the resonator 1 and the cantilever 
beam to the fixed end of the cantilever, 𝑥௟ is the horizontal 
displacement from the end of the cantilever to the fixed end, 𝑤௕ represents the displacement of the fixed end of the 
cantilever relative to the foundation, 𝑓௔ଵ  represents the 
force of the resonator 1 on the cantilever beam, 𝑓௔ଶ is the 
force exerted by the suspension spring of the 
electromagnetic (EM) part on the end of the cantilever, and 𝑓௠ is the force exerted by the end magnet on the cantilever. 
Fig. 2(c) shows the force and motion of the electromagnetic 
(EM) part, w(𝑥௟) is the absolute displacement of the end 
of the cantilever, 𝑧௔ଶ is the displacement of the magnet 
block of the electromagnetic (EM) part relative to the 
cantilever, and −𝑓௔ଶ is the counterforce of the 
electromagnetic (EM) part subjected to the cantilever. Fig. 
2(d) shows the force and motion of the magnetic exciter 
(MOE), d denotes the horizontal distance between two 
magnetic blocks, w(𝑥௟) denotes the displacement of the 
end of the cantilever relative to the foundation, 𝐹 denotes 
the magnetic force between two magnetic blocks, 𝐹௡ 
denotes the vertical component of the nonlinear magnetic 
force, and −𝑓௠ denotes the reaction force of the cantilever 
for the magnet. 

When establishing the kinematics equations and 
governing equations of the BMHEH system, it is necessary 
to introduce the Dirac function to write the concentrated 
force 𝑓௔ଵ, 𝑓௠, and 𝑓௔ଶ of the resonator, the end magnet, 
and the end spring respectively received by the cantilever 
beam into the form of distributed force. 

 ቐ𝑓௔ଵ = 𝛿(𝑥 − 𝑥௔)𝑓௔ଵ𝑓௠ = 𝛿(𝑥 − 𝑥௟)𝑓௠ 𝑓௔ଶ = 𝛿(𝑥 − 𝑥௟)𝑓௔ଶ  (1)

 
The cantilever beam is a continuum (Erturk and Inman 

2008). Due to the continuum vibration theory, the equation 
of motion of the piezoelectric cantilever beam element in 
the Z-axis direction can be obtained as follows 

 
 
 

 

  
(a) Motion of the piezoelectric cantilever (b) Motion of the resonator 

  
(c) Motion of EM (d) Motion of MOE 

Fig. 2 The motion model of BMHEH under translational excitation 
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where 𝜌௟ indicates the mass per unit length of the 
piezoelectric cantilever; YI indicates the bending stiffness; 𝑐௦  indicates the damping coefficient; I indicates the 
sectional moment of inertia of the piezoelectric cantilever; θ 
indicates the electromechanical coupling coefficient; 𝑤௥௘௟(𝑥)  indicates the relative displacement of the 
piezoelectric cantilever to the foundation, and 𝑉௣ indicates 
the output voltage of the piezoelectric portion (PHH). 

The equations of motion of the resonator mass block 
ma1 and the electromagnetic mass block ma2 can be 
obtained from Figs. 2 (b) and (c), as shown in formula 3 

 

⎩⎨
⎧𝑚௔ଵ𝑧ሷ௔ଵ + 𝑐௔ଵ𝑧ሶ௔ଵ + 𝑘௔ଵ𝑧௔ଵ = 𝑚௔ଵ(𝑤௥௘௟ሷ (𝑥௔) + 𝑤௕ሷ )𝑚௔ଶ𝑧ሷ௔ଶ + 𝑐௔ଶ𝑧ሶ௔ଶ + 𝑘௔ଶ𝑧௔ଶ = 𝑚௔ଶ(𝑤௥௘௟ሷ (𝑥௟) + 𝑤௕ሷ )𝑓௔ଵ = −[𝑐௔ଵ𝑧ሶ௔ଵ + 𝑘௔ଵ𝑧௔ଵ]𝑓௔ଶ = −[𝑐௔ଶ𝑧ሶ௔ଶ + 𝑘௔ଶ𝑧௔ଶ] (3)

 
where 𝑐௔ଵ is the damping coefficient of the spring of the 
resonator 1, and 𝑘௔ଵ is the stiffness of the spring of the 
resonator 1. 𝑐௔ଶ is the damping coefficient of the spring of 
the electromagnetic part (EM), and 𝑘௔ଶ is the stiffness of 
the spring of the electromagnetic part (EM). 𝑤ሷ ௥௘௟(𝑥௔) + 𝑤ሷ ௕ 
and 𝑤ሷ ௥௘௟(𝑥௟) + 𝑤ሷ ௕ is the second derivative of the absolute 
displacement of the cantilever beam element at resonator 
1and at the end of the piezoelectric cantilever respectively. 

As shown in Fig. 2(d), the magnetic exciter (MOE) is 
composed of two rectangular magnets. The approximate 
expression of rectangular magnetic force 𝑓௡ is given as 
follows 

 

 
where l, w and h are respectively the length, width and 
height of the magnet block, 𝜇଴ is the vacuum permeability, 𝜇଴ = 4𝜋 ൈ 10ି଻𝐻/𝑚 , 𝐵௥  is the remanence of the 
permanent magnet, and the geometric dimensions of the 
rectangular magnets are shown in Fig. 3 below. 

From Fig. 2(d), the equation of motion of the magnet 
blocks in the magnetic exciter (MOE) is 

 
 

Fig. 3 Schematic diagram of the combined dimensions 
between rectangular magnets 

 𝑓௠ = −𝑓௡ + 𝑚௦[𝑤ሷ ௥௘௟(𝑥௟) + 𝑤௕ሷ (𝑡)] (5)
 

where 𝑚௦ is the mass of the rectangular magnet block, and 𝑤ሷ ௥௘௟(𝑥௟) + 𝑤ሷ ௕  denotes the second derivative of the 
absolute displacement at the end of the cantilever. 

The electrical properties of the harvester are basically 
unchanged after the addition of the resonator and the 
magnetic exciter on the piezoelectric cantilever beam. 
Therefore, the circuit equations are the same as that of the 
piezoelectric cantilever beam equation derived in Challa et 
al. (1996). 

 𝐶௣ 𝑑𝑉௣𝑑𝑡 + 𝑉௣𝑅௅ = − න 𝑒ଷଵ𝑧௣௖𝑏௟೛଴ 𝜕ଷ𝑤௥௘௟(𝑥, 𝑡)𝜕𝑥ଶ𝜕𝑡 𝑑𝑥𝐶௣ = 𝑏𝑙௣𝜀ଷଷௌ𝑑௣  
(6)

 
where 𝐶௣ is the equivalent capacitance of the piezoelectric 
material, 𝑅௅  is the equivalent resistance, 𝑙௣ and 𝑏  are 
respectively the length and width of the cantilever beam, 𝑒ଷଵ  is the piezoelectric constant,  𝑧௣௖  is the center 
coordinates of the piezoelectric chip, 𝑑௣ is the thickness of 
the piezoelectric chip, 𝜀ଷଷௌ  is the piezoelectric dielectric 
constant. 

Under the action of external excitation, the magnet 
oscillates inside the copper coil and causes a change in 
magnetic flux, thus generating a voltage 𝑉௘௠(𝑡) which is 
given by Lenz’s law (Glynne-Jones et al. 2004) 

 

 𝑉௘௠(𝑡) = −𝜃௘௠(𝑧ሶ௔ଶ + 𝑤ሶ ௥௘௟(𝑥௟)) (7)
 

where 𝜃௘௠ = 𝐵௠𝐿௣௖  is the electromagnetic coupling 
coefficient., and 𝐵௠ is the magnet’s flux density, and 𝐿௣௖ 
is the length of the copper coil. 

Finally, the power from PHH and EM are given as Eqs. 
(8) and (9). 

 𝑃௣ = ቤ 𝑉௣√2𝑅௅ቤଶ 𝑅௅ (8)

 𝑃௘௠ = ቤ 𝑉௘௠ඥ2[𝑅௘௠ + 𝑅௖]ቤଶ 𝑅௘௠ (9)

 𝑃௣௘௠ = 𝑃௣ + 𝑃௘௠ (10)
 

where the variables 𝑃௣ , 𝑃௘௠ , 𝑃௣௘௠  stand for the power 
harvested of the piezoelectric part, the electromagnetic part, 

𝜌௟ 𝜕ଶ𝑤௥௘௟(𝑥)𝜕𝑡ଶ + 𝜕ଶ𝜕𝑥ଶ ቈ𝑌𝐼 𝜕ଶ𝑤௥௘௟(𝑥)𝜕𝑥ଶ + 𝑐௦𝐼 𝜕ଷ𝑤௥௘௟(𝑥)𝜕𝑥ଶ𝜕𝑡 + 𝜃𝑉௣቉= −𝜌௟ 𝜕ଶ𝑤௕𝜕𝑡ଶ + 𝛿(𝑥 − 𝑥௔)𝑓௔ଵ + 𝛿(𝑥 − 𝑥௟)𝑓௠ + 𝛿(𝑥 − 𝑥௟)𝑓௔ଶ 
(2)

𝑓௡ = 1.51 + 3𝑑 𝑤ℎ𝑤௥௘௟(𝑥௟)2𝜇଴ඥ𝑑ଶ + 𝑤௥௘௟(𝑥௟)ଶൈ ቈ𝐵௥𝜋 (𝑎𝑟𝑐𝑡𝑎𝑛 𝑤ℎ2𝑑√𝑤ଶ + ℎଶ + 4𝑑ଶ − 𝑎𝑟𝑐𝑡𝑎𝑛 𝑤ℎ2(𝑑 + 𝑙)ඥ𝑤ଶ + ℎଶ + 4(𝑑 + 𝑙)ଶ቉   (4)
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and the whole device separately. 
 
2.2 Modal superposition method 
 
When the piezoelectric cantilever beam is in operation, 

it is not only affected by the coupling force of the resonator 
and the magnetic exciter pair, but also by the reaction force 
generated by the inverse piezoelectric effect. At this time, 
the steady-state response of the system can be obtained by 
modal superposition method. 

The relative displacement of each point on the 
piezoelectric cantilever beam is calculated by modal 
superposition method (Bennet 1968, Weaver et al. 1990) 

 
 

 
 

⎩⎪⎨
⎪⎧𝑤௥௘௟(𝑥, 𝑡) = ෍ 𝜙෠௥(𝑥)𝜂௥(𝑡)ஶ

௥ୀଵ (𝑟 = 1,2,3 … )𝜙෠௥(𝑥) = 𝑄௥[𝑐𝑜𝑠𝛽௥𝑥 − 𝑐𝑜𝑠ℎ𝛽௥𝑥                      +𝜉௥(𝑠𝑖𝑛𝛽௥𝑥 − 𝑠𝑖𝑛ℎ𝛽௥𝑥)]  (11)

 1 + cos𝛽௥lcosh𝛽௥l +𝜇௧𝛽௥𝑙(𝑐𝑜𝑠𝛽௥𝑙𝑠𝑖𝑛ℎ𝛽௥𝑙 − 𝑠𝑖𝑛𝛽௥𝑙𝑐𝑜𝑠ℎ𝛽௥𝑙) = 0 (12)

 𝜉௥ = 𝑠𝑖𝑛𝛽௥l − sinh𝛽௥𝑙 + 𝜇௧𝛽௥𝑙(𝑐𝑜𝑠𝛽௥𝑙 − 𝑐𝑜𝑠ℎ𝛽௥𝑙)𝑐𝑜𝑠𝛽௥l + cosh𝛽௥𝑙 − 𝜇௧𝛽௥𝑙(𝑠𝑖𝑛𝛽௥𝑙 − 𝑠𝑖𝑛ℎ𝛽௥𝑙) (13)

 
where 𝜂௥(𝑡) is the modal coordinate; ∅෡௥(𝑥) is the mass-
normalized mode function; 𝛽௥  is the characteristic 
frequency, which can be obtained by Eq. (12); 𝜇௧ = 𝑚௦/𝜌௟𝑙 
is the ratio of the end block’s mass to the piezoelectric 
cantilever’s mass. 𝑄௥  is the modal amplitude constant 
coefficient. The resonant frequency of the piezoelectric 
cantilever is given as Eq. (14) according to Eq. (12) 

 𝜔௥ = (𝛽௥𝑙)ଶට𝑌𝐼 𝜌௟𝑙ସൗ  (14)

 
By using the orthogonal property of modal function 

(Glynne-Jones et al. 2004, Liu et al. 2013) and combining 
with Eq. (2), the expression of 𝜂௥(𝑡) can be obtained. 

 𝜂ሷ௥(𝑡) + 2𝜁௥𝜔௥𝜂ሶ௥(𝑡) + 𝜔௥ଶ𝜂௥(𝑡) + 𝜒௥𝜃𝑉௣ = −𝛾௥𝜌௟𝑙𝜔ሷ ௕ + 𝜙෠௥(𝑥௔)𝑓௔ଵ + 𝜙෠௥(𝑥௟)𝑓௔ଶ + 𝜙෠௥(𝑥௟)𝑓௠ (15)

 
 
 
 

 
where the parameter 𝜁௥ = ௖ೞூ௪ೝଶ௒ூ  is the damping ratio of the 

strain rate, 𝜒௥ = ௗథ෡ ೝ(௫)ௗ௫ ቚ௫ୀ௟  is one modal variable, 𝛾௥ =𝑄௥ ଶకೝఉೝ௟  is another modal variable. 𝜃 = 𝑒ଷଵ𝑏𝑑௣  is the 
electromechanical coupling coefficient. 

Considering that the second-order resonance frequency 
is far away from the first-order resonance frequency whose 
influence on the first-order mode is small (Weaver et al. 
1990), we only calculate the first-order modal component in 
the time domain integration. By reducing the order of 
equation (11) (i.e., r = 1), the above equations of motion 
and circuit can be sorted out as follows 

 
 
By solving the Eq. (16), the time-domain solutions of 

the output voltages of PE and EM are obtained, and the 
power harvested by PE, EM and BMHEH is obtained by 
introducing Eqs. (8), (9) and (10). 

 
2.3 Solution of using the Runge-Kutta algorithm 
 
Because of the existence of nonlinear magnetic force in 

BMHEH, it is difficult to get the analytical solution of the 
output voltage. But the numerical solution of the motion 
equation and circuit equation can be obtained by means of 
time domain integration, using the Runge-Kutta algorithm 
(Lu et al. 1996) which can get higher precision results. 
Since the algorithm is suitable for solving first-order 
differential equations, it is necessary to introduce 
intermediate variables to reduce the order of Eq. (16). The 
calculation process is as follows: 

The following intermediate variables are introduced 
 ቐ 𝑥ఎ(𝑡) = 𝜂ሶଵ(𝑡)𝑥௭௔ଵ(𝑡) = 𝑧ሶ௔ଵ(𝑡)𝑥௭௔ଶ(𝑡) = 𝑧ሶ௔ଶ(𝑡) (17)

 
The differential equation of Eq. (16) can be reduced to 

the first-order differential equation and expressed as 
 
 
 
 
 
 
 
 

⎩⎪⎪⎪
⎪⎨
⎪⎪⎪⎪
⎧𝜂ሷଵ(𝑡) + 2𝜁ଵ𝜔ଵ𝜂ሶଵ(𝑡) + 𝜔ଵଶ𝜂ଵ(𝑡) + 𝜒ଵ𝜃𝑉௣ = −𝛾ଵ𝜌௟𝑙𝑤ሷ ௕ + 𝜙෠ଵ(𝑥௔)𝑓௔ଵ + 𝜙෠ଵ(𝑥௟)𝑓௔ଶ + 𝜙෠ଵ(𝑥௟)𝑓௠𝑚௔ଵ𝑧ሷ௔ଵ + 𝑐௔ଵ𝑧ሶ௔ଵ + 𝑘௔ଵ𝑧௔ଵ = 𝑚௔ଵ(𝜙෠ଵ(𝑥௔)𝜂ሷଵ(𝑡) + 𝑤௕ሷ )𝑚௔ଶ𝑧ሷ௔ଶ + 𝑐௔ଶ𝑧ሶ ௔ଶ + 𝑘௔ଶ𝑧௔ଶ = 𝑚௔ଶ(𝜙෠ଵ(𝑥௟)𝜂ሷଵ(𝑡) + 𝑤௕ሷ )𝑓௔ଵ = −[𝑐௔ଵ𝑧ሶ௔ଵ + 𝑘௔ଵ𝑧௔ଵ]𝑓௔ଶ = −[𝑐௔ଶ𝑧ሶ௔ଶ + 𝑘௔ଶ𝑧௔ଶ]𝑓௠ = −𝑓௡ + 𝑚௦[𝜙෠ଵ(𝑥௟)𝜂ሷଵ(𝑡) + 𝑤௕ሷ ]𝐶௣ 𝑑𝑉௣𝑑𝑡 + 𝑉௣𝑅௅ = −𝜒ଵ𝑒ଷଵ𝑧௣௖𝑏𝜂ሶଵ(𝑡)𝑉௘௠(𝑡) = −𝜃௘௠(𝑧ሶ௔ଶ + 𝑤ሶ ௥௘௟(𝑥௟))

 (16)
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By using the fourth-order Runge-Kutta algorithm to 

solve the reduced-order Eq. (18), the analytical solution of 
the frequency response function of the output voltage can 

 
 

 
 

 
be obtained, and the frequency-domain solution of the 
system power can be received in the case of sweeping 
frequency excitation input. 

 
 

 
 

⎩⎪⎪
⎪⎪⎪⎪
⎨⎪
⎪⎪⎪⎪
⎪⎧𝑥ሶఎ(𝑡) = −𝛾ଵ𝜌௟𝑙𝑤ሷ ௕ − 𝑚௦𝜙෠ଵ(𝑥௟)𝑤௕ሷ − (2𝜁ଵ𝜔ଵ𝑥ఎ(𝑡) + +𝜔ଵଶ𝜂ଵ(𝑡) + 𝜒ଵ𝜃𝑉௣ − 𝜙෠ଵ(𝑥௔)(𝑐௔ଵ𝑥௭௔ଵ(𝑡) + 𝑘௔ଵ𝑧௔ଵ) − 𝜙෠ଵ(𝑥௟)(𝑐௔ଶ𝑥௭௔ଶ(𝑡) + 𝑘௔ଶ𝑧௔ଶ)1 − 𝑚௦𝜙෠ଵ(𝑥௟)ଶ𝜂ሶଵ(𝑡) = 𝑥ఎ(𝑡)𝑥ሶ௭௔ଵ(𝑡) = 𝑤௕ሷ + 𝜙෠ଵ(𝑥௔)𝑥ሶఎ(𝑡) − 𝑐௔ଵ𝑥௭௔ଵ(𝑡) + 𝑘௔ଵ𝑧௔ଵ𝑚௔ଵ𝑧ሶ௔ଵ(𝑡) = 𝑥௭௔ଵ(𝑡)𝑥ሶ௭௔ଶ(𝑡) = 𝑤௕ሷ + 𝜙෠ଵ(𝑥௟)𝑥ሶఎ(𝑡) − 𝑐௔ଶ𝑥௭௔ଶ(𝑡) + 𝑘௔ଶ𝑧௔ଶ𝑚௔ଶ𝑧ሶ௔ଶ(𝑡) = 𝑥௭௔ଶ(𝑡)𝑉ሶ௣ = − 𝑉௣𝑅௅𝐶௣ − 𝜒ଵ𝑒ଷଵ𝑧௣௖𝑏𝑥ఎ(𝑡) 𝐶௣൘𝑉௘௠(𝑡) = −𝜃௘௠(𝑥௭௔ଶ(𝑡) + 𝜙෠ଵ(𝑥௟)𝑥ఎ(𝑡))

(18)

 
(a) Schematic diagram of experimental setup (b) Details of the experimental equipment

 

 
(c) Independent piezoelectric portion (d) Independent electromagnetic portion

Fig. 4 Detailed illustration of experimental equipment

Table 1 Parameters of the experimental device 
Parameter Value Parameter Value 

Length of the beam-l 80×10-3 m Permittivity-𝜀ଷଷௌ  15.93 nF/m 
Width of the beam-b 33×10-3 m Equivalent resistance of the PZT-RL 500×103Ω 

Thickness of the beam-d 0.6×10-3 m Mass of the block magnet-mt 4.0×10-3 kg 
Thickness of the metal base-db 0.4×10-3 m Length of the block magnet-lt 20×10-3 m 

Thickness of the PZT-dp 0.2×10-3 m Width of the block magnet-wt 10×10-3 m 
Density of the base-ρb 8900 kg/m3 Thickness of the block magnet-ht 3×10-3 m 
Density of the PZT-ρp 7800 kg/m3 Residual magnetic flux of the rectangular magnet-Br 1.25 T 

Young’s modulus of the PZT-Yp 66 GPa Mass of the cylindrical magnet-ms 8.0×10-3 kg 
Young’s modulus of the base-Yb 96 GPa Residual magnetic flux of the cylindrical magnet-Bs 1.1 T 

Piezoelectric constant-e31 -12.54 N/mV Equivalent resistance of coils-Rem 500 Ω 
Stiffness of the EM harvester-Ka2 38.2 N/m Mass of the resonator mass block-ma 8.0×10-3 kg 

Damping ratio of the PZT-ζ 0.01 Stiffness of the resonator spring-ka1 613 N/m 
Damping ratio of the resonator spring-ζa1 0.0055 Damping ratio of the EM harvester-ζa2 0.0044 
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3. Construction of BMHEH experimental test 
platform 
 
The amount of power and voltage captured by the 

hybrid energy harvester is verified and evaluated 
experimentally. Fig. 4(a) shows the simplified block 
diagram of the experimental system. Fig. 1(b) shows the 
physical diagram of the experimental system. The system is 
mainly composed of a hybrid energy harvester, an 
electromagnetic vibration table, a digital oscilloscope, a 
resistor box, circuits, and a digital voltmeter. The 
piezoelectric cantilever’s substrate is made of copper 
(density 8900 kg/m3, elastic modulus 96 GPa) and 
piezoelectric ceramic (PZT-5A, density 7800 kg/m3, elastic 
modulus 66 GPa), and the dynamic resonator is a spring- 
mass vibration subsystem. The material of the permanent 
magnet is N35. The cylindrical permanent magnet N35 is 
suspended by a spring and moves up and down inside the 
electromagnetic coil (copper coil). The whole device is 
fixed on the shaker, and the resistance box is used as the 
load resistance. The output voltage can be measured across 
the load resistors. The digital oscilloscope can record the 
voltage and other data captured by the BMHEH vibration 
generator in real time. All values related to the experiment 
are shown in Table 1. 

To measure and assess the power generation 
performance of the hybrid energy harvester, it was 
compared to the independent piezoelectric and 
electromagnetic energy harvester respectively. The 
independent piezoelectric energy portion is shown in Fig. 
4(c), and the independent electromagnetic energy portion is 
shown in Fig. 4(d). The parameters of the hybrid energy 
harvester are the same as the piezoelectric and 
electromagnetic portions of the hybrid energy harvester, 
respectively. 

 
 

4. Experimental results and analysis 
 
4.1 Experimental and analytical study 
 
This section analyzes the maximum output power of the 

hybrid harvester and compares it with the output power 
value of the independent piezoelectric and electromagnetic 
portion. The experimental results and numerical simulation 
results of the hybrid energy harvester and the independent 
portion are compared and analyzed. The experiment and 
simulations are carried out under the base harmonic 
excitation by an electromagnetic shaker mount. The 
amplitude λ of the harmonic excitation is 1 mm, the 
acceleration a is 3 m/s2 and the frequency (𝑓 = 𝜔 2𝜋⁄ ) is 
varied from 5 Hz to 50 Hz. 

In the BMHEH system, the external loads of the 
piezoelectric system and the electromagnetic system are R௅ 
and  R௘௠ respectively (in Fig. 5). Resistance across PE and 
EM circuit is varied in the range of 10–200 KΩ and 0~1250 Ω  respectively. The output voltages are measured by 
voltmeter and the maximum output power can be then 
obtained. The experimental results are shown in Fig. 5 
below. 

Figs. 5(a) and (b) respectively represent the power of the 
independent piezoelectric or electromagnetic energy 
harvester. Figs. 5(c) and (d) respectively represent the 
curves of the power collected by the piezoelectric portion 
and the electromagnetic portion as a function. According to 
Figs. 5(a), (c) and 5(b), (d): the optimum load resistance of 
the piezoelectric portion and the electromagnetic portion 
circuits are respectively about 60 KΩ and 550 Ω. From the 
experimental results, the optimal resistance of both circuits 
is basically unchanged for the independent and hybrid 
energy harvesters, so these values (RL = 60 kΩ and Rem = 
550 Ω) can be used for the theoretical analysis. 

 
 

(a) Power with RL in independent piezoelectric device (b) Power with Rem in independent piezoelectric device
 

(c) Power with RL in hybrid piezoelectric device (d) Power with Rem in hybrid piezoelectric device

Fig. 5 Output power response of different resistances
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As can be seen from Fig. 6(a): the output power of an 

independent piezoelectric portion (PH) reaches peaks at 
around 18 Hz and 43 Hz, which are the resonance 
frequencies of the independent piezoelectric due to the 
coupling of piezoelectric parts, and the resonator 
respectively, and Fig. 6(b) shows the output power of an 
independent electromagnetic energy harvester (EH) peaks at 
around 11 Hz, which is its resonant frequency. Fig. 6(c), (d) 
and (e) show that the frequencies corresponding to the peak 
output power of PHH, EHH and HH are close to 11 Hz, 17 
Hz, and 42 Hz. Compared to an independent energy 
harvester, the resonance frequencies of the hybrid harvester 
decrease, the frequency band of energy collection is 
broadened, and the collected power is also improved over 
an independent energy harvester. Fig. 6(f) compares 
experimental power of independent piezoelectric, 

 
 

 
 

independent electromagnetic and hybrid harvesters. And 
first-order resonance frequency of the broadband-
multimodal hybrid energy harvester (BMHEH) is lower 
than that of an independent energy harvester and the hybrid 
harvester power exceeds the independent power in a large 
area between the two resonant frequencies. Therefore, the 
wideband and low-frequency power generated by the hybrid 
harvester cannot be realized by independent devices. Table 
2 shows the results comparison of the independent and 
hybrid energy harvesters. 

Figs. 6(a)-(e) show the resonance frequency obtained by 
the theoretical model is very close to that obtained by the 
experimental data, which has verified both the simulation 
and the experimental results in a certain precision. Hence, 
all subsequent analyses can be based on simplified 
theoretical models. 

(a) Independent PH power (b) Independent EH power 
 

(c) PHH power (d) EHH power 
 

 
(e) Comparison of independent HH (f) PH power, independent EH and HH powers

Fig. 6 Comparison of output power in experiments (Ex) and simulations (Th) 

Table 2 Results comparison of the independent and hybrid energy harvesters 

Type frequencies 
and peak power 

Independent 
piezoelectric (PH) 

Independent 
electromagnetic (EH)

Piezoelectric part 
of BMHEH (PHH)

Electromagnetic part 
of BMHEH (EHH) 

Hybrid harvester 
(BMHEH) 

The first (Hz) 18 11 11 11 11 
Value 1 (mW) 2.22 1.81 2.63 4.27 6.92 

The second (Hz) 43 - 17 17 17 
Value 2 (mW) 0.21 - 0.62 0.02 0.64 
The third (Hz) - - 42 42 42 
Value 3 (mW) - - 0.21 0.001 0.211 
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From Fig. 7(a), comparing the voltage curves under the 

experimental conditions of the resonator and the non-
resonator, it can be observed that after adding a resonator to 
an independent piezoelectric energy harvester, the 
resonance frequency will increase, and the modal order will 
be correspondingly increased. The natural frequency of the 
cantilever beam and the resonator are about 17 Hz and 43 
Hz respectively. The resonator only has a great influence on 
the vibration mode which is close to its own resonance 
frequency. In Fig. 7(b), the voltage response under two 
configurations with or without a nonlinear magnetic force is 
compared. The magnetic pairs in the MOE are attracted to 
each other. The voltage response of the device with MOE 
has three peaks, while the voltage response of the device 

 
 

 
 

 
 

without MOE has only two peaks. Moreover, the output 
voltage’s peak value of the harvester with MOE is higher 
than that of the harvester without MOE, but the resonant 
frequency is lower than the resonant frequency of the 
harvester without MOE. It is fully proved that the 
introduction of nonlinear magnetic force not only broadens 
the bandwidth and improves the output performance, but 
also changes the resonance frequency of the system. The 
main reason is that the configuration of the permanent 
magnet attraction (repulsion) reduces (enhances) the system 
stiffness and changes the resonance frequency of the system 
(Challa et al. 1996). In addition to broadening the 
bandwidth and improving performance, the two types of 
attraction and rejection of the magnetic pair will affect the 
 
 

 
 

(a) The influence of resonator on the frequency band of 
the system 

(b) The influence of nonlinear magnetic force on the 
frequency band of the system 

Fig. 7 Influence of resonator and nonlinear magnetic force on frequency band of system 

(a) Voltage of PHH and EHH (b) Current of PHH and EHH 

Fig. 8 Recorded voltage and current time history response of BMHEH. 

Table 3 Comparison of volume, power and energy density of different energy harvesters 

Parameter 
type Ref. Volume 

(cm3) 
Mass 
(g) 

Resonance
(Hz) 

Voltage 
(V) 

Current 
(mA) 

Power density
(μW/cm3) 

EH Glynne-Jones et al. (2004) 0.84 - 322 0.0094 7.85 44.05 
EH Liu et al. (2013) 0.035 0.0352 840 0.0037 0.00296 0.157 
PH Roundy and Wright (2004) 1.00 - 120 12.54 0.06 375 
PH Sari et al. (2008) 3.52 20.6 45.6 4.17 0.12 70.6 
PH Zhao and Erturk (2009) 4.43 23.8 - 13.65 0.0014 2.12 

HH Ab Rahman et al. (2013) - 44.3 21.6 
2.55(PHH) 0.073(PHH) 

9.5 
0.099(EHH) 1.46(EHH) 

This work  7.3 43.2 11,17,43
16.67(PHH) 0.28(PHH) 

756.5 
2.66(EHH) 3.12(EHH) 
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resonance frequency of the system to some extent. If the 
magnetic pairs of the end magnets are arranged in a mutual 
attraction/repulsion mode, the soft/hard elastic system is 
formed, which reduces or improves the stiffness of the 
system, thereby reducing or increasing the resonance 
frequency of the system. 

It can be seen from Figs. 8(a) and (b) that the output 
voltage and output current of PHH, EHH vary with time 
when the harvester base is at a harmonic amplitude of 1 mm 
and a frequency of 11 Hz. It indicates that the system 
reaches a steady state and can stably output electric energy. 
The voltage curves (Fig. 8(a)) show that the output 
voltage’s peak value of PHH is about 4 times that of EHH. 
The current curves (Fig. 8(b)) show that the output current’s 
peak value of EHH is 30 times that of PHH. Therefore, the 
hybrid harvester can produce high voltage and current at the 
same time. In order to illustrate the advantages of the hybrid 
harvester, it is compared with the existing piezoelectric and 
electromagnetic harvesters. Table 3 reports harvesters with 
the resonance frequency, volume and power harvesting 
capacity from papers. 

From Table 3, the results show that the hybrid harvester 
has higher power density and more resonant frequencies. 
Further, the resonant frequency of the harvester is low, 
which is suitable for low frequency applications. It is 
proved that the proposed hybrid energy harvester is more 
suitable for the wide frequency and multimodal energy 
collection. 

 
4.2 Numerical analysis study 
 
Numerical studies are used to determine the effect of the 

mass and spring stiffness of the resonator, as well as the 
magnet block at the end on the bandwidth and collection 
power of the energy harvester. Figs. 9(a), (b), (c), and (d) 
illustrate the effects of the mass and spring stiffness of the 
resonator on the bandwidth and power of the harvester. 

 

It can be observed from Figs. 9(a) and (c) that the 
second and third resonance frequencies decrease to some 
extent and the output voltage is properly raised with the 
increase of resonator mass, which is suitable for the energy 
collection of the low frequency vibration structure. Three 
resonance frequencies are gradually approaching, and the 
frequency band of action is also decreasing. It can be 
observed from Figs. 9(b) and (d) that the effect of the spring 
stiffness of the resonator is more in the third resonating 
frequency. As the stiffness increases, the second and third 
resonant frequencies of the system increase, the resonating 
frequencies are more separated from each other, and the 
frequency bandwidth of the three modes does not changes 
much but the output voltage peak values of the second and 
third modes are somewhat reduced. 

Comparing with Figs. 10(a), (c), (b) and (d), it can be 
implied that the electromechanical coupling coefficient 𝜃 
and the electromagnetic coupling coefficient 𝜃௘௠ 
significantly affect the output voltage and peak of output-
power obviously but have little effect on the resonance 
frequency. Therefore, the electromechanical coupling 
coefficient and the electromagnetic coupling coefficient 
significantly will increase the output voltage and output-
power peak values and harvesting frequency bandwidth of 
the system. 

From Figs. 11(a) and (c), it can be concluded that the 
mass of the end magnet mainly affects the second and third 
resonance frequencies of the energy harvester. With the 
increase of mass, the third resonance frequency decreases, 
and the resonant frequencies move closer to each other. As 
the total power increases and the bandwidth of the near 
second resonance frequency decreases, thereby the device is 
suitable for the environment with low frequencies vibration 
characteristics, such as bridges and buildings. It can be seen 
from Figs. 11(b) and (d) that the magnetic flux has a 
significant influence on the three resonant frequencies of 
the harvester. As the magnetic flux increases, the number of 

 

 

(a) Voltage of PHH and EHH (b) Current of PHH and EHH 
 

(c) Two kinds of resonator mass (d) Two kinds of spring stiffness 

Fig. 9 The effects of the mass and stiffness of the resonator on the bandwidth and power of the harvester
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resonance frequencies increases, the frequency band widens 
gradually and the output voltage increases to a certain 
extent. If the magnetic field is strong, it affects the resonant 
frequencies and generates the nonlinear effects. If the 
magnetic field is weak, it affects the resonant frequencies 
very little. The large magnetic flux intensity will increase 
the harvesting bandwidth. 

 
 

 
 
 
Therefore, under a certain regulation range, the effects 

of the mass and spring stiffness of the resonator, as well as 
the electromechanical and electromagnetic coupling 
coefficients, magnet mass and magnetic flux intensity and 
many other factors on the response bandwidth and output 
power are shown in Table 4 below. 

 

(a) Voltage of PHH and EHH (b) Current of PHH and EHH 
 

(c) Two θ values (d) Two 𝜃௘௠ values 

Fig. 10 Effect of electromechanical coupling coefficient and electromagnetic coupling coefficient on the 
bandwidth and output voltage of the harvester

(a) The effect of magnet mass (b) The effect of magnetic flux intensity
 

(c) The two magnet mass sample values (d) The two magnetic flux intensity sample values

Fig. 11 Effect of mass and flux of rectangular magnet at the end of collector on bandwidth and output voltage
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5. Conclusions 
 
An improved continuum electromechanical coupling 

analytical model was proposed for a new type of 
broadband-multimode piezoelectric-electromagnetic hybrid 
vibration energy harvester in this paper. The nonlinear 
model was solved by the Runge-Kutta algorithm, and the 
following conclusions are obtained through experimental 
verification and numerical simulation. 

 
● The resonator can not only increase the modal 

number of the hybrid harvester, but also adjust the 
resonance frequency of the harvester, and increase 
the bandwidth. The introduction of the nonlinear 
magnetic force can adjust the resonance frequency, 
widen the frequency band and improve the output 
performance. Thus, the harvester has strong 
flexibility. 

● The hybrid energy harvester can simultaneously 
generate high voltage and high current 
characteristics. The peak output voltage of the 
piezoelectric part is about 4 times that of the 
electromagnetic part, and the peak output current of 
the electromagnetic part is about 30 times that of the 
piezoelectric part. 

● It can be observed that the proposed harvester 
possesses higher power density and more resonant 
frequencies compared to the existing piezoelectric 
and electromagnetic harvesters. Also, the harvester 
has a low resonant frequency which is suitable for 
low frequency applications. It is proven that the 
hybrid is more suitable for the wide frequency band 
and multimodal energy collection. 

● The bandwidth of frequency can be adjusted by 
changing the stiffness and magnetic flux intensity of 
the resonator. The energy collected by the system 
can be adjusted within a certain range by the mass of 
the resonator, the electromechanical coupling 
coefficient, the electromagnetic coupling coefficient, 
and the mass of the magnet block. 

 
This study proved that the hybrid energy harvester is an 

effective method to improve the output performance and 
bandwidth of the traditional piezoelectric vibration energy 
harvester from both theoretical and experimental aspects. 
However, the device has not been analyzed from an 
optimization perspective and needs further study. 
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