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Abstract.

In this work, a new theory quasi-3D shear deformation is presented to analyze the bending of thick FGM

(functionally graded materials) plates resting on Pasternak elastic foundations, whose number of variables is limited to five. The
mathematical model used presents a new range of displacement based on indeterminate integral variables where the stretching of
thickness is taken into account according to the power laws P-FGM, E-FGM and S-FGM. The compositions and volume
fractions of the constituents in the FGM are supposed to change through the thickness. The principle of virtual work, as well as
the Naiver method, is used in this study to solve the governing equations of motion to study these types of plates. The
equilibrium equations according to the FG plate resting on Pasternak foundations are presented. The results obtained are
compared to those determined by the other authors. It was observed from the comparative studies that quasi-3D theories that
take into account thickness stretching effects can predict bending behavior more accurately than other theories.
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1. Introduction

Functional Gradation Materials are a class of composites
that exhibit a continuous variation in material properties
from one surface to another. A typical FGM is made from a
blend of two material phases, for example, a ceramic and a
metal, with mechanical and thermal properties that vary
continuously through the thickness of the material. Faced
with problems related to the durability of conventional
materials such as degradation caused by aging, corrosion,
exposure to high temperatures, and other degradation
phenomena, FGM remains the optimal material in the
environment where it is exposed. The FGM plates that are
the subject of this study are made from a mixture of metal
and ceramic. Currently, these FGM materials are widely
used throughout aerospace, automotive, civil and
mechanical engineering structures and their material
properties can be adapted to different applications, and
working environments. Many kinds of research and studies
on the FGM structures (Bouazza et al. 2015, Benahmed et
al. 2019). Plates resting on elastic foundations are among
the preoccupations of researchers to model various
engineering problems over the last decades.

In the last years, laminates presented a problem specific
to composite materials produced by lamination: It is the
interlaminar rupture, known under the technical name of
“Delamination”. By the finite element method, Hirwani et
al. (2018a) studied the deflection responses of shallow
double-curved hull panels damaged under combined
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thermomechanical loading where they were able to obtain,
with some new solved examples, the deflection responses
under the influence of thermomechanical loading. the
transient behavior of a laminated composite plate and an
internally damaged shell structure under the influence of
different types of mechanical loads and stress conditions
have been numerically analyzed by Hirwani et al. (2017),
where internal delamination is modeled using two
substratified approaches including the condition of
intermittent continuity to obtain the necessary solutions.
Nonlinear flexural analysis of laminated composite flat
panel under hygro-thermo-mechanical loading has been
analyzed by Kar ef al. (2015). Curved panel structures using
higher-order theory have been analyzed by Katariya et al.
(2019), Hirwani and Panda (2019). Hygrothermal effects on
the postbuckling response of composite beams have been
analyzed by Bouazza et al. (2014a). Abdelmalek et al.
(2017) studies the hygrothermal effects on the free vibration
behavior of composite plate using nth-order shear
deformation theory. The novel generation of composite
materials introduced in nanotechnology, which are (FG-
CNT) functionally graded distributions of carbon nanotube
in the thickness direction, has provided solutions to many
technical problems (Guessas et al. 2018, Boulal et al. 2020,
Tayeb et al. 2020, Zerrouki et al. 2020, Gafour et al. 2020,
Bensattalah et al. 2018a, b, 2019a, Hamidi et al. 2018,
Dihaj et al. 2018, Belmahi ez al. 2018, Belmabhi et al. 2019).
Due to the importance of CNT in nanocomposites, several
theoretical approaches have been developed to study their
mechanical behavior (Bouazza ef al. 2014b, Bensattalah et
al. 20190, c).

The attempt to produce Functional Gradient Materials
arose from mixing two materials in such a way that both
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materials retain their physical, mechanical and thermal
properties most efficiently. The resulting FGM material
shows a gradation across the depth of the structure, from a
typically metallic material such as steel or aluminum on one
side of the depth, to another material such as ceramic on the
other side. Therefore, Functional or Functionally Graduated
Gradient Material is a new range of composite materials
having a gradual and continuous variation of the volume
fractions of each of the constituents (in general, metal and
ceramic) through the thickness, inducing changes, as a
consequence of the overall thermo-mechanical properties of
the structural element that it constitutes. The non-linear
bending behavior of a functionally graded curved panel
(cylindrical, hyperbolic and elliptical) under combined
thermomechanical loading is studied by Kar and Panda
(2016). In this study, two temperature fields (uniform and
linear) over the thickness of the shell panel are considered.
The panel model is mathematically developed using higher-
order shear strain mid-plane kinematics with Green -
Lagrange type nonlinear deformations. Kar and Panda
(2015) have also numerically studied the large amplitude
bending behavior of a functionally graded double-curved
hull panel under thermomechanical loading.

The power law function (P-FGM) and the exponential
function (E-FGM) are commonly used to describe
variations in the material properties of FGMs. Therefore,
other authors proposed a refined higher order shear and
normal deformation theory for E-, P-, and S-FGM plates on
Pasternak elastic foundation (Lee et al. 2015). The bending
and vibration behavior of FG plates has been studied by
many researchers over the last ten years. Neves et al. (2012)
presented the equations of a sinusoidal quasi-3D shear
deformation theory for FG plates. It addresses the free
vibration and bending analysis and accounts for through-
the-thickness deformations. To analyze bending, analytical
solutions are obtained for simply supported plates using the
equations of motion according to the principle of minimum
total potential energy. It is accepted that the elastic medium
is demonstrated as a Winkler-Pasternak elastic foundation.
Zenkour (2009) studied several cases to demonstrate the
numerical results concerning the bending response of
rectangular plates resting on Winkler elastic foundations.

Panda and Singh (2013) studied the thermal post
buckling behavior of laminated composite spherical shell
panels. Shokravi (2017) presented the vibration analysis of
silica nanoparticles-reinforced concrete beams considering
agglomeration effects. Wu and Liu (2014) analyzed a 3D
buckling analysis of FGM sandwich plates under bi-axial
compressive loads. Chen (2018) studied the transfer matrix
method for the solution of FGMs thick-walled cylinders
with an arbitrary inhomogeneous elastic response. Arefi
(2015) presented the effect of different functionalities of
FGM and FGPM layers on free vibration analysis of the FG
circular plates integrated with piezoelectric layers. Ebrahimi
and Barati (2016) analyzed a nonlocal higher-order shear
deformation beam theory for vibration analysis of size-
dependent functionally graded. Panda and Chandran (2003)
analyzed the titanium-titanium boride (Ti-TiB) functionally
graded materials through reaction sintering. Avcar and
Mohammed (2018) studied the free vibration of functionally

graded beams resting on the Winkler-Pasternak foundation.

A refined theory of shear of higher order and normal
deformation for the plates E-, P- and S-FGM on the elastic
foundations Pasternak proposed by Lee et al. (2015), where
it could present strong similarities with the classic theory of
the plates in many aspects such as the boundary conditions,
the equation of motion and the resulting expressions of the
stresses.

Radwan and Zenkour (2018) studied a quasi 3D
trigonometric theory, the effects of Winkler and Pasternak
parameters, the ratio (dimension/thickness), the
inhomogeneity parameter, and the aspect ratio on the
bending responses of FG plates. They also studied the
flexural and free vibration compression of functionally
graded plates and multilayer composite sandwich plates
with a flexible core on Winkler-Pasternak foundations.

A new quasi-3D hyperbolic shear deformation theory for
bending and free vibration of FG plates is presented by
Khiloun et al. (2019) where they demonstrate that the
theory presented is not only accurate but also effective in
predicting displacements, stresses and the natural frequency
of homogeneous plates and FG. Thai and Kim (2013)
presented a quasi 3D sinusoidal shear strain theory with
only five unknowns to study the behavior of plates in FGM
bending. Two types of higher-order kinematic theories are
adopted by Hirwani et al. (2018b) to evaluate the nonlinear
bending and the stress values of the internally damaged
layered composite flat panel structure numerically including
the thickness stretching effect. The results of this study has
been validated with available published theoretical and
experimental results.

Baferani and Saidi (2013) accurate solution for free
vibration analysis of FG thick rectangular plates resting on
elastic foundation. Dorduncu (2019) think about the flexure
analysis of FG plates using refined zigzag theory, where it
was observed that the material variation through the
thickness played a major role in the stress and displacement
levels whilst the influence of the material variation was
minor on the stress and displacement profiles. Vel and Batra
(2003) presented the thermoelasticity exact solution for
cylindrical bending deformations of functionally graded
plates. Ebrahimi and Daman (2017) presented a nonlocal
thermo-electromechanical vibration analysis of smart
curved FG piezoelectric Timoshenko nanobeam.

Nguyen et al. (2019) presented a simple refined (FSDT)
for free vibration, static and bending analysis of advanced
composite plates which this theory can be applied to the
studied other structures such as beams and shells in
advanced composite plates. Amir et al. (2019) studied the
size-dependent magneto-electro-elastic vibration analysis of
FG saturated porous annular/circular micro sandwich plates
embedded with nano-composite face sheets subjected to
multi-physical preloads. Beldjelili ez al. (2016) have studied
the Hygro-thermo-mechanical bending of S-FGM plates
resting on a variable elastic foundation using a four-variable
trigonometric plate theory. They were able to demonstrate
that the deflection and stresses obtained by the proposed
theory with four unknowns are almost identical to those
given by other shear deformation theories containing five
unknowns.
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The static analysis of thick functionally graded plates
with different property distribution functions is presented
by Ghazzawi and Abdelrahman (2020), the purpose of the
model used by these authors is to study the effect of shear
deformation on the bending behavior of the plate for
different values of the plate aspect ratio, thickness ratio and
modulus of elasticity ratio of the constituents.

Throughout the literature it is noted that the current
methods are developed by taking particular account of the
following assumptions: the materials are elastic and linear.
In addition, the beam or the plate FGM is orthotropic at any
point of structure.

Since the not exist of experimental methods for
predicting the bending of FGM structures under stretching
effect, the continuum mechanics methods are often used to
investigate some physical problems of the materials. The
objective of the present paper is to study the mechanical
behavior of Functionally Graduated Plates using a new
theory of quasi-3D shear deformation that takes into
account the stretching effect of thickness. The numerical
results presented in this study will serve as a reference for
the use and development of FGM materials.

2. Kinematics and constitutive equations
2.1 Field of displacements
Based on the assumptions made in the introduction

section, the Displacement field can be obtained using the
following equations

u1(x'y'Z;t)
=Gy 22D gy Y
uz(x»y,Z»t)
d Y, t
= o0y -2 2D @ gy ey

us(x,y,z,t) = wo(x,y,t) + g(2) 05(x,y, t) (lc)
Where

Se(uyt) = ks f 0(x,y, £)dx (20)

(3,0 = ky f 0(x,y, t)dy (2b)

By substituting the expressions of ¢, and ¢, from Egs.
(2) into Eq. (1) the following equations are obtained.

owy(x,y,t
ul(x,y,Z,t) = u(x,y,t) _Z%
/ (3a)
+k1f(Z)f 0(x,y,t)dx
d Yt
uz(X, v, Z, t) = v(x' y, t) _ Z%
g (3b)

/
+ef () [ 00y 0) dy

u3(%,y,2,t) =wo(x,y,t) + g(2) 0:(x,y,t) (3¢

Where (u1, up, u3) are the displacement in (x, y, z)
coordinate directions respectively. u# and v are the
displacement in the x and y coordinate directions at a point
on the mid-surface of the plate. wy and & are the bending
and the shear components of the transverse displacement
respectively. 4 is the thickness of the plate. In additional,
63(x, y) is an unknown displacement function accounting for
the thickness stretching effect. The shape functions f{z) and
g(z) are chosen based on a third order shear deformation
theory and the stress-free boundary conditions on the top
and bottom surfaces of the plate respectively as

9(z2) = d’;(zz) @)
5 5z2
f@ =2 (Z - 5) ®)

The deformations associated with the displacement field
in Eq. (3) are as follows

Ex kz ks
& r=z1ky t+f(D1k; (6)
Vxy k,lzy kascy
(- s {7} ™
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d0xdy
k.0
N 1
o) k0
kyy ¢ = P P (1D
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(k, f 6 dy + 22

Yoz dy
- 12
{V’%} ik f@dx+% .
1 ox

e =0, (13)
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The integrals used in the above equations must be
solved by a Navier-type solution and can be expressed as
follows

Qfed =A 96 Qfed =B 070 (14)
oy x= Yoxoy'  ox x= Loxdy

f@d =A 96 f@d —Bae 15

X = 1ax’ y_ 1ay ( )

Where the coefficients 4, and B, are determined
according to Navier-type solution. Therefore, 4;, B;, k1 and
k, are expressed as follows

1 1 ) )
A1:_$_2' B1=_F' ki=¢% ky=n (16)
where ¢ and n are defined in the equations
_mm . omm 17
f=—, n=-- (17)

The constitutive relations of a FG plate can be written as

(Jxﬂ Qi1 Q12 Q12 0 0 0 (gxx\
Oyy Qiz Q11 Q@ O 0 O Eyy
Ozz | _ Qiz Q2 Q11 O 0 0 €2z (18)
Txy 0 0 0 Q66 0 0 ny
Tyz 0 0 0 0 Qu O Vyz
Txz 0 0 0 0 0 Css Vxz

Where Qj; are the three-dimensional elastic constants

Q11(2) = E(2)(1 —v)/(1 = 2v)(1 +v)

Q2(2) = E(@)v/(1 —2v)(1 +v) (19)
_ _E®@
Qe6(2) = m 20)

Q44(Z) = Q55(Z) = Qee(z)
2.2 Constitutive relations of FGM structures

The production of functional gradation materials is
carried out by varying the constituents of the materials to
have mechanical properties which change continuously over
the thickness of the structures. Each FGM product can be
defined by the variation of volume fractions. Often, we use
the power law function, the exponential function or the
sigmoid function to describe the fractions of volume.

2.2.1 Exponential function (E-FGM)
In this method, the volume fraction is given as an
exponential function across the thickness

E(z) = Ae®(*+3) @1
With

1
A=E, B=+In(E /E) (22)

Where # is the thickness of the plate and E, present the
Young’s modulus of the homogeneous face of the plate. B is

the index of the material variation across the thickness of
the plate.

2.2.2 Powers -Law function (P-FGM)
The volume fraction of the ceramic constituent of the
FG plate is supposed to be given by

P
V() = (z +hh/2>

Where p is the material parameter that dictates the
material variation profile through the thickness.

The local volume fraction Vi(z) has been defined, the
material properties of a P-FGM can be determined by the
rule of mixture.

(23)

E(z) =Vi(2)Es + (1 = V1(2))E, (24)
2.2.3 Sigmoid function (S-FGM)

The volume fraction using two power-law functions
which ensure smooth distribution of stresses is defined.

h p
1[5~z 1(h/2 +z\P
wor-1-3(557). no- i e
2

The mixing rule allows us to calculate the material
properties of S-FGM which is

E(z) = V1(2)E; + (1 = V1(2))E, for 0 <z < h/2

E(z) = Vo(2)E; + (1 = V,(2))E, for—h/2 <z <0 (26)

3. Elastic medium models

The FGM plate is put in an elastic medium, which is
expected to involvement vertical displacement but no
horizontal displacement. The density of the reaction force at
the FGM plate bottom can be communicated by two
models.

3.1 Winkler model

In the case of Winkler foundation model, the distributed
load can be defined by

z Fully ceramic ,

P-,E-et S-FGM plate E(z) p(z)
» '
springkw —2 = = = = = : = z:29/
7777 T
a)
a
z: Fully ceramic o
P-,E-etS-FGM plate E(z) p(2)
Y.~ h
Shear layer Ko .4- *
SpringKw «—= = =
— A
b) a

Fig. 1 FGM plate on Pasternak’s elastic medium
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Awinkier = kwliz = ky,(Wo + g(2)05) 27)

where £, is the constant of proportionality that is referred to
as the modulus of medium reaction (so-called spring
constant).

3.2 Pasternak model

The Pasternak model foundation is a two-parameter
elastic model, which consists of a shear layer parameter
with stiffness k, (physically, this parameter depicts the
interaction owing to shear action among the spring parts)
and independent upper spring with stiffness k, (Winkler
model). So, the distributed reaction between Pasternak
foundation model and the lower surface of FGM plate can
be defined by Shahsavari ez al. (2018)

Qpasternak
= ky (wo(x,,t) + g(2)85(x,, 1))
+k, V2 (wo(x, , ) + g(2)85(x,y,t))

Apasternak

= ky,(Wo (;c, y,t) + g(2)05(x,y,t)) (28)

0

+kpx W (WO (X, Y, t) + g(Z)93 (X, Y t))
62

thpy ay? Wo(x,y,8) + g(2)63(x, y, 1))

Where (V2 = 0*/0x*> + 0%/0y*) expresses the Laplace
differential operator in rectangular Cartesian coordinates.

4. Equilibrium equations
4.1 The Hamilton principle

Hamilton’s principle is used here in to derive the
equations of motion. The principle can be stated in
analytical form as

/2
6U = f f Oxx O8xx + 0,08y, + 0,,0¢,,
hy2

+0,y0Vxy + 0,0Vy; + 0x;8Yx,)dzdA
29
= ij 8ed + Ny 6ep + N, 862 + Nyyy 5y %
A
+M28k? + MySk) + M2, 8k%, + M3 Sks
+MESks + M5, 0ks, + S5,0vy, + S5,07%,)dA

Where ou, 0 and A are the variation of strain energy, a
variational operator and the top surface respectively.
The stress resultants N, M, and S are expressed by

(N, MP, M?) = fzh(l,z,f) odz (i=x7y2xy) (30a)
2

hy2
N, = j g9'(z2)o,dz (30b)
—h/2

h/2
(55,,55,) = f 9 (D) (T 1,)d2 (30¢)
—h/2

The first variation of the additional strain energy
induced by the elastic medium can be expressed as

5U —H Sus + k (8u3 (05u3)
m — M wlUz0Uz ax ax 31
du, (65u3)]d d G
ay xay
Vertical load can be expressed using
oV = jqz Susdxdy (32)
A

Where, the vertical load g. only at the top surface is
considered.

The total potential energy principle was applied to
derive the equilibrium equation (Khiloun et al. 2019).

S =68[(U+Uy)+V)]=0 (33)

Substituting the expressions for 6U, 6V, and 6U,, from
Egs. (29), (31), and (32) into Eq. (33) and integrating by
parts, and collecting the coefficients of the following
equations of motion.

N, 0N,
ou: Ox + W =0 (348.)
N, 0N,
D == = 4
L (34b)
PR aM,€+aM}gy +2 a (oM +aM,€y
Yo! e \Tox dy 9y | ox (34c)

+ g, + kw(Wo(x, 3, 1) + 9(2)93 (x,y,6)
+ kpV2(Wo(x, ¥, 1) + g(2)05(x,y,t)) = 0

02 s
86 kyM§ + kyMg + (ky Ay +Kk,By)
0x ay (34d)
ass, aS;,
klAl a _szl ay = 0
ass, S35,
605: T3 -8(2)q; + ky, g(2) WO(x,y,1)
Y (34¢)

+9(2)03(x,y,t)) + kpg(2)V2(WO(x,y,t)
+9(2)03(x,y,t)) =0

5. Analytical solutions

In this study, a simply supported rectangular plate was
considered. The length, width, and height of the plate were
a, b, and h respectively. The plate was subjected to a
distributed transverse load ¢. employing the Navier
solution, the solutions of the plate were assumed as
iwt

Umne'®* cos($x) sin(ny)

» 2 | Vmne'®" sin($x) cos(ny)

= 3 A Whe®t sin(Ex) sin(ny) b (35)

m=1n=1 | X, et sin( &x) sin(ny)
Y,ne'@t sin(&x) sin(ny)

iwt

Soges
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Where w is the frequency of vibration.
The transverse distributed load ¢. (x, y) was also
expanded in the following form

0

G = D) QW sin(Ex) sinCiy)  (36)

m=1n=1

For the case of a sinusoidal distributed load, we have

Qmn = 9o, m=n=1 (37)

For the case of uniformly distributed load, the
coefficients O, are defined as follows

Qmn =16 qO/rnnT[2 (38)

By substituting Eqgs. (34) and (35) into the equations of
motion. Egs. (34a)-(34e), analytical solutions can be
obtained from the following equation

{K}{A} ={Q} (39a)
{A} = {Umn' Vo Wi Xmno Ymn }T (39b)
{Q} = {0‘ 0, Qmn, O, g(Z)an }T (39¢)

Where K, {Q}, and {A} are the stiffness matrix, the
force vector and the vector of unknown coefficients
respectively.

6. Numerical results and discussion
6.1 Material properties

In this panel the calculated displacements of the FGM
plates, which are graduated from the lower surface to the
upper surface according to Eq. (20), are provided and
compared with the results of different theories presented by
the authors. The material properties of the FG plates are
given in Table 1.

The non-dimensional displacement components of these
tables are

— 10E,4* ra b
W= W<_, 2 ) 40
qoa* 2 27 (40)
Eh®
= =1. (41)
D, 17 E, =1.0 Gpa
V/I\/ _ 100D, w (a b ) 4
~ goat 2 27 (42)
Table 1 Material properties of FGM Plate
o Metal Ceramic
Proprieties - B
Aluminum (Al)  Alumina (Al203)
Elastic modulus: E (Gpa) 70 380
Poisson’s ratio: v 0.3 0.3

Masse density: p (kg/m?) 2702 3800

_ koEoh® _JoEoh®v _JoEoh®v (43)
w= T e px — az ' py — b2
E,h®
Dy = ———r 44
m™T12(1 - v?) “
kD, kpDrm
Ky =—"7 Ky=—73 (43)

6.2 Validation of proposed theory

To enable us to demonstrate the accuracy of the
proposed theory for the study of the bending responses of
simply supported FG plates, numerical examples are
presented for comparison with the results of different 3D,
quasi-3D and 2D shear deformation theories.

In Table 2 shows the maximum non-dimensional
deflection W of a square plate P-FGM subjected to a
sinusoidal load for different values of the thickness ratio
a/h. Three different values of the power-law index p = 1, p
=4 and p = 10 were used in this example. The results
obtained are compared with the results determined by the
authors (Lee et al. 2015, Yi et al. 2017, Zenkour and
Alghanmi 2018, Zenkour and Radwan 2018b, Khiloun ef al.
2019 and Nguyen et al. 2019). When the side-to-thickness
ratio is 100, the values of the transverse displacements are

Table 2 Comparison of nondimensional deflection (W) of
Al/AL,O3 square P-FGM plate

alh

P Theory 4 10 100
Lee et al. (2015) 0,6916 0,5696 0,5462
Yi et al. (2017) 0,7318 0,5891 0,5625
Zenkour and Alghanmi (2018) 0,6828 0,5592  0,5459
1 Zenkour and Radwan (2018) 0.7284 0.5889 0.5625
Khiloun et al. (2019) 0,7289 0,5890 0,5625
Nguyen et al. (2019) 0.7177 0.5872  0.5625
Present 0,6916 0,5696 0,5462
Lee et al. (2015) 1,0984 0,8424 0,7934
Yi et al. (2017) 1,1732  0,8831 0,8287
Zenkour and Alghanmi (2018) 1,1001  0,8404 0,7933
4 Zenkour and Radwan (2018) 1.1573 0.8810 0.8287
Khiloun et al. (2019) 1,0964 0,8413 0,7926
Nguyen et al. (2019) 1.1028 0.8721 0.8286
Present 1,0984 0,8424 0,7934
Lee et al. (2015) 1,3357 0,9817 0,9140
Yi et al. (2017) 1,3333  0,9791 0,9114
Zenkour and Alghanmi (2018) 1,3391 0,9806 0,9139
10 Zenkour and Radwan (2018) 1.3889  1.0083  0.9362
Khiloun et al. (2019) 1,4026 1,0094 0,9362
Nguyen et al. (2019) 1.3796  1.0065 0.9362
Present 1,3357 09817 0,9140
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Table 3 Comparison of nondimensional deflection (W) of AI/AL,O5 square P-FGM plate

Power law index (p)

bla Theory
0.1 0.3 0.5 0.7 1 1.5
Mantari and Soares (2013) 0,5779  0,5224 04717 04256 03648  0,2793
Fekrar et al. (2014) 0.5730  0.5180  0.4678  0.4221 0.3611 0.2771
Nguyen (2015) 0,6211 0,5615 0,5073 0,4579  0,3921 0,3014
1 Lee et al. (2015) 0.5777 0.5222 0.4716 0.4255 0.3640 0,2793
Adim and Daouadji (2016) 0,5780 0,5225 0,4719 0,4258 0,3642 0,2794
Nguyen et al. (2019) 0.6692 0.6062 0.5460 0.4879 0.4003 0.2786
Present 0,5303 0,5222 0.4716 0.4255 0.3640 0.2792
Mantari and Soares (2013) 1,1941 1,0795 0,9750 0,8799 0,7538 0,5786
Fekrar et al. (2014) 1.1879 1.0739 0.9701 0.8754 0.7493 0.5757
Nguyen (2015) 1,1939 1.0792 09748 08797  0.7529  0.5784
2 Lee et al. (2015) 1,2569 1,1367 1,0275 0,9284  0,7965 0,6153
Adim and Daouadji (2016) 1,1942 1,0796  0,9751 0,8800  0,7532  0,5786
Nguyen et al. (2019) 1.3239 1.1928 1.0674 09454  0.7578  0.5958
Present 1,1427 1.0792 09748 08797  0.7529  0.5784
Mantari and Soares (2013) 1,4421 1,3037 1,1776 1,0628 09104  0,6993
Fekrar et al. (2014) 1.4354 1.2977 1.1722 1.0579 09056  0.6961
Nguyen (2015) 1,4419 1,3035 1,1774 1,0626  0,9096  0,6991
3 Lee et al. (2015) 1,5115 1,3671 1,2360 1,1169 09587  0,7414
Adim and Daouadji (2016) 1,4422 1,3038 1,1777 1,0629  0,9098  0,6993
Nguyen et al. (2019) 1,5843 1,4255 1,2734 1,1253  0,8965  0,6766
Present 1,3892 1,3035 1,1774 1,0626  0,9096  0,6991

Table 4 Comparison of nondimensional deflection (W) of E-FGM plate (a/h = 4)

Power law index (p)

bla Theory
0.1 0.3 0.5 0.7 1 1.5
Mantari and Soares (2013) 0,3111 0,2814 0,2546 0,2302 0,1980  0,1537
Fekrar et al. (2014) 0.3474 0.3141 0.2838 0.2563 02196  0.1692
| Lee et al. (2015) 0,3486 0,3151 0,2847 0,2571 0,2202 0,1697
Nguyen (2015) 0,3575 0,3235 0,2927 0,2649 0,2280 0,1775
Nguyen et al. (2019) 0,3651 0,3257 0,2879 0,2507 0,1917 0,1088
Present 0,3453 0,3152 0,2847 0,2571 0,2202 0,1697
Mantari and Soares (2013) 0,8144 0,7364 0,6654 0,6009 0,5150 0,3973
Fekrar et al. (2014) 0.8120 0.7342 0.6635 0.5991 0.5136  0.3962
5 Lee et al. (2015) 0,8145 0,7365 0,6655 0,6009 0,5151 0,3973
Nguyen (2015) 0,8285 0,7498 0,6787 0,6145 0,5296 0,4135
Nguyen et al. (2019) 0,8374  0,7440 0,6543 0,5659 0,5239  0,4240
Present 0,8110 0,7364 0,6654 0,6009 0,5150 0,3973
Mantari and Soares (2013) 1,0124 0,9154 0,8272 0,7470 0,6403 0,4940
Fekrar et al. (2014) 1.0093 0.9127 0.8247 0.7448 0.6385 0.4927
Lee et al. (2015) 1,0281 0,9305 0,8424 0,7628 0,6576  0,5137
. Nguyen (2015) 1,0136 0,9154 0,8272 0,7470 0,6403 0,4940
Nguyen et al. (2019) 1,0370  0,9205 0,8088 0,7985 0,6209  0,5708

Present 1,0090 0,9154 0,8272 0,7470 0,6403 0,4940
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Table 5 Comparison of nondimensional deflection (W) of E-FGM plate (a/h = 10)

Power law index (p)

bla Theory
0.1 0.3 0.5 0.7 1 1.5
Thai and Kim (2013) 0.2790 0.2523 0.2280 0.2060 0.1767 0.1366
Mantari and Soares (2013) 02799 02531 02287 02066 0,1772 0,137
1 Lee et al. (2015) 0,2797 0,2531 0,2287 0,2066 0,1772 0,1369
Adim and Daouadji (2016) 0,2799  0,2531 0,2287  0,2066  0,1772 0,137
Present 0,2797  0,2531 0,2287  0,2066  0,1772  0,1369
Thai and Kim (2013) 0.7015 0.6344  0.5734 05180  0.4444  0.3435
Mantari and Soares (2013) 0,7037  0,6364  0,5752  0,5196  0,4457  0,3445
2 Lee et al. (2015) 0,7036  0,6364  0,5752  0,5196  0,4457  0,3445
Adim and Daouadji (2016) 0,7037  0,6364  0,5752  0,5196  0,4457  0,3445
Present 0,7036  0,6364  0,5751 0,5195 0,4457  0,3445
Thai and Kim (2013) 0.8849  0.8002  0.7233 0.6534  0.5605  0.4333
Mantari and Soares (2013) 0,8877  0,8027  0,7255 0,6554  0,5622  0,4346
3 Lee et al. (2015) 0,8877  0,8027  0,7255 0,6554  0,5622  0,4346
Adim and Daouadji (2016) 0,8877  0,8027  0,7255 0,6554  0,5622  0,4346
Present 0,8875 0,8027  0,7255 0,6554  0,5622  0,4346

almost the same as the values presented by the authors cited
above.

Analyzing Table 2, it can be noticed that the results
obtained under the effect of thickness stretching are in good
agreement with the published results available in the
reference for thin and thick FGM plates. Continuously, an
exponential plate of E-FGM with a thickness ratio a/h = 2,
4 and 10 subjected to sinusoidal loads is analyzed. The
Young’s modulus was evaluated using the exponential
distribution.

The non-dimensional displacements are given in Table
3-5 for different values of the aspect ratio b/a, the thickness
ratio a/h and the exponential value p. The results of the
present theory were compared with those of the FSDT
solution (Nguyen et al. 2019), the quasi-3D theories (Thai
and Kim 2013, Adim and Hassaine Daouadji 2016), the
HSDT (Lee et al. 2015, Mantari and Soares 2013, Fekrar et
al. 2014). The models presented and other quasi-3D models
introducing the influence of thickness, the results are close
to each other. Meanwhile, 2D HSDT’s that do not introduce

Table 6 Comparison of non-dimensional deflection (W) of P-FGM plates under uniform loads

(a/h =10, bla=13)

. p

ko jo Theory 05 0 5 e
Zenkour (2009) 1,2582 1,9344 2,5133 3,2267 3,8517
Lee et al. (2015) 1,2544 1,9045 24354  3,0816  3,6972
0 0 Benahmed ez al. (2017) 1.9021 _ 3.0756 3.6937
Present 1,2537 19036 24353 3,083  3,7021
Zenkour (2009) 1,2582 1,9344 2,5133 3,2267 3,8517
00 o Lee et al. (2015) 1,2224 1,8317 2,3176 2,8951 3,4315
Benahmed et al. (2017) 1.9021 _ 3.0756 3.6937
Present 1.2238 1.8355 2.3249 2.9086 3.4531
Zenkour (2009) 1,1661 1,7247 2,1701 2,6814 3,0979
0 100 Lee et al. (2015) 1,1633 1,7019 2,1133 2,5825 2,9999
Present 1,1682 1,7131 2,1321 2,6129 3,0441
Zenkour (2009) 1,1381 1,6639 2,0745 2,5364 2,9051
100 100 Lee et al. (2015) 1,1136 1,6430 2,0230 2,4484 2,8197
Benahmed et al. (2017) _ 1.6413 _ 2.4446 2.8178
present 1,1422 1,6578 2,0470 2,4864 2,8737
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the influence of thickness stretching overestimate the
results. In view of the above, it can be concluded that the
introduction of the stretching effect of the plate thickness
makes the FGM plate stiffer and leads to a reduction of the
maximum total deflection W.

In Table 6 Moderately thick rectangular plates of P-
FGM are studied on a two-parameter elastic basis. The
thickness ratio a/h = 10 and b/a = 3. In this section, the non-
dimensional deformations of the P-FGM rectangular plates
under uniform loads are studied. The deformations are
presented for different values of the power law index p and
the foundation parameters ko, jo which vary from 0 and 100.
The results presented in this section show that the studies
made by Zenkour (2009) overestimate the deformations
because of the thickness stretching effect, which is not
taken into account in their theories.

6.3 Parameter studies

In the example of Fig. 4, a square plate in Al/Al,O3has
been considered is subject to a sinusoidal load. Young’s
modulus for Al was 70 GPa and 380 GPa for ALLOs, the
Poisson ratios were constant for both and equal to 0.3,
Power law index p = In (£, / Ez) and k,, = 0, k, = 0
(Winkler and Pasternak parameters).

1,6 -

—=— SFGM
1,5+ —e— EFGM
—&— PFGM

1,4 -

1,3+
1,24
114
1,04
0,8+
0,2

0.7+ -

nondimensional center defletion

0.6 ™

0.5 T T T

T
0 10 20 30 40 50
Side -to- thikness ratio (a/h)

Fig. 4 Effect of side-to-thickness ratio (a/#) on
nondimensional deflection of FGM thick plates
(p=In(EVEy), (b=a, k, =0, k, =0)

T
1 o STFGM
0,6 —o— E-FGM
—— P-FGM

Nondimensional deflection

T T T
0,0 0.1 0,2 0,3 0.4 0,5

normalized x- distance at y=b/2
Fig. 5 The comparison of the deflection of E-FGM, P-
FGM and S-FGM thick plates (b = a, a/h = 10,

ky =0, k, =0)

The results obtained with this theory coincide with those
presented with the solutions given by Lee ef al. (2015). If
we also analyze graph 4, we can see that the deflection
decreases with the growth of the a/h ratio and becomes
constant for a/h > 20, it is not very different for the two P-
and E-FGM plates but more important than the S-FGM
plate because the latter is more rigid (different mixing law)
than the other plates. In this part, the effect of the elastic
foundations is not taken into account, which explains the
high value of the deflection. In Fig. 5 relates to the extent of
the arrows in the center of the different plates P- FGM, E-
FGM and S-FGM, of square shape, subjected to sinusoidal
loads for p = In (E\ / E2), and k,, = 0, k, = 0. After
analysis, we can see that the arrows in the center of the P-
FGM plates are larger than those of the E-FGM and S-FGM
plates. We can also notice that the values of the arrows
determined for all the plates are less important than those
calculated by Lee et al. (2015).

In the example of Figs. 6 to 8, a square plate in Al/A1,O3
has been considered is subject to a sinusoidal load. Young’s
modulus for Al was 70 GPa and 380 GPa for AlOs, the
Poisson ratios were constant for both and equal to 0.3,

Power law index p = In (E: / E») and, (k,,) = 0 and 1000 k,
=0 and 100).

T
1 —=— S-FGM
0424 —»—E-FGM

1 —&—P-FGM|

0,40 o
U.35;
0,36 ;
0,34 ;

0,32 4 L

Nondimensional center deflection

0,30 H L

0,28 T T T T T T T T
0 10 20 30 40 50
sice to thikness ratio (a/h)

Fig. 6 Effect of side-to-thickness ratio (a/A) on
nondimensional deflection of FGM thick plates

(b=a, k, =1000, k, =0)

026 T T T T
—o— S-FGM

0,25 4

0,24

0,23 4

0,22 4

Nondimensional center deflection

0,21 4

0,20 4

0 10 20 30 40 50
side to thikness ratio (a/h)

Fig. 7 Effect of side-to-thickness ratio (a/A) on
nondimensional deflection of FGM thick plates
(b=a, k, =0, k, =100)
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!
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0,50
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0,43
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Fig. 9 Effect of side-to-thickness ratio (a//) on
nondimensional deflection of FGM thick plates

(b=2a, k, =1000, k, =0)

We can see that the deformation is important when the
a/h ratio is low, but it is negligible when the side to
thickness ratio becomes more important. It should be noted
that the non-dimensional deflection, whatever the nature of
the plate (P-, E- and S-FGM), decreases with the parameters
of the elastic medium of Winkler and Pasternak. This
decrease varies for a/h = 20 from half to a quarter compared
to the plate without elastic foundation. These results are in
agreement with those of Lee et al. (2015).

Side - to thickness ratio(a/h)
Fig. 10 Effect of side-to-thickness ratio (a/k) on
nondimensional deflection of FGM thick plates
(b=2a, k,, =0, k, =100)

After analysis of the various graphs (see synthesis in
Table 7) relating to the study of the nondimensional
bending of the P-, E-, and S-FGM plates as a function of the
ratio a/h, a/b and the parameters k,, and, k, , we have
observed that the transverse displacements are reduced
during the existence of the elastic foundation.

The figures clearly show that the shear layer stiffness of

the foundation (Pasternak parameter k, is more effective

than Winkler’s E for reducing displacements. It was also
found that:

e i (k, =1000,k, = 100) ~ 20% to
25%w (k,, = 0,k, = 0) for b=a, a/h =5,
a/h =20
e i (k, =1000,k, =100) ~ 12% to
14%w (k,, = 0,k, = 0) for b = 2a, a/h =5,
a/h =20
To analyze the effect of the elastic foundation medium
on the deflection we have as an example a S-FGM plate
with the elastic parameters E and, E, p=1In (Ei / E)
and a/h = 0. Figs. 12 and 13 show the effect of the elastic
parameters Winkler and Pasternak on the deflection of an

SFGM plate. Through this example, it is confirmed that the
parameter of the elastic medium of Pasternak has more

Table 7 Effect of side-to-thickness ratio (a/h = 5 and 20) on nondimensional deflection of FGM
plates (a = b, a = 2b, p = In(E1/Ex((k,,) = 0 and 1000 (k,) = 0 and 100)

I — alh=>5 alh =20
bla k., kl[J

S-FGM E-FGM P-FGM S-FGM E-FGM P-FGM
0 0 0.7066 0.7886 0.8003 0.6023 0.6514 0.6652
1000 0 0.3212 0.3384 0.3405 0.2967 0.3104 0.3135
! 0 100 0.2102 0.2175 0.2184 0.1995 0.2056 0.2069
1000 100 0.1552 0.1591 0.1596 0.1492 0.1526 0.1534
0 0 1.6848 1.8785 1.9105 1.5137 1.6588 1.6942
) 1000 0 0.4385 0.4506 0.4524 0.4260 0.4367 0.4391
0 100 0.3739 0.3826 0.3839 0.3647 0.3726 0.3743
1000 100 0.2293 0.2325 0.2330 0.2258 0.2288 0.2294
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Fig. 11 Effect of side-to-thickness ratio (a/h) on
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Fig. 12 Effect of elastic foundation parameter E on
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Fig. 13 Effect of elastic foundation parameter E on
nondimensional deflection of S-FGM thick
plate ((a/h =10, k,, =0, 500, 1000)

effect on the decrease of the non-dimensional deflection
than the parameter of the elastic medium of Winkler

The effect of side to thickness ratio (a/h) on
nondimensional deflection of S-FGM thick plates with
power law index (p) (p = 1, 2, 5, 10, k,,= 1000, (k,= 100),
is studied in Fig. 14 where it can be seen that the non-
dimensional deflection of an S-FGM plate resting on an
average Winkler-Pasternak elastic, is almost constant for

0,170 o

0,165 o

0,160 4

0,155 o

0,150 o

Nondimensional center deflexion

0,145 T T T T

side -to- thikness ratio (a/h)

Fig. 14 Effect of side to thickness ratio (a/h) on
nondimensional deflection of S-FGM thick
plates with power law index (p) (p =1, 2, 5, 10

k, = 1000, k, =100)
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Fig. 15 Effect of power law index on nondimensional
deflection of S-FGM thick plates (a/h = 10,

k,, =1000, k, =0, 50, 100)

ratio (a/h > 20). Also, it was found that when the power law
index p > 5, the variation of the non-dimensional deflection
becomes very small. In Fig. 15, the effect of the power law
index on the non-dimensional deflection of the S-FGM

plates is studied (/A = 10, k,,= 1000, k,= 0, 50, 100) and
it is well confirmed that when the power law index p > 5,
the variation in the deflection is negligible or even constant.

7. Conclusions

In this paper, a new quasi-3D theory for the study of the
bending of functionally graduated plates for E-, P- and S-
FGM thick plates on a Pasternak elastic base has been
developed. Analytical solutions of simply supported plates
are presented. Numerical results show that the present
theory gives a very good prediction of bending. To test the
convenience and accuracy of this proposed theory,
analytical numerical examples were studied. According to
these examples, the following noteworthy information was
observed:

e It was observed from the comparative studies that
quasi-3D theories that take into account thickness
stretching effects can predict bending behavior more
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accurately than other HSDT theories.

e The kinematics of the current theory is modified by
considering indeterminate integral terms in the fields
of displacements, which results in a reduced number
of variables

e The proposed quasi-3D HSDT contains five
unknowns, but gives results comparable to those
predicted by existing quasi-3D theories that have
more unknowns.

The numerical results presented in this paper can be
used as a reference for the study and analysis of the flexural
mechanical response of thick FGM plates resting on elastic
foundations
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