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1. Introduction 

 
The most general and useful method for investigating 

the stability of nonlinear simulation systems is the theory 
proposed by the Russian mathematician Lyapunov in the 
late 19th century (Gutman 1979). A report published by 
Lyapunov in 1892 included two mathematics methods of 
stability analysis (lined method and direct method). The 
direct method determines this stability of the nonlinear 
simulation systems via constructing the scaled energy 
mathematics function of the simulation system and 
controlling the time change of the simulation system. Since 
then, many improvements have been made to the Lyapunov 
method. Today, Lyapunov’s lining method is now the 
theoretical basis of linear control, and Lyapunov’s theory is 
the most important tool for analyzing and designing non-
linear simulation systems. Lyapunov’s theory of stability is 
the lined method and the direct method combined. 

A number of nonlinear control mathematics methods for 
nonlinear simulation systems had been developed and 
proposed to solve the challenges of controller design in a 
real simulation system. However, these nonlinear control 
schemes are too complex to be suitable for practical 
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applications (Chen et al. 1999, 2019a, b, 2020, 
Bedirhanoglu 2014, Zhang 2015). Because the quality of 
the controller is not seen linearly, direct feedback is difficult 
to do, so it is certainly not easy to design the simulation 
system controller for nonlinear simulation systems. 

To successfully design these nonlinear simulation 
system controls, a simplified numerical model for the 
controller must be developed. In previous research, a fuzzy 
Takagi-Sugeno (TS) model was modeling practical plants 
make controller stabilize these fuzzy TS models. However, 
assuming that the fuzzy model is directly compatible with 
the nonlinear simulation system, these mathematics 
methods ignore modeling errors, which can lead to 
instability. Tanaka and Sugeno (1992), Chen et al. (1999, 
2020) and Kirakidis (1998) have presented mathematics 
methods to overcome this instability. 

In recent years, the field has developed new 
mathematics methods, each with unique advantages of 
solving complex mathematics nonlinear simulation systems, 
identification and those control mathematics problems (see 
Shariatmadar and Razavi 2014, Braz-Cesar and Barros 
2018, Ghaffarzadeh and Aghabalaei 2017, Pozo et al. 2016, 
Ying et al. 2019, Jeong et al. 2019, Chen 2014a, b, Son et 
al. 2016, Zhou et al. 2015, Tanaka and Sugeno 1992 and its 
references). Neurons type element for parallel operation of 
a neural network was design to stimulate the biological 
nervous simulation system. By adjusting the weights 
between elements, these NNs can be formed to represent 
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Finally, there is a numerical resultant example with simulation results which is designated in order to precisely demonstrate the 
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specific mathematics functions. Thus, by repeated learning, 
the nonlinear numerical simulation system can be 
approximated to the NN model. However, the stability of 
the intelligent structure of nonlinear simulation systems is 
difficult to analyze based on the control of the neural 
network model and there are few research reports. 
Therefore, this research uses LDI approach to solve the 
problem of stability analysis of the intelligent structure of 
the nonlinear simulation system. 

In order to solve the influence of modeling errors, a 
solid fuzzy mathematics control design scheme based on a 
neural network is proposed. First, we construct an NN 
multilayer perceptron, which has an original S-type 
symmetric transfer mathematics function to approximate 
nonlinear plants. The numerical dynamics of these NN 
models are then changed to LDI representation. The 
numerical model-based simulation fuzzy mathematics 
controllers are then synthesized simulation in order to 
numerically stabilize the mathematics nonlinear simulation 
system. An evolutionary algorithm is proposed to achieve 
the purpose of modeling the control simulation system. The 
so-called evolutionary bat algorithm (EBA) is able to solve 
different types of optimization problems and is thus often 
incorporated in the design of LDI controllers. Based on the 
assumption of the Lyapunov stability, a flexible model of 
structural simulation systems for artificial LDI represent-
tation including the stability criterion, for smart structural 
stability is constructed. Furthermore, fuzzy theory and EBA 
are considered in the control scheme which make the 
simulation system control more robust and easier to 

 
 

 

 
 

implement. The rest of the paper on, the design of the 
intelligent control methodology is organized in the present 
study as follows. The simulation system is described in the 
second section. In the case of modeling errors, a common 
indication is provided which is sufficient for the nonlinear 
simulation system to ensure the asymptotic simulation 
stability of the intelligent structure in section three. In 
Section four, we develop sensitive criteria for structural 
stability. In section five, we propose the design algorithm. A 
numerical example with simulation to precisely illustrate 
these feasibilities of our method is provided in section six, 
and a summary is designated at the end of this section. 

 
 

2. System simulation description 
 
Consider a numerical and discrete-time mathematics 

nonlinear simulation system that describes states as 
 𝒙(𝑘 + 1) = 𝑓(𝒙(𝑘), 𝒖(𝑘)) (1)
 

in which 𝑓(⋅)is a mathematics nonlinear numerical vector-
value mathematics function, 𝑥(𝑘)~𝑥(𝑘 − 𝑚 + 1) is the 
m-dimensional state numerical vector and 𝑢(𝑘)~𝑢(𝑘 − 

Fig. 1 NN model 
 
 𝑛 + 1) is the n-dimensional mathematics output numerical 

vector. 
Fig. 1 consider an NN model, with S layers and 𝑅௤ 

neurons for each of the layer, where the unit 𝑞 = 1, 2, ⋯ , 𝑆. 
It could be observed 𝛵(𝑣) ≡ 𝜆 {2/ሾ1 + 𝑒𝑥𝑝  (−𝑣/𝜂)ሿ − 1ሽ 
(𝜂 ൐ 0, 𝜆 ൐ 0) of some units in the NN numerical model. 
The numerical sigmoid mathematics function with two 
parameters 𝜂  and  𝜆  has generalized concept compared 
with the special case of one parameter sigmoid mathematics 
function. The weight unit matrix of these qth layers are 
written as 𝑾௤ ≡ ሾ𝑇ଵ(𝑣)    𝑇ଶ(𝑣)    ⋯     𝑇ோ೜(𝑣)ሿ் , and 𝑇௥ 
are the transfer mathematics function numerical vector with 𝜳௤. Also 

 𝑟 = 1, 2, ⋯ , 𝑅௤ (2)
 
The final mathematics output of the numerical NN 

model could be referred in the follows 
 

 

 
Accordingly, LDI is introduced into the state spatial 

representation, which is (Tanaka 1995, Tsai and Chen 2014) 
 𝒚(𝑘 + 1) = 𝐷൫𝒂(𝑘)൯𝒚(𝑘) 𝐷൫𝒂(𝑘)൯ = ෍ ℎ௜൫𝒂(𝑘)൯𝐷௜ఝ

௜ୀଵ , (5)

 
where 𝜑 is kind of a positive numerical integer, unit 𝒂(𝑘) 
is a numerical vector which signify these dependences of 
ℎ௜(⋅) . In terms of LDI characteristics, without losing 
generality, some can employ ℎ௜(𝑘)  instead of unit 
ℎ௜(𝒂(𝑘)). Firstly, it can be obviously found that 𝛵(𝑣) is 
satisfying 𝑔ଵ𝑣 ൑ 𝛵(𝑣) ൑ 𝑔ଶ𝑣,  𝑣 ൒ 0  and 𝑔ଶ𝑣 ൑ 𝛵(𝑣) ൑𝑔ଵ𝑣,  𝑣 ൏ 0. 

The transfer numerical mathematics function numerical 
vector unit 𝜳௤  and net mathematics output numerical 
vector unit 𝑣௤, the min-max numerical matrix 𝑮(𝑣௤, 𝜳௤) 
is then defined as the following 

 𝑮(𝑣௤, 𝜳௤) ≡ 𝑑𝑖𝑎𝑔൫𝑔(𝛵௥)൯,         𝑟 = 1, 2, ⋯ , 𝑅௤. (6)
 
Furthermore, based on these interpolation mathematics 

methods and the Eq. (4), we acquire 

𝑥(𝑘 + 1) = 𝜳 ௌ ቆ𝑾ௌ ൈ 𝜳 ௌିଵ ൬𝑾ௌିଵ ൈ 𝜳 ௌିଶ ቀ⋯ ⋯ 𝜳 ଶ ቀ𝑾ଶ ൈ 𝜳 ଵ൫𝑾ଵ ൈ 𝒁(𝑘)൯ቁ ⋯ ⋯ ቁ൰ቇ (3)

𝒁(𝑘)் = ሾ𝑥(𝑘) ⋯ 𝑥(𝑘 − 𝑚 + 1) 𝑢(𝑘) ⋯ 𝑢(𝑘 − 𝑛 + 1)ሿ. (4)
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where 
 

ℎଵ௤(𝑘),    ℎଶ௤(𝑘) ∈ ሾ0, 1ሿ, ෍ ℎ௝ೝ೜௤ (𝑘) = 1,ଶ
௝ೝ೜ୀଵ  
෍ ℎ௩೜௤௩೜ (𝑘) = ෍ ⋯ଶ

௝భ೜ୀଵ ෍ ℎ௝భ೜௤ (𝑘) ⋯ ℎ௝ೃ೜೜௤ (𝑘)ଶ
௝ೃ೜೜ ୀଵ , 𝑱௩ ≡ 𝑮(𝑣ௌ, 𝜳 ௌ)𝑾ௌ ⋯ 𝑮(𝑣ଵ, 𝜳 ଵ)𝑾ଵ, 

ℎ௩(𝑘) ൐ 0, ෍ ℎ௩(𝑘)௩ ≡ ෍ ⋯ ෍ ℎ௩ೞௌ (𝑘) ⋯ ℎ௩భଵ (𝑘)௩భ௩ೞ = 1. 
 
The dynamics of the NN numerical model Eq. (8) could 

then be numerically rewritten as follows with LDI 
representation 

 𝒙(𝑘 + 1) = ෍ ℎ௜(𝑘)𝑱௜𝒁(𝑘)ఝ
௜ୀଵ  

                  = ෍ ℎ௜(𝑘){𝑨௜𝒙(𝑘) + 𝑩௜𝒖(𝑘)ሽఝ
௜ୀଵ  

(9)

 

where 
 𝒙(𝑘)் = ሾ𝑥(𝑘) 𝑥(𝑘 − 1) ⋯ 𝑥(𝑘 − 𝑚 + 1)ሿ, 𝒖(𝑘)் = ሾ𝑢(𝑘) 𝑢(𝑘 − 1) ⋯ 𝑢(𝑘 − 𝑛 + 1)ሿ, and 𝑱௜ is 

the appropriate dimension which is associated with 𝑱௩(𝑾, 𝜳). Besides, units 𝑨௜ and 𝑩௜ are respectively the 
partitions of unit 𝑱௜  which is corresponding to the 
mathematics partition 𝒁(𝑘)் = ሾ𝑥(𝑘) ⋯ 𝑥(𝑘 − 𝑚 + 1) 𝑢(𝑘) ⋯ 𝑢(𝑘 − 𝑛 + 1)ሿ. 

Herein, the synthesized fuzzy controllers are in the form 
of 

 IF  𝑥ଵ(𝑘)  is   𝑀௜ଵ  and  ⋯   and  𝑥௠(𝑘)  is  𝑀௜௠THEN    𝒖(𝑘) = 𝑲௜𝒙(𝑘),     𝑖 = 1, 2, ⋯ , 𝜇 (10)

 
where 𝜇 is the numerical number of IF-THEN logic rules 
and the last mathematics output of these numerical 
controller is then referred in the following 

 𝒖(𝑘) = ∑ 𝑤௜(𝑘)𝑲௜𝒙(𝑘)ఓ௜ୀଵ∑ 𝑤௜(𝑘)ఓ௜ୀଵ = ෍ ℎ෠௜(𝑘)𝑲௜𝒙(𝑘)ఓ
௜ୀଵ  (11)

 

with 
 𝑤௜(𝑘) = ෑ 𝑀௜௝ ቀ𝑥௝(𝑘)ቁ௠

௝ୀଵ ,          ℎ෠௜(𝑘) = 𝑤௜(𝑘)∑ 𝑤௜(𝑘)ఓ௜ୀଵ  

 
in which 𝑀௜௝(𝑥௝(𝑘)) is these grades in membership of unit 

 

 
 𝑥௝(𝑘) in 𝑀௜௝. In these studies, they are also assumed in the 
form of unit 𝑤௜(𝑘) ൒ 0, and ∑ 𝑤௜(𝑘)ఓ௜ୀଵ ൐ 0 for all kinds 
of k. Therefore, the unit ℎ෠௜(𝑘) ൒ 0, 𝑖 =   1, 2, ⋯ , 𝜇  and ∑ ℎ෠௜(𝑘)ఓ௜ୀଵ = 1 for these units k. 

 
 

3. Fuzzy robustness smart control design 
 
In this section, the mathematics nonlinear closed-loop 

smart structural asymptotically stable simulation system is 
evaluated and considered under these influences of 
numerical modeling error e(k). The issue of modeling error 
is presented and ensured for smart structural asymptotic and 
associated stability of the numerical nonlinear simulation 
system derived below. 

If substituting Eq. (11) into Eq. (1), which yields these 
closed-loop mathematics nonlinear simulation systems as 
follows 

 𝒙(𝑘 + 1)= ෍ ෍ ℎ௜(𝑘)ℎ෠௝(𝑘)൫𝑨௜ + 𝑩௜𝑲௝൯𝒙(𝑘)ఓ
௝ୀଵ

ఝ
௜ୀଵ + {𝐹(𝒙(𝑘)) 

    − ෍ ෍ ℎ௜(𝑘)ℎ෠௝(𝑘)൫𝑨௜ + 𝑩௜𝑲௝൯𝒙(𝑘)ఓ
௝ୀଵ

ఝ
௜ୀଵ ሽ 

= ෍ ෍ ℎ௜(𝑘)ℎ෠௝(𝑘)𝑯௜௝𝒙(𝑘) + 𝒆(𝑘)ఓ
௝ୀଵ

ఝ
௜ୀଵ  

(12)

 
where 

 𝐹൫𝒙(𝑘)൯ ≡ 𝑓൫𝒙(𝑘), 𝒖(𝑘)൯, 𝑯௜௝ = 𝑨௜ + 𝑩௜𝑲௝, 𝒆(𝑘) = ቐ𝐹൫𝒙(𝑘)൯ − ෍ ෍ ℎ௜(𝑘)ఓ
௝ୀଵ ℎ෠௝(𝑘)൫𝑨௜ + 𝑩௜𝑲௝൯ఝ

௜ୀଵ 𝒙(𝑘)ቑ (13)

 
and supposing the fact that there exits a bounding numerical 
matrix Δ𝑯௜௝, for example 

 ‖ 𝒆(𝑘) ‖ ൑ ቯ ෍ ෍ ℎ௜(𝑘)ℎ෠௝(𝑘)Δ𝑯௜௝𝒙(𝑘)ఓ
௝ୀଵ

ఝ
௜ୀଵ ቯ (14)

 
Δ𝑯௜௝ = 𝛿௜௝𝑯௤ (15)

 
We could derive 
 (𝑘)்𝒆(𝑘) ൑ {𝑯௤𝒙(𝑘)ሽ்{𝑯௤𝒙(𝑘)ሽ (16)
 

which demonstrates the modeling error in Eq. (13) is 
bounded particularly by the specified 𝑯௤. 

𝑥(𝑘 + 1) = { ෍ ⋯ଶ
௝భೄୀଵ ෍ ℎ௝భೄௌ (𝑘) ⋯ ℎ௝ೃೞೄௌ (𝑘)𝑮(𝑣ௌ, 𝜳 ௌ)ଶ

௝ೃೞೄ ୀଵ (𝑾ௌ ൈ ሾ⋯ ⋯ ሾ ෍ ⋯ଶ
௝భమୀଵ ෍ ℎ௝భమଶ (𝑘) ⋯ ℎ௝ೃమమଶ (𝑘)ଶ

௝ೃమమ ୀଵ  (7)

⋅ 𝑮(𝑣ଶ, 𝜳 ଶ)(𝑾ଶ ൈ ቎ ෍ ⋯ଶ
௝భభୀଵ ෍ ℎ௝భభଵ (𝑘) ⋯ ℎ௝ೃభభଵ (𝑘)𝑮(𝑣ଵ, 𝜳 ଵ)ଶ

௝ೃభభ ୀଵ (𝑾ଵ ൈ 𝒁(𝑘))ሿ)ሿ ⋯ ⋯ ሿ)ሽ = ෍ ℎ௩(𝑘)𝑱௩(௩ 𝑾, 𝜳 )𝒁(𝑘) (8)
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Herein, an important criterion is then designated as 
below to basically guarantee these Smart Structural 
asymptotic stabilities of these closed-loop numerical 
nonlinear simulation system Eq. (12). 

 
Theorem 3.1: 
If there exist a numerically positive definite matrix P 

and then there is a positive changeable constant unit κ  
and result in that the following inequality 

 ൬𝑯௜௝ + 𝑯௝௜2 ൰் 𝑷 ൬𝑯௜௝ + 𝑯௝௜2 ൰ − 𝑷 + ൫𝜅 𝑯௜௝்𝑷𝑯௜௝൯+(1 + 𝜅ିଵ)𝜆ெ(𝑷)𝑯௤்𝑯௤ሿ𝒙(𝑘) ൏ 0 
(17)

 
is satisfied for the parameters𝑖 = 1, 2, ⋯ , 𝜑; 𝑗 = 1, 2, ⋯ , 𝜇 
where unit 𝜆ெ(𝑷)  means the numerical maximum 
eigenvalue of unit P, then these closed-loop numerical 
nonlinear simulation systems Eq. (12) is then 
asymptotically stable. 

Based on the learning from bats in the natural world, the 
EBA is discussed (Tsai et al. 2015). Unlike other swarm 
information algorithms, the advantage of EBA is only in 
case that one parameter (called the medium) calls for need 
to be determined and then these algorithms are used to solve 
the problem. In the process of evolution, the choice of 
different medium will determine the different stages of the 
research. In this study, we chose air in the reason that these 
original media we introduced in the natural and physical 
environment in which bats basically live. These operations 
of EBA could be simplified in four stages: 

 
Origin: randomly assign artificial reactions to them, and 

disperse them in the solution space. 
Movement: Say the artificial preparation is moved. 

Create a random mathematics number, then check if it 
exceeds the fixed pulse mathematics emission rate. Upon 
the result is positive, use a random walking process to move 
the artificial preparation. 

 𝑥௜௧ = 𝑥௜௧ିଵ + 𝐷, 
 
In which 𝑥௜௧ demonstrates the unit coordinate of these 

i-th artificial mathematics agents at the t-th iteration, unit 𝑥௜௧ିଵ demonstrates the possible mathematics coordinate of 
these i-th artificial mathematics agents at the ending 
iteration, and unit D is the numerical moving mathematics 
distance that these artificial mathematics agents go to these 
iterations. 𝐷 = 𝛾 ∙ ∆𝑇 

 
In which unit 𝛾  is a numerical constant which is 

corresponding to these possible mediums which was chosen 
for these numerical experiments. 

 𝑥௜௧ೃ = 𝛽(𝑥௕௘௦௧ − 𝑥௜௧),     𝛽 ∈ ሾ0,1ሿ 
 
In which 𝛽 is a numerical random number; unit 𝑥௕௘௦௧ 

represents the coordinate of these near and best solutions 
which are found so far all throughout all of those artificial 
mathematics agents, and unit 𝑥௜௧ೃ  denotes the new 
numerical coordinates of these artificial mathematics agents 

after these operations of the numerical random all walk in 
the process. 

 
 

4. Smart NN relaxed simulation system and the 
stability analyses 
 
In the section, a smart structural stability criterion is 

presented to stabilize the numerical simulation system 
utilizing the same fuzzy controller designed. 

The corresponding relaxed simulation system Eq. (18) is 
defined as 

 𝒙ோ(𝑘 + 1) = ෍ 𝛼௠(𝑘)ఛ
௠ୀଵ 𝑓(𝒙ோ(𝑘), 𝒖ோ(𝑘), 𝛽௠(𝑘)) (18)

 
where 𝛼௠(𝑘) is regarded with non-negative and it satisfies 

 0 ൑ 𝛼௠(𝑘) ൑ 1,   ෍ 𝛼௠(𝑘)ఛ
௠ୀଵ = 1 (19)

 
In the subsection, the NN numerical model of the 

relaxed simulation system (will be called as “NN relaxed 
simulation system” in the following text) is reconstructed. 
First, the last mathematics output of these closed-loop NN 
relaxed simulation systems are describing as follows in the 
form of 

 𝑥(𝑘 + 1) = ෍ ℎሜ ௩(𝑘)𝑱ሜ௩(௩ 𝑾ሜ , 𝜳 )𝒁(𝑘) (20)
 

where 
 𝑱ሜ௩ ≡ 𝑮(𝑣ௌ, 𝜳 ௌ)𝑾ሜ ௌ ⋯ 𝑮(𝑣ଵ, 𝜳 ଵ)𝑾ሜ ଵ, 

ℎሜ ௩(𝑘) ൐ 0,         ෍ ℎሜ ௩(𝑘) = 1௩  

 

Then, the same fuzzy controller synthesized in Eq. (11) 
is used to stabilize the numerical simulation system. Next, 
the numerical dynamics of these NN relaxed models are 
rewritten as the LDI representation with ℎሜ ௜(𝑘) ൒ 0 , ∑ ℎሜ ௜(𝑘) = 1ఝ௜ୀଵ  

 𝒙(𝑘 + 1) = ෍ ෍ ℎሜ ௜(𝑘)ℎ෠௝(𝑘){𝑨ሜ ௜(𝛼௠, 𝛽௠)ఓ
௝ୀଵ

ఝ
௜ୀଵ +𝑩ሜ ௜(𝛼௠, 𝛽௠)𝑲௝ሽ𝒙(𝑘) 

(21)

 
In the remainder of this study, we replace 𝑨ሜ ௜(𝛼௠, 𝛽௠ ) 

and 𝑩ሜ ௜(𝛼௠, 𝛽௠ )  with 𝑨ሜ ௜  and 𝑩ሜ ௜ , respectively. Hence, 
some could appropriately calculate and regulate these 
parameters 𝛼௠ and 𝛽௠ to get the appropriate matrices 𝑨ሜ ௜ 
and 𝑩ሜ ௜. According to Eq. (12) some have the numerical 
closed-loop simulation system in the following 

 𝒙(𝑘 + 1) = ෍ ෍ ℎሜ ௜(𝑘)ℎ෠௝(𝑘)𝑯ሜ ௜௝𝒙(𝑘) + 𝒆̄(𝑘)ఓ
௝ୀଵ

ఝ
௜ୀଵ  (22)

 
where 
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Smart structural stability and NN based intelligent control for nonlinear systems 𝐹൫𝒙(𝑘), 𝑑(𝑘)൯ ≡ 𝑓൫𝒙(𝑘), 𝒖(𝑘), 𝑑(𝑘)൯, 𝑯ሜ ௜௝ = 𝑨ሜ ௜ + 𝑩ሜ ௜𝑲௝, 𝒆̄(𝑘) = {𝐹(𝒙(𝑘), 𝑑(𝑘))                − ෍ ෍ ℎሜ ௜(𝑘)ఓ

௝ୀଵ ℎ෠௝(𝑘)൫𝑨ሜ ௜ + 𝑩ሜ ௜𝑲௝൯ఝ
௜ୀଵ 𝒙(𝑘)ሽ 

(23)

 
In similar fashion, suppose the results that there exits a 

bounding numerical matrix Δ𝑯ሜ ௜௝ such resulted from 
 ‖ 𝒆̄(𝑘) ‖ ൑ ቯ ෍ ෍ ℎሜ ௜(𝑘)ℎ෠௝(𝑘)Δ𝑯ሜ ௜௝𝒙(𝑘)ఓ

௝ୀଵ
ఝ

௜ୀଵ  ቯ (24)

 
Δ𝑯ሜ ௜௝ = 𝛿௜௝𝑯ሜ ௤ (25)

 
where ฮ 𝛿௜௝ฮ ൑ 1, for 𝑖 = 1, 2, ⋯ , 𝜑 and 𝑗 = 1, 2, ⋯ , 𝜇. 

Herein, a smart structural stability criterion with the 
parameters is designated below to precisely guarantee the 
smart structural asymptotic simulation stability of the 
numerical closed-loop simulation system Eq. (22). 

 
Theorem 4.1 
The numerical closed-loop simulation system is 

asymptotically and precisely stable if there is existing a 
positive definite numerical matrix Q and a positive constant 
value 𝜅 resulting in the following inequality 

 ቆ𝑯ሜ ௜௝ + 𝑯ሜ ௝௜2 ቇ் 𝑸 ቆ𝑯ሜ ௜௝ + 𝑯ሜ ௝௜2 ቇ − 𝑸 + ൫𝜅 𝑯ሜ ௜௝்𝑸𝑯ሜ ௜௝൯+(1 + 𝜅ିଵ)𝜆ெ(𝑸)𝑯ሜ ௤்𝑯ሜ ௤ሿ𝒙(𝑘) ൏ 0 
(26)

 
is satisfied for 𝑖 = 1, 2, ⋯ , 𝜑;  𝑗 = 1, 2, ⋯ , 𝜇 where 𝜆ெ(𝑸) 
represents the maximum numerical eigenvalue of Q. 

The solid proof of these Theorem could be discussed in 
the same way by the follows in these same procedures while 
these proofs of Theorem 3.1, but with 𝑯௜௝ being replaced 
by 𝑯ሜ ௜௝. Therefore, this proof is not repeated here. 

 
 

5. Derived algorithm 
 
The whole design process can be precisely summarized 

to synthesize a model based smart fuzzy controller with the 
following steps. 

 
Step no. 1: Establish an NN numerical model, then 

convert it to LDI formulation. 
Step no. 2: Synthesize a model-based fuzzy controller. 
Step no. 3: Select the bounding matrix Δ𝑯௜௝(= 𝛿௜௝𝑯௤) 

to satisfy robustness design. 
Step no. 4: If there exists a numerically positive definite 

numerical P to satisfy these stability simulation conditions 
Eq. (17), the simulation system could be precisely stabilized 
by these synthesized controllers. 

Step no. 5: Apply the EBA relaxed method to establish 
the relaxed simulation system. 

Step 6: Reconstruct an EBA NN model of the relaxed 
simulation system and then convert it into LDI 
representation. 

Step no. 7: Select the bounding matrix Δ𝑯ሜ ௜௝ (= 𝛿௜௝𝑯ሜ ௤) 
to satisfy robustness design. 

Step no. 8: Adjust the parameters 𝛼௠  and 𝛽௠  to 
satisfy the stability condition Eq. (26). 

 
 

6. Example 
 
Consider a mode control of seismically excited 

structures by the following equation (Tanaka 1995) 
 𝑥(𝑘 + 1) = −1.1𝑥(𝑘 − 1) + 0.2𝑥(𝑘)ଶ𝑢(𝑘). (27)
 
It can be easily seen that at least near the starting point, 

the powerless simulation system is unstable. These purposes 
of the examples are to synthesize a model-based EBA fuzzy 
numerical controller for this mathematics nonlinear 
simulation system. 

 
Step 1: A simulation appropriate NN numerical model 

which is shown in Fig. 2 with two simulation layers in 
which the hidden simulation layer makes of two fuzzy 
neurons and these mathematics output layers are used to 
approximate nearly the mathematics nonlinear numerical 
simulation system Eq. (27). After our training the neurons 
by the introducing backpropagation algorithm, the unit 
weights could be designated as the following results (The 
training process can be referred in manual book of Matlab 
toolbox and the detail is not repeated here. Also, we use as 
few as layers and hidden neurons to show the robustness of 
the proposed criterion) 

 𝑊ଵଵଵ = 0.4164,         𝑊ଵଶଵ = 0.3997,        𝑊ଵଷଵ = −0.1423, 𝑊ଶଵଵ = −0.5647,     𝑊ଶଶଵ = −0.2601,     𝑊ଶଷଵ = 0.1626, 𝑊ଷଵଵ = −8.9071,     𝑊ଷଶଵ = −7.0720. 
 
From Fig. 2 we have† 

 𝑣௥ଵ = 𝑊௥ଵଵ 𝑥(𝑘) + 𝑊௥ଶଵ 𝑥(𝑘 − 1) + 𝑊௥ଷଵ 𝑢(𝑘),𝑟 = 1, 2 (28)

 𝑣ଵଶ = 𝑊ଵଵଶ 𝑇( 𝑣ଵଵ) + 𝑊ଵଶଶ 𝑇( 𝑣ଶଵ) (29)
 𝑥(𝑘 + 1) = 𝑇( 𝑣ଵଶ) (30)
 

where 
 𝛵(𝑣௥ଵ) = 2ቂ1 + 𝑒𝑥𝑝 ቀ− ௩ೝభ଴.ହቁቃ − 1, 𝑟 = 1, 2 (31)

 𝛵(𝑣ଵଶ) = 2/ ቈ1 + 𝑒𝑥𝑝  ቆ− 𝑣௥ଶ0.5ቇ቉ − 1. (32)

 
According to Eqs. (31)-(32), the minimum numerical 

value and the mathematics maximum numerical value of the 
mathematics derivative of unit T(𝑣)  could thus be 
designated in the following form 

 
† The symbol 𝑣௕௔ represents the net numerical input of the possible bth 
fuzzy neuron of the ath simulation layer. 
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Fig. 2 The NN model of Eq. (27) 
 
 𝑔ଵ = 𝑚𝑖𝑛௩ 𝑑 𝛵(𝑣)𝑑 𝑣 = 0,            𝑔ଶ = 𝑚𝑎𝑥௩ 𝑑 𝛵(𝑣)𝑑 𝑣 = 1. 
 
Nevertheless, according to the interpolation numerical 

method, the Eqs. (31)-(32) could be denoted in the form of 
 𝑇𝑣௥ଵ) = ൫ℎ௥ଵଵ (𝑘)𝑔ଵ + ℎ௥ଶଵ (𝑘)𝑔ଶ൯𝑣௥ଵ,     𝑟 = 1, 2 (33)
 𝑇(𝑣ଵଶ) = ൫ℎଵଵଶ (𝑘)𝑔ଵ + ℎଵଶଶ (𝑘)𝑔ଶ൯𝑣ଵଶ. (34)
 
From Eqs. (30) and (34), we get 
 𝑥(𝑘 + 1) = ൫ℎଵଵଶ (𝑘)𝑔ଵ + ℎଵଶଶ (𝑘)𝑔ଶ൯𝑣ଵଶ                   = ෍ ℎଵ௟ଶ (𝑘)𝑔௟𝑣ଵଶଶ

௞ୀଵ . (35)

 
Substituting Eqs. (29), (33)-(34) into Eq. (35) yields 
 𝑥(𝑘 + 1) = ෍ ℎଵ௟ଶ (𝑘)𝑔௟ ෍ 𝑊ଵ௥ଶ 𝑇(𝑣௥ଵ)ଶ

௥ୀଵ
ଶ

௟ୀଵ  
= ෍ ℎଵ௟ଶ (𝑘)𝑔௟ ෍ ෍ ℎଵ௣ଵ (𝑘)ℎଶ௦ଵ (𝑘)                (𝑔௣𝑊ଵଵଶ 𝑣ଵଵ + 𝑔௦𝑊ଵଶଶ 𝑣ଶଵ)ଶ

௦ୀଵ
ଶ

௣ୀଵ
ଶ

௟ୀଵ  
(36)

 
By plugging Eq. (28) into Eq. (36), we obtain 
 𝑥(𝑘 + 1) = ෍ ෍ ෍ ℎଵ௟ଶ (𝑘)ℎଵ௣ଵ (𝑘)ℎଶ௦ଵ (𝑘)ଶ

௦ୀଵ
ଶ

௣ୀଵ
ଶ

௟ୀଵ {𝑔௟(𝑔௣𝑊ଵଵଶ 𝑊ଵଵଵ+ 𝑔௦𝑊ଵଶଶ 𝑊ଶଵଵ )𝑥(𝑘) + 𝑔௟(𝑔௣𝑊ଵଵଶ 𝑊ଵଶଵ+ 𝑔௦𝑊ଵଶଶ 𝑊ଶଶଵ )𝑥(𝑘 − 1) 

(37)

 
The matrix representation of Eq. (37) is 
 𝒙(𝑘 + 1) = ෍ ෍ ෍ ℎଵ௟ଶ (𝑘)ℎଵ௣ଵ (𝑘)ℎଶ௦ଵ (𝑘)   ቀ𝑨௟௣௦𝒙(𝑘) + 𝑩௟௣௦𝑢(𝑘)ቁଶ

௦ୀଵ
ଶ

௣ୀଵ
ଶ

௟ୀଵ  (38)

 
where 

 

Moreover, according to renumbering the numerical 
matrices, the NN numerical model Eq. (38) could be 
transformed into the proceeding LDI form in representation 

 𝒙(𝑘 + 1) = ෍ ℎ௜(𝑘)(𝑨௜𝒙(𝑘) + 𝑩௜𝑢(𝑘))ସ
௜ୀଵ  (39)

 
In which 
  ℎଵ(𝑘) = ℎଵଵଶ (𝑘)ℎଵଵଵ (𝑘)ℎଶଵଵ (𝑘) + ℎଵଵଶ (𝑘)ℎଵଵଵ (𝑘)ℎଶଶଵ (𝑘)                +ℎଵଵଶ (𝑘)ℎଵଶଵ (𝑘)ℎଶଵଵ (𝑘) + ℎଵଵଶ (𝑘)ℎଵଶଵ (𝑘)ℎଶଶଵ (𝑘)                +ℎଵଶଶ (𝑘)ℎଵଵଵ (𝑘)ℎଶଵଵ (𝑘),  ℎଶ(𝑘) = ℎଵଶଶ (𝑘)ℎଵଵଵ (𝑘)ℎଶଶଵ (𝑘),  ℎଷ(𝑘) = ℎଵଶଶ (𝑘)ℎଵଶଵ (𝑘)ℎଶଵଵ (𝑘),  ℎସ(𝑘) = ℎଵଶଶ (𝑘)ℎଵଶଵ (𝑘)ℎଶଶଵ (𝑘), 
 

and 
 𝑨ଵ = 𝑨ଵ௣௦ = 𝑨ଶଵଵ = ቂ0 01 0ቃ , 𝑨ଶ = 𝑨ଶଵଶ = ቂ3.9933 1.83931 0 ቃ , 𝑨ଷ = 𝑨ଶଶଵ = ቂ−3.7091 −3.56011 0 ቃ , 𝑨ସ = 𝑨ଶଶଶ = ቂ0.2843 −1.72081 0 ቃ , 𝑩ଵ = 𝑩ଵ௣௦ = 𝑩ଶଵଵ = ቂ00ቃ ,         𝑝, 𝑠 = 1, 2, 𝑩ଶ = 𝑩ଶଵଶ = ቂ−1.15010 ቃ , 𝑩ଷ = 𝑩ଶଶଵ = ቂ1.26740 ቃ , 𝑩ସ = 𝑩ଶଶଶ = ቂ0.11730 ቃ. 
 
Step 2: The membership mathematics functions of 

method Rule 1 and method Rule 2 are indicated in Fig. 3 
and the fuzzy controllers are basically synthesized in the 
following form: 

 
Control Rules: 
 IF 𝑥(𝑘) is 𝑀ଵ THEN  unit   𝑢(𝑘) = 𝑲ଵ𝒙(𝑘),IF 𝑥(𝑘) is 𝑀ଶ THEN  unit   𝑢(𝑘) = 𝑲ଶ𝒙(𝑘),IF unit 𝑥(𝑘) is 𝑀ଷ THEN  𝑢(𝑘) = 𝑲ଷ𝒙(𝑘),IF 𝑥(𝑘) is 𝑀ସ THEN   𝑢(𝑘) = 𝑲ସ𝒙(𝑘) 

(40)

 
where 𝑲ଵ = ሾ2 −1ሿ, 𝑲ଶ = ሾ−1 2ሿ, 𝑲ଷ = ሾ−3 1ሿ, 𝑲ସ = ሾ−2 4ሿ. 

 
Steps 3-4: According to robustness design, an 

appropriate bounding numerical matrix is thus chosen as 
 𝑯௤ = ቂ−3.3801 −1.03170.45 0 ቃ,      𝛿௜௝ = 𝐼. (41)
 
Furthermore, the assumption robustness design is thus 

satisfied from the showing illustration as seen in Fig. 4. 
 𝑨௟௣௦ = ൤𝑔௟൫𝑔௣𝑊ଵଵଶ 𝑊ଵଵଵ + 𝑔௦𝑊ଵଶଶ 𝑊ଶଵଵ ൯ 𝑔௟൫𝑔௣𝑊ଵଵଶ 𝑊ଵଶଵ + 𝑔௦𝑊ଵଶଶ 𝑊ଶଶଵ ൯1 0 ൨ , 𝑩௟௣௦ = ൤𝑔௟൫𝑔௣𝑊ଵଵଶ 𝑊ଵଷଵ + 𝑔௦𝑊ଵଶଶ 𝑊ଶଷଵ ൯0 ൨ , 𝒙(𝑘)் = ሾ𝑥(𝑘) 𝑥(𝑘 − 1)ሿ. 
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Fig. 3 Membership mathematics functions (Rule 1: ‘solid’, 
Rule 2: ‘dash’, Rule 3: dot’, Rule 4: ‘dash-dot’)

 
 

Fig. 4 The plots of ฮ𝐹൫𝒙(𝑘), 𝑑(𝑘)൯ −∑ ∑ ℎሜ ௜(𝑘)ఓ௝ୀଵ ℎ෠௝(𝑘)൫𝑨௜ + 𝑩௜𝑲௝൯ఝ௜ୀଵ 𝒙(𝑘)ฮ
(dash-dot line) and ฮ ∑ ∑ ℎሜ ௜(𝑘)ℎ෠௝(𝑘)Δ𝑯௜௝𝒙(𝑘)ఓ௝ୀଵఝ௜ୀଵ  ฮ (solid line) 

 
 

However, there doesn’t exist any positive definite numerical 
matrix P to basically satisfy the Smart Structural stability 
condition Eq. (17). The response of 𝑥(𝑘)  for the 
simulation closed-loop mathematics nonlinear simulation 
system is illustrated in Fig. 5. In term of Fig. 5, the 
mathematics nonlinear numerical simulation system Eq. 
(27) cannot be asymptotically and precisely stabilized via 
the introducing synthesized fuzzy controller Eq. (40). 

 
Step 5: The mathematics nonlinear simulation system 

can be written as follows 
 𝑥(𝑘 + 1) = −1.1𝑥(𝑘 − 1) + 0.2(𝑑(𝑘) + 𝑥(𝑘))ଶ𝑢(𝑘). (42)
 
Based on Eq. (19), the corresponding relaxed simulation 

system of Eq. (42) is established as the showing equation 
 𝑥(𝑘 + 1) = −1.1𝑥(𝑘 − 1) + 0.2(𝛼ଵ(𝛽ଵ + 𝑥(𝑘))ଶ                       +𝛼ଶ(𝛽ଶ + 𝑥(𝑘))ଶ)𝑢(𝑘) (43)
 

Fig. 5 The response of x(k) for the closed-loop mathematics 
nonlinear simulation system (unstable) 

 
 

where 𝛼௜ and 𝛽௜ are the parameters for 𝑖 = 1, 2. Next, we 
choose that 

 𝛼ଵ = 0.5,     𝛼ଶ = 1 − 𝛼ଵ = 0.5 (44)
 

and 
 𝛽ଵ = −𝛽ଶ = 𝜉 (45)
 

where 𝜉 is a real constant number. By plugging Eqs. (44)-
(45) into Eq. (43), we obtain 

 𝑥(𝑘 + 1) = −1.1𝑥(𝑘 − 1) + 0.2(𝑥(𝑘)ଶ + 𝜉ଶ)𝑢(𝑘). (46)
 
Step 6: In the follows, we purpose and find a possibly 

appropriate amplitude 𝜉 to reasonably stabilize the closed-
loop simulation system with the use of EBA fuzzy 
controller Eq. (40) 

By the same procedure as that in Step 1, we have 
 𝑣௥ଵ = 𝑊ሜ ௥ଵଵ (𝜉)𝑥(𝑘) + 𝑊ሜ ௥ଶଵ (𝜉)𝑥(𝑘 − 1)+𝑊ሜ ௥ଷଵ (𝜉)𝑢(𝑘),                𝑟 = 1, 2 (47)

 𝑣ଵଶ = 𝑊ሜ ଵଵଶ (𝜉) 𝑇( 𝑣ଵଵ) + 𝑊ሜ ଵଶଶ (𝜉) 𝑇( 𝑣ଶଵ) (48)
 𝑥(𝑘 + 1) = T(𝑣ଵଶ). (49)
 
According to Eq. (36), we can get 
 𝑥(𝑘 + 1) = ෍ ෍ ෍ ℎሜଵ௟ଶ (𝑘)ℎሜ ଵ௣ଵ (𝑘)ℎሜ ଶ௦ଵ (𝑘)ଶ

௦ୀଵ
ଶ

௣ୀଵ
ଶ

௟ୀଵ  ቄ𝑔௟ ቀ𝑔௣𝑊ሜ ଵଵଶ (𝜉)𝑊ሜ ଵଵଵ (𝜉) + 𝑔௦𝑊ሜ ଵଶଶ (𝜉)𝑊ሜ ଶଵଵ (𝜉)ቁ 𝑥(𝑘) +𝑔௟ ቀ𝑔௣𝑊ሜ ଵଵଶ (𝜉)𝑊ሜ ଵଶଵ (𝜉) + 𝑔௦𝑊ሜ ଵଶଶ (𝜉)𝑊ሜ ଶଶଵ (𝜉)ቁ 𝑥(𝑘 − 1)+𝑔௟ ቀ𝑔௣𝑊ሜ ଵଵଶ (𝜉)𝑊ሜ ଵଷଵ (𝜉) + 𝑔௦𝑊ሜ ଵଶଶ (𝜉)𝑊ሜ ଶଷଵ (𝜉)ቁ 𝑢(𝑘)ቅ 

(50)

 
The matrix representation of Eq. (50) is 
 𝒙(𝑘 + 1) = ෍ ෍ ෍ ℎሜ ଵ௟ଶ (𝑘)(𝑘)ℎሜ ଵ௣ଵ (𝑘)ℎሜ ଶ௦ଵ (𝑘)ଶ

௦ୀଵ
ଶ

௣ୀଵ
ଶ

௟ୀଵ (𝑨ሜ ௟௣௦𝒙(𝑘) + 𝑩ሜ ௟௣௦𝑢(𝑘)) 

(51)
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where 
 

 
Similarly, these NN numerical models Eq. (51) could be 

transformed into the results as the following simulation LDI 
representation 

 𝒙(𝑘 + 1) = ෍ ℎሜ ௜(𝑘)(𝑨ሜ ௜𝒙(𝑘) + 𝑩ሜ ௜𝑢(𝑘))ସ
௜ୀଵ  (52)

 

where 
 

ℎሜଵ(𝑘) = ℎሜ ଵଵଶ (𝑘)ℎሜ ଵଵଵ (𝑘)ℎሜ ଶଵଵ (𝑘) + ℎሜ ଵଵଶ (𝑘)ℎሜ ଵଵଵ (𝑘)ℎሜ ଶଶଵ (𝑘)                +ℎሜ ଵଵଶ (𝑘)ℎሜ ଵଶଵ (𝑘)ℎሜ ଶଵଵ (𝑘) + ℎሜ ଵଵଶ (𝑘)ℎሜ ଵଶଵ (𝑘)ℎሜ ଶଶଵ (𝑘)                +ℎሜ ଵଶଶ (𝑘)ℎሜ ଵଵଵ (𝑘)ℎሜ ଶଵଵ (𝑘), 
ℎሜ ଶ(𝑘) = ℎሜ ଵଶଶ (𝑘)ℎሜ ଵଵଵ (𝑘)ℎሜ ଶଶଵ (𝑘), 
ℎሜ ଷ(𝑘) = ℎሜ ଵଶଶ (𝑘)ℎሜ ଵଶଵ (𝑘)ℎሜ ଶଵଵ (𝑘), 
ℎሜ ସ(𝑘) = ℎሜ ଵଶଶ (𝑘)ℎሜ ଵଶଵ (𝑘)ℎሜ ଶଶଵ (𝑘), 
 

and 
 𝑨ሜ ଵ = 𝑨ሜ ଵ௣௦ = 𝑨ሜ ଶଵଵ,        𝑨ሜ ଶ = 𝑨ሜ ଶଵଶ, 𝑨ሜ ଷ = 𝑨ሜ ଶଶଵ,                      𝑨ሜ ସ = 𝑨ሜ ଶଶଶ, 𝑩ሜ ଵ = 𝑩ሜ ଵ௣௦ = 𝑩ሜ ଶଵଵ,         𝑝, 𝑠 = 1, 2, 𝑩ሜ ଶ = 𝑩ሜ ଶଵଶ,     𝑩ሜ ଷ = 𝑩ሜ ଶଶଵ,     𝑩ሜ ସ = 𝑩ሜ ଶଶଶ. 
 
Steps 7-8: According to the LMI techniques (Tsai and 

Chen 2014), there exists a positive numerical definite 
matrix Q if the amplitude 𝜉 is within the interval 0.88-1.22 
(see Fig. 6). That is to say, the simulation system Eq. (53) 
could be asymptotically and reasonably stabilized by the 
synthesized EBA fuzzy controller Eq. (40). Based on the 
backpropagation algorithm, the weights (with 𝜉 = 1.1) of 
the NN relaxed simulation system can be obtained as 
follows 

 𝑊ሜ ଵଵଵ (1.1) = 1.0082,         𝑊ሜ ଵଶଵ (1.1) = 0.5019, 𝑊ሜ ଵଷଵ (1.1) = 0.2171,         𝑊ሜ ଶଵଵ (1.1) = −0.1840, 𝑊ሜ ଶଶଵ (1.1) = 0.8141,         𝑊ሜ ଶଷଵ (1.1) = −0.2381, 𝑊ሜ ଷଵଵ (1.1) = −0.2354,      𝑊ሜ ଷଶଵ (0.9) = −1.1959. 
 
 

Fig. 6 The plots of bonding errors 

 
 

 
Then, the matrices 𝑨ሜ  and 𝑩ሜ  are shown as below 
 𝑨ሜ ଵ = ቂ0 01 0ቃ,            𝑨ሜ ଶ = ቂ−0.0803 0.00431 0 ቃ , 𝑨ሜ ଷ = ቂ−0.2373 −0.11811 0 ቃ , 𝑨ሜ ସ = ቂ−0.0173 −1.09171 0 ቃ , 𝑩ሜ ଵ = ቂ00ቃ,                   𝑩ሜ ଶ = ቂ0.28470 ቃ , 𝑩ሜ ଷ = ቂ−0.05110 ቃ,     𝑩ሜ ସ = ቂ0.23360 ቃ. 
 
Next, the bounding matrix is chosen as 
 𝑯ሜ ௤ = ቂ−0.0029 −0.10730.12 0 ቃ,     𝛿௜௝ = 𝐼. (53)
 
In accordance with the LMI techniques, we can obtain a 

positive definite matrix Q to satisfy Eq. (26) 
 𝑸 = ቂ7.5807 2.19832.1983 6.0794ቃ. 
 
Nevertheless, the proposed assumption of robustness 

design is satisfied and checked from the numerical 
illustration in Fig. 6. Thus, according to Theorem 4.1, the 
closed-loop simulation system (Eq. (42) + (40)) is 
asymptotically stable. 

Like other swarm information algorithms and scalable 
mathematics methods, the EBA really requires optimal 
solution. Therefore, the same numerical experiment needs 
to be repeated in several times to check whether the 
mathematics convergence simulation results are all 
consistent. The medium used to transmit sound waves is air 
because it is suitable for the natural and real environment 
where bats are found. In addition, the overall size equals the 
number of people present in the resolution space at the same 
time in each iteration. The larger population size gives the 
algorithm a better chance of finding the nearest solution. 
However, there are a larger population needing more 
memory and even computing power. Therefore, in the 
numerical experiment, we reasonably set the population size 
to 16. 

 
 

7. Conclusions 
 
With neuron-based and fuzzy network- based 

mathematics methods of mathematics nonlinear simulation 
systems ensure that the design of the the smart algorithms is 
asymptotically stable in the study. First, we establish an NN 
model to numerically approximate the mathematics 
nonlinear numerical simulation system. These numerical 
dynamics of these NN numerical models are then changed 
to LDI representation. A robust design of a fuzzy controller 
based on neural network is proposed to solve the impact of 
modeling numerical error. These simulation results show 
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that this method can make the mathematics nonlinear 
simulation system asymmetrically stable. These limitations 
of fuzzy logic and other AI techniques have led to further 
research on how to reduce the computations and improve 
the performance. A major breakthrough of this paper was 
the methodology of hybridization of combining artificial 
intelligence techniques by fuzzy theory, neural network and 
evolutional algorithm. The principle behind hybridization is 
to supplement the disadvantages with the advantages of the 
intelligent technology. The limitations of the proposed 
algorithm lack the practical applications. Therefore, the 
future study could be the synthesis and application of the 
novel developed AI hybridization into the practical 
engineering problems. 
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