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1. Introduction 

 
More than one type of materials is used to structure the 

functionally graded materials (FGMs) by some material 
manufacturing law and their physical properties vary from 
one surface to the other surface. In these surfaces, one has 
highly heat resistance property while other may preserve 
great dynamical perseverance and differs mechanically and 
physically in regular manner from one surface to other 
surface, making them of dual physical appearance. All these 
materials have changeable outer and inner sides and their 
physical properties greatly differ from each other (Suresh 
and Mortensen 1997, Koizumi 1997). 

These materials are organized by various techniques and 
their applications are seen in dynamical elements such as 
plates, beams and shells. A large use of shell structures in 
practical applications makes their theoretical analysis an 
important field of structural dynamics. Since a shell 
problem is a physical one, so their vibrational behaviors are 
distorted by variations of physical and material parameters. 
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To elude any complications which may risk a physical 
system their analytical investigation is done. Loy and Lam 
(1997) investigated the shell vibrations with ring supports 
that restricted the motion of cylindrical shells (CSs) in the 
transverse direction. This influence was inducted by the 
polynomial functions. 

Xiang et al. (2002) formed some closed form solution 
functions for studying vibrations of cylindrical shells. The 
mid-way ring supports were clamped around the shells. 
Mehar et al. (2017a, b, c, d) studied the frequency response 
of FG CNT and reinforced CNT using the simple 
deformation theory, finite element modeling, Mori-Tanaka 
scheme. They investigated a new frequency phenomenon 
with the combination of Lagrange strain, Green-Lagrange, 
for double curved and curved panel of FG and reinforced 
FG CNT. The characteristics of sandwich and grades CNT 
was found with labeling the temperature environ. The 
thermo elastic frequency of single shallow panel was 
determined using Mori-Tanaka formulations. The research 
of these authors has opened a new frequency spectrum for 
other material researchers. Wang et al. (1997) scrutinized 
the vibrations of ring-stiffened CSs using Ritz polynomial 
functions. Materials of both shells and rings were of 
isotropic nature. These shells were stiffened with isotropic 
rings having three types of locations on the shell outer 
surface. To increase the stiffness of CSs was stabilized by 
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Abstract.  Here the Rayleigh - Ritz method has been applied to derive the shell vibration frequency equation. This equation has 
been formed as an eigenvalue problem form. MATLAB software package has been utilized for extracting shell frequency 
spectra. Nature of materials used for construction of cylindrical shells also has visible impact on shell vibration characteristics. 
For isotropic materials, the physical properties are same everywhere, the laminated and functionally graded materials vary from 
point to point. Here the shell material has been taken as functionally graded material. Moreover, the impact of ring supports 
around the shell circumferential has been examined for the various positions along the shell axial length. These shells are 
stiffened by rings in the tangential direction. These ring supports are located at various positions along the axial direction round 
the shell circumferential direction. These variations have been plotted against the locations of ring supports for three values of 
exponents of volume fraction law. For three conditions, frequency variations show different behavior with these values of 
exponent law. The influence of the positions of ring supports for simply supported end conditions is very visible. The frequency 
first increases and gain maximum value in the midway of the shell length and then lowers down. The comparisons of 
frequencies have been made for efficiency and robustness for the present numerical procedure. 
 
Keywords:  Lagrangian functional; ring supports; volume fraction; FGM 

 

729



 
Mohamed A. Khadimallah et al. 

ring-stiffeners. Isotopic materials are the constituents of 
these rings. A large use of shell structures in practical 
applications makes their theoretical analysis an important 
field of structural dynamics. Since a shell problem is a 
physical one, so their vibrational behaviors are distorted by 
variations of physical and material parameters. To elude any 
complications which may risk a physical system their 
analytical investigation was done. Mehar and Panda (2016a, 
b, 2018a) computed the vibration behavior, bending and 
dynamic response of FG reinforced CNT using shear 
deformation theory and finite element method. For the sake 
of generality, the mathematical model was presented with 
the mixture of Green Lagrange method. The convergence of 
these methodologies has been checked for the variety of 
results. The composite plates with different graded was 
investigated with isotropic and core phase. Sharma et al. 
(1998) determined frequencies of composite cylindrical 
shells containing fluid. They estimated the axial modal 
deformations by trigonometric functions. Sharma (1974) 
analyzed vibration frequencies circular cylinder with using 
the Rayleigh - Ritz formulation and made comparisons of 
his results with some experimental ones. Chung et al. 
(1981) investigated the vibrations of fluid-filled CSs and 
presented an analysis of experimental and analytical 
investigation. Mehar and Panda (2018b) investigated the 
curved shell and CNT vibration with thermal environment 
using higher order deformation theory. This CNT was 
mixed with different configurations of the layers. The 
results have been verified with the earlier investigations. 
Sewall and Naumann (1968) considered the vibration 
analysis of CSs based on analytical and experimental 
methods. The shells were strengthened with longitudinal 
stiffeners. Mehar and Panda (2018c) investigated 
numerically the deflection behavior of carbon nanotube‐
reinforced composite plate is using the finite‐element 
method and the result accuracy is established via three‐point 
experimental bending test data. Alazzawy and Jweeg (2010) 
conducted the vibration solution for laminated simply 
supported closed cylindrical shells. This solution is obtained 
using General Third Shell Theory (GTT). Also, the critical 
in-plane fatigue load is studied and the required equilibrium 
equations are developed, the effects of tension or 
compression in-plane load on the natural frequencies are 
discussed also. 

Jiang and Olson (1994) recommended the characteristics 
of analysis of stiffened shell using finite element method to 
diminish large computational efforts which are required in 
the conventional finite element analysis. Mehar and Panda 
(2018d) developed a general mathematical model for the 
evaluation of the theoretical flexural responses of the 
functionally graded carbon nanotube- reinforced composite 
doubly curved shell panel using higher-order shear 
deformation theory with thermal load. Najafizadeh and 
Isvandzibaei (2007) applied ring supports to CSs for 
vibration analysis of along the tangential direction and 
founded their research on angular deformation theory of 
higher order. The angular deformation was used for shell 
equations and determined the effects of constituent volume 
fractions and shell configurations on the shell vibrations. 
FG material parameters were changed step by step. Bisen et 

al. (2018) and Mehar and Panda (2019) studied the 
structural response of reinforced material and FG-CNT 
using the numerical and experimental properties. The 
results are verified with the open existing literature. The 
computer software MATLAB was used for the frequency 
results. The higher order finite element and higher order 
mid-plane kinematics. The mixture rule was defined for the 
different materials. Power-law, sigmoid and exponential 
distribution of the individual constituents through the 
thickness direction. 

Shah et al. (2009) and Sofiyev and Avcar (2010) studied 
stability of CSs based on Rayleigh - Ritz and Galerkin 
technique using elastic foundations. The structures of 
cylindrical shell are tackled under the exponential law and 
axial load. Mehar et al. (2018a) evaluated the frequency 
behavior of nanolpate structure using FEM including the 
nonlocal theory of elasticity. Computer generated results are 
created by using the software first time robustly to check 
the vibration of nanoplate. The efficiency was checked by 
comparing the results of available data. Jweeg and 
Alazzawy (2007) investigated the transient solutions for 
laminated simply supported closed cylindrical shells 
subjected to a uniform dynamic pressure at the outer surface 
of the cylinder. These solutions are obtained by using 
General Third Shell Theory (GTT). Rectangular 
pulse, triangular pulse, sinusoidal ulse and (ramp-constant) 
load-time varying functions are studied and the required 
equilibrium equations are developed. Naeem et al. (2013) 
conducted the vibrational behavior of submerged FG-CSs. 
The problem of submerged cylindrical shells was frequently 
met where fluid envelopes a structure. Ramteke et al. 
(2020a) obtained the finite element solutions of static 
deflection and stress value for the functionally graded 
structure considering variable grading patterns (power-
law, sigmoid and exponential) including the porosity effect. 
The unknown values are obtained computationally via a 
customized computer code with the help of cubic-order 
displacement functions considering the varied distribution 
of porosity (even and uneven) through the panel thickness. 

Ergin and Temarel (2002) did a vibration study of 
cylindrical shells. The shells lied in a horizontal direction 
and contained fluid and submerged in it. Goncalves and 
Batista (1987) gave an analytical investigation of 
submerged CSs with fluid. Ramteke et al. (2020b) studied 
the two directional graded structure has been developed 
using a commercial FE package ANSYS and the subsequent 
deflection responses. Additionally, the model includes the 
porosity within the graded structure considering even type 
of distribution pattern. The present model is derived using 
the basic steps available in the ANSYS platform through 
the batch input technique. Kareem and Majeed (2019) 
investigated the impact of transient response laminated 
shallow shells due to transverse foreign object analytically 
and experimentally. The analytical analysis is presented 
by using the new higher order shear deformation shell 
theory. Contact force and transverse deflection of laminated 
shell have been measured with a piezoelectric force 
transducer (load cell) and a piezoelectric bending transducer 
respectively. Amabili (1999) used Donnell’s shallow-shell 
model with the quiescent, dense, inviscid and 
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incompressible fluid. Also, the dense fluid is studied for the 
influence of both the internal and external side of the shell. 
In the external side of the shell, the fluid was considered as 
an unbounded domain in the radial direction, while 
internally, the shell was considered as filled completely. 
Mehar and Panda (2018e) reported the nonlinear finite 
solutions of the nonlinear flexural strength and stress 
behavior of nano sandwich graded structural shell panel 
under the combined thermomechanical loading. Wang and 
Lai (2000) examined a novel approach for the evaluation of 
eigen - frequencies of cylindrical shells. The numerical 
process adopted by them was alike the wave propagation 
approach (WPA). Zhang (2002) studied vibrations of CSs 
submerged in a fluid. It was seen that the fluid factor 
impressed vibration shell frequencies to a significant limit. 
Mehar et al. (2018b) studied the bending responses of 
nanotube-reinforced curved sandwich shell panel structure 
under the influence of the thermomechanical loading. 
Further, the temperature dependent material properties of 
the sandwich structure are assumed to evaluate the 
exact responses. 

Alazzawy (2008) studied the static behavior (under 
torsion and bending loading) of machine tool column was 
studied in this paper. The effects of changing the cross 
sectional area of the column itself on the deformations 
(design parameters) was investigated. The adding of 
stiffeners and changing the stiffeners cross sectional area 
are also verified. The results show that using of 
stiffeners can produse a great reduction in deformation of 
the column structure under the stastic loading mentioned 
above.  Ansari and Rouhi (2015) performed nonlocal 
model for the frequencies of multi-walled carbon nanotubes 
with small effects subject to various boundary conditions 
(BCs) using Rayleigh-Ritz technique. The governing 
equation was formulated based on Flügge’s and nonlocal 
shell theory. Some new resonant frequencies were identified 
with the association of vibrational modes and 
circumferential modes into shell model. Sharma et al. 
(2019) studied the functionally graded material using 
sigmoid law distribution under hygrothermal effect. The 
Eigen frequencies are investigated in detail. Frequency 
spectra for aspect ratios have been depicted according to 
various edge conditions. Recently some researcher used 
different methods for nonlinear modeling (Tohidi et al. 
2018, Arefi and Zenkour 2017, Ghobaei-Arani et al. 2018, 
Krommer et al. 2016, Yeh 2016) and for other structures 
(Boussoula et al. 2020, AlSaleh and Fuggini 2020, Lee et 
al. 2019, Zahrai and Kakouei 2019, Poplawski et al. 2019) 
and some other works as deformation theory (Mehar et al. 
2016), finite element method (Mehar et al. 2018c), Green–
Lagrange strain field ((Mehar et al. 2018c), Multiscale 
modeling approach (Mehar and Panda 2019, Mehar et al. 
2019, higher order theory (Jweeg and Majeed 2020); finite 
element formulation (Dewangan et al. 2020a, b). 

According to our knowledge, up to now little is known 
about the vibration analyses of ring supports and moreover, 
the influence of length-to-radius ratio, thickness-to-radius 
ratio and varying of exponents of volume fraction have not 
been investigated earlier for FG-CS based on RRM. These 
shells are stiffened with isotropic rings having three types 

of boundary conditions on the shell outer surface. These 
cylinders are stabilized by ring-stiffeners to increase the 
stiffness and strength. Isotopic materials are the constituents 
of these rings. A large use of shell structures in practical 
applications makes their theoretical analysis an important 
field of structural dynamics. Since a shell problem is a 
physical one, so their vibrational behaviors are distorted by 
variations of physical and material parameters. To elude any 
complications which may risk a physical system their 
analytical investigation is done. 

 
 

2. Functionally graded material 
 
The volume fraction 𝑉௙ for CSs with power-law, the 

material property is expressed as (Chi and Chung 2006) 
 𝑉௙ = ൤𝑧

ℎ
+ 12൨௤

 (1)

 
The power law exponent is denoted as 𝑞 and h for 

thickness and z is the coordinate which varies from zero to 
infinity. 

In practice a cylindrical shell is framed from a FGM 
which contains of two component materials these are 
denoted by Type-I and Type-II. If 𝐸ଵ and 𝐸ଶ as Young’s 
moduli, 𝜈ଵ and 𝜈ଶ as Poisson’s ratios, 𝜌ଵ and 𝜌ଶ mass 
densities respectively. Then effective material quantities: 
Young’s modulus, 𝐸ிீெ , Poisson’s ratio, 𝑣ிீெ and mass 
density,  𝜌ிீெ  of the FGM are given as 

 𝐸ிீெ = ሾ𝐸ଵ − 𝐸ଶሿ ൤2𝑧 + ℎ2ℎ ൨௤ + 𝐸ଶ,𝑣ிீெ = ሾ𝑣ଵ − 𝑣ଶሿ ൤2𝑧 + ℎ2ℎ ൨௤ + 𝑣ଶ, 𝜌ிீெ = ሾ𝜌ଵ − 𝜌ଶሿ ൤2𝑧 + ℎ2ℎ ൨௤ + 𝜌ଶ 

(2)

 
The material parameters: 𝐸ଵ, 𝐸ଶ, 𝜈ଵ, 𝜈ଶ, and 𝜌ଵ, 𝜌ଶ 

for constituents materials Stainless steel and Nickel at a 
temperature of 300 K. Toulokian (1967) stated the material 
properties 𝐶  at high temperature environ, with 
temperature-dependents which is a function of temperature. 
In Eq. (3), the constants (𝐶଴, 𝐶ିଵ, 𝐶ଵ, 𝐶ଶ, 𝐶ଷ) are different for 
different material. 

 𝐶 = 𝐶଴(𝐶ିଵ𝑇ିଵ + 𝐶ଵ𝑇 + 𝐶ଶ𝑇ଶ + 𝐶ଷ𝑇ଷ) (3)
 
A FG-CS consisting of two constituent materials. In 

these Types, Nickel and Stainless steel are used as the 
interior surfaces and the exterior surface respectively, but 
their arrangement has profound influence on the formation 
of FG-CSs.  The order of the FG constituent materials is 
reversed as Type-I and Type-II. At temperature 300K, for 
Stainless steel and Nickel, the material properties for FG-
CS are:  𝐸 , 𝜐 , 𝜌  for Stainless steel are 2.07788 ×10ଵଵ ே௠మ, 0.317756 and 8166 ௄௚௠యand Nickel are 2.05098 ×10ଵଵ ே௠మ, 0.3100, and 8900 ௄௚௠య (Loy et al. 1999). 
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The resulting fabric properties of a functionally graded 
material are expressed as 

 𝐶 = ෍ 𝐶௜𝑉௙೔
ఎ′

௜ୀଵ  (4)

 
Here 𝐶௜  denotes the fabric property and 𝑉௙௜ , the 

volume fraction of the ith FG material in that order. 𝜂′is the 
number of functionally graded constituent fabric. When 
volume fractions of these ingredient materials are sum up, 
then their result is written as 

 ෍ 𝑉௙೔ = 1௣
௜ୀଵ  (5)

 
 

3. Theoretical formulation of shell problem 
 
An orthogonal system (𝑥, 𝜃, 𝑡) is setup for the reference 

surface (middle surface) as shown in Fig. 1. The 𝑥, 𝜃 co-
ordinate are assumed to be along longitudinal and 
circumferential direction, respectively and 𝑧 - co-ordinates 
are taken in its radial directions. The space of the ring-
stiffeners ∫  on the shell may or may not have equal spaces 
according to the adjustment of the shell. From one end of 
the FG-CSs, the measurement of the kth stiffener is 
positioned at x = 𝑎௞𝐿 with width 𝑏௞ and rectangular cross 
section depth 𝑑௞ . The stiffeners may be assembled from 
diverse materials and also from the parent shell material. 𝜈௞, 𝐺௞ , 𝐸௞ , 𝜌௞ , stands for Poisson’s ratio, shear modulus, 
Young’s modulus and stiffener’s mass density, respectively. 

The strain and kinetic energies is given for vibrating 
cylindrical shell 

 

 
The kinetic energy (K.E) of vibratingshell is articulated 

as 
 
 

 

𝐾 = 12 න න 𝜌்ଶగ
଴

௅
ை ቈ൬𝜕𝑢𝜕𝑡 ൰ଶ + ൬𝜕𝑣𝜕𝑡൰ଶ + ൬𝜕𝑤𝜕𝑡 ൰ଶ቉ 𝑅𝑑𝜃𝑑𝑥, (7)

 
whereas (𝜅ଵ, 𝜅ଶ,𝜏) and (𝑒ଵ, 𝑒ଶ, 𝛾) are referenced as 

surface curvatures and surface strains. 𝐴௜௝ (extensional stiffness), 𝐵௜௝ (coupling stiffness) and 𝐷௜௝  (bending stiffness) such that (i, j = 1~6) and these 
stiffness’s 𝐴௜௝, 𝐵௜௝, 𝐷௜௝ are given as 

 

൛𝐴௜௝, 𝐵௜௝, 𝐷௜௝ൟ = න 𝑄௜௝ሼ1, 𝑧, 𝑧ଶሽ𝑑𝑧೓మ
ି೓మ

 (8)

 ሾ𝑄ሿ = ൭𝑄ଵଵ 𝑄ଵଶ 0𝑄ଶଵ 𝑄ଶଶ 00 0 𝑄ଷଷ൱ (9)

 𝑄௜௝  is reduced stiffness for isotropic materials with 
conjunction of E and 𝑣 are written as 

 𝑄ଵଵ = 𝐸1 − 𝑣ଶ = 𝑄ଶଶ,       𝑄ଵଶ = 𝑣𝐸1 − 𝑣ଶ ,𝑄଺଺ = 𝐸2(1 + 𝑣) 
(10)

 
The mass density relation 𝜌் is expressed as 
 

𝜌் = න 𝜌 𝑑𝑧ℎమ
ି೓మ

 (11)

 
 
 

 
The strain energy S in modified form is taken from 

Sander’s theory and can be elaborated as 
 
 

 

𝑆 = 𝑅2 න න ቌ𝐴ଵଵ𝑒ଵଵଶ + 2𝑒ଵ𝑒ଶ𝐴ଵଶ + 2𝑒ଵ𝑘ଵ𝐵ଵଵ + 2𝑒ଵ𝑘ଶ𝐵ଵଶ + 𝑒ଶଶ𝐴ଶଶ+2𝑒ଶ𝑘ଶ𝐵ଵଶ + 2𝑒ଶ𝑘ଶ𝐵ଶଶ + 𝛾ଶ𝐴଺଺ + 4𝜏𝛾𝐵଺଺ + 𝑘ଵଶ𝐷ଶଶ+2𝑘ଵ𝑘ଶ𝐷ଵଶ + 𝑘ଶଶ𝐷ଶଶ + 4𝜏ଶ𝐷଺଺ ቍ 𝑑𝜃𝑑𝑥ଶగ
଴

௅
଴  (6)

 
Fig. 1 Geometry of cylindrical shell
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For the kth ring-stiffener the strain energy 𝑆௞ is given 

by Galletly (1955) 
 

 
where 𝑒௞ denote the eccentricity of the ring stiffener and 
for externally eccentric stiffener it is expressed as 

 𝑒௞ = (ℎ+ 𝑑௞)2  (14)

 
Whereas for concentric stiffener it is zero i.e. 
 𝑒௞ = 0 (15)
 
For internally eccentric stiffener it is given by 
 𝑒௞ = − (ℎ+ 𝑑௞)2  (16)

 𝐼௭௞ , 𝐼௫௞  the second moment of areas and 𝐴௞ , 𝐽௞ 
signifies the cross-section areas and torsional constant given 
by the following equations 

 𝐼௭௞ = 𝑏௞ଷ𝑑௞12 ,     𝐼௭௞ = 𝑏௞𝑑௞ଷ12 , 𝐴௞ = 𝑏௞𝑑௞, 𝐽௞ = 13 ൥1 − 192𝑏௞𝜋ହ𝑑௞ ෍ 1𝑛ହ 𝑡𝑎𝑛ℎ𝑛𝜋𝑑௞2𝑏௞
∞

௡ୀଵ,ଷ,ହ ൩ 𝑏௞ଷ𝑑௞ 
(17)

 
The kinetic energy of the kth stiffener i.e., 𝐾௞ is given 

by 
 𝐾௞ = 12 𝜌௞ න ቊ𝐴௞ ቈ൬𝜕𝑢௞𝜕𝑡 ൰ଶ + ൬𝜕𝑣௞𝜕𝑡 ൰ଶ + ൬𝜕𝑤௞𝜕𝑡 ൰ଶ቉ଶగ

௢          +(𝐼௫௞ + 𝐼௭௞) ቆ𝜕ଶ𝑤௞𝜕𝑡𝜕𝑥ቇଶൡ (𝑅 + 𝑒௞)𝑑𝜃 
(18)

 
At the position of the stiffener the associations between 

the displacements (𝑢௞, 𝑣௞, 𝑤௞) of the kth stiffener and the 
displacements (𝑢, 𝑣, 𝑤)  of the shell at 𝑥 = 𝑎௞𝐿 , from 
geometrical considerations, are expressed as 

 𝑢௞ = 𝑢 + 𝑒௞ 𝜕𝑤௞𝜕𝑥  (19)

 
 
 
 

 𝑣௞ = 𝑣 ቀ1 + 𝑒௞𝑅 ቁ + 𝑒௞𝑅 𝜕𝑤𝜕𝜃  (20)

 𝑤௞ = 𝑤 (21)
 
The Lagrangian functional can be obtained with the 

coalescence energies (strain and kinetic) with the 
combination of kth stiffener in the following shape 

 𝛱 = ቎𝐾 + ෍ 𝐾௞∫
௞ୀଵ ቏ − ቎𝑆 + ෍ 𝑆௞∫

௞ୀଵ ቏ (22)

 
3.2 Modal displacement form 
 
The unknown functions involving the shell dynamical 

equations are functions of shape linear variables. The 
independent variables are separated by employing 
prescribed method. They are supposed in the form of the 
product of separate functions of independent variables. The 
displacement components are represented in the form 
(Flügge 1962, Forsberg 1964, Warburton 1965) 

 𝑢 = 𝐴௠𝑈(𝑥) cos(𝑛𝜃) cos(𝜔𝑡) 𝑣 = 𝐵௠𝑉(𝑥) sin(𝑛𝜃) cos(𝜔𝑡) 𝑤 = 𝐶௠𝑊(𝑥) cos(𝑛𝜃) cos(𝜔𝑡) 
(23)

 
Where 𝐴௠, 𝐵௠, 𝐶௠  are taken as the displacement 

amplitudes in 𝑥, 𝜃  and 𝑧  directions. The angular 
frequency and circumferential wave number are represented 
by 𝜔 and 𝑛 respectively.  

 
 

4. Methodology 
 
The present analysis is carried out for simply supported, 

clamped-clamped and clamped-free BCs to examine the 
frequency spectrum of ring-stiffened FG-CSs. Over the past 
several years vibration of shell and plate structures of 
various configurations and boundary conditions have been 

𝑆 = 𝑅2 න න ቈ𝐴ଵଵ ൬𝜕𝑢𝜕𝑥൰ଶ + 𝐴ଶଶ𝑅ଶ ൬𝜕𝑣𝜕𝜃 − 𝑤൰ଶ + 2𝐴ଵଶ𝑅 ൬𝜕𝑢𝜕𝑥൰ ൬𝜕𝑣𝜕𝜃 − 𝑤൰ + 𝐴଺଺ ൬𝜕𝑣𝜕𝑥 + 1𝑅 𝜕𝑢𝜕𝜃൰ଶଶగ
଴

௅
଴                              +2𝐵ଵଵ 𝜕𝑢𝜕𝑥 𝜕ଶ𝑤𝜕𝑥ଶ + 2𝐵ଵଶ𝑅ଶ ቆ𝜕ଶ𝑤𝜕𝜃ଶ + 𝑤ቇ ൬𝜕𝑢𝜕𝑥൰ + 2𝐵ଵଶ𝑅 ቆ𝜕ଶ𝑤𝜕𝑥ଶ ቇ ൬𝜕𝑣𝜕𝜃 − 𝑤൰ + 2𝐵ଶଶ𝑅ଷ ൬𝜕𝑣𝜕𝜃 − 𝑤൰ ቆ𝜕ଶ𝑤𝜕𝜃ଶ + 𝑤ቇ 

                            +𝐵଺଺ ቆ 𝜕ଶ𝑤𝜕𝑥𝜕𝜃 + 34 𝜕𝑣𝜕𝑥 − 14𝑅 𝜕𝑢𝜕𝜃ቇ ൬𝜕𝑣𝜕𝑥 + 1𝑅 𝜕𝑢𝜕𝜃൰ + 𝐷ଵଵ ቆ𝜕ଶ𝑤𝜕𝑥ଶ ቇଶ + 𝐷ଶଶ𝑅ସ ቆ𝜕ଶ𝑤𝜕𝜃ଶ + 𝑤ቇଶ 
                            + 2𝐷ଵଶ𝑅ଶ 𝜕ଶ𝑤𝜕𝑥ଶ ቆ𝜕ଶ𝑤𝜕𝜃ଶ + 𝑤ቇ +4𝐷଺଺ ቆ 𝜕ଶ𝑤𝜕𝑥𝜕𝜃 + 34 𝜕𝑣𝜕𝑥 − 14𝑅 𝜕𝑢𝜕𝜃ቇଶ൩ 𝑑𝜃𝑑𝑥 

(12)

𝑆௞ = න ൝ 𝐸௞𝐼௭௞2(𝑅 + 𝑒௞) ቆ𝜕𝑤௞𝜕𝑥 + 1𝑅 + 𝑒௞ 𝜕ଶ𝑢௞𝜕𝜃ଶ ቇଶଶగ
଴ + 𝐸௞𝐼௫௞2(𝑅 + 𝑒௞)ଷ ቆ𝑤௞ + 𝜕ଶ𝑤௞𝜕𝜃ଶ ቇଶ + 𝐸௞𝐴௞2(𝑅 + 𝑒௞) 

                   ൬𝜕𝑣௞𝜕𝜃 − 𝑤௞൰ଶ + 𝐺௞𝐽௞2(𝑅 + 𝑒௞) ቆ− 𝜕ଶ𝑤௞𝜕𝑥𝜕𝜃 + 1𝑅 + 𝑒௞ 𝜕𝑢௞𝜕𝜃 ቇଶൡ 𝑑𝜃 
(13)
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extensively studied (Wuite and Adali 2005, Xuebin 2008, 
Lam and Loy 1998). Excellent reviews of such studies are 
available in Leissa (1973). The present technique is very 
powerful for the prediction of vibration of shells with ring-
stiffened. The Lagrangian energy functional Π is framed 
by adding energy expressions for the FG-CSs and ring 
stiffeners with regard to shell frequency by RRM. The shell 
frequency equation is solved to extract the shell frequency 
and mode shapes. 

 𝛱 = ቎𝐾 + ෍ 𝐾௞∫
௞ୀଵ ቏ − ቎𝑆 + ෍ 𝑆௞∫

௞ୀଵ ቏ (24)

 
The assumed forms of u, v, w in the Eq. (23) and the 

values of their partial derivatives are substituted in the Eqs. 
(7), (12), (13) and (18) for energy expressions 𝑆, 𝐾, 𝑆௞ and 𝐾௞   respectively and after their substitution we get the 
following expression for energy functional Π as 

 

 
4.1 Derivation of generalized eigenvalue problem 
 
The RRM is applied to formulate the generalized 

eigenvalue problem. This is a direct approach gives rapid 
results. Necessary conditions for extrema of the functional Π୫ୟ୶ give in the following Eq. (25). 

 𝜕Π୫ୟ୶𝜕𝐴௠ = 𝜕Π୫ୟ୶𝜕𝐵௠ = 𝜕Π୫ୟ୶𝜕𝐶௠ = 0 (26)

 
After solving the Eq. (26) with its full form, the 

following eigenvalue is 
 ቂൣሾ𝑆ሿ + ሾ𝑆௞ሿ൧ − 𝜔ଶൣሾ𝐾ሿ + ሾ𝐾௞ሿ൧ቃ 𝑋 = ሾ0ሿ (27)
 

or 
 ൣሾ𝐶ሿ − 𝜔ଶሾ𝐷ሿ൧𝑋 = ሾ0ሿ (28)

where ሾ𝐶ሿ = ൣሾ𝑆ሿ + ሾ𝑆௞ሿ൧, ሾ𝐷ሿ = ൣሾ𝐾ሿ + ሾ𝐾௞ሿ൧,  
 
This is an eigenvalue problem and is resolved by the 

help of the MATLAB software. MATLAB software is very 
helpful and capable tool that gives a quick solution of the 
problem. Both eigenvalues and eigenvectors are obtained by 
a simple command. For extracting the frequencies and 
mode shapes of the shell, the eigenvalues and eigenvector 
are formed. Where [S], [K] are designated by stiffness and 
the mass matrices of the FG-CSs respectively and ሾ𝑆௞ሿ, ሾ𝐾௞ሿ  are kth ring stiffener matrices with 𝑋 =ሾ𝐴௠, 𝐵௠, 𝐶௠ሿ். The expression for matric entries of [C] and 
[D] are given in Appendix-I. 

 
 
 
 
 

 
5. Numerical results and discussions 

 
For the convergence rate of FG-CSs, the non-

dimensional frequency parameters enumerated in the 
current work, i.e., using RRM, are happened to be in a good 
consistency along with the so-called exact results furnished 
by Loy et al. (1999), those were established by working out 
with the deformation theory provided in Table 1. The 
proposed model based on RRM can incorporate in order to 
accurately predict the acquired results of material data 
point. The frequencies are described for non-dimensional 
frequency parameters as: 𝜉 = 𝜔𝑅ඥ(1 − 𝜈ଶ)𝜌/𝐸 as shown 
in Table 1 and positive coherence is achieved. The 
percentage difference is negligible as n = 1, 3, 4 are 
0.006%, 0.01%, 0.002% and at n = 2 by 0.0061% and 
present RRM result are lower than equivalent results 
executed by Loy et al. (1999). The frequency parameters 
for circumferential wave numbers n = 5, 6 are same with 

ෑ = 𝑅𝜋2 න ቈ𝐴ଵଵ𝐴௠ଶ ൬𝑑𝑈𝑑𝑥൰ଶ௅
଴ + 2𝑅 𝐴ଵଶ(𝐴௠𝐵௠𝑛 + 𝐴௠𝐶௠) 𝑉 ൬𝑑𝑈𝑑𝑥൰ − 2𝐴௠𝐶௠𝐵ଵଵ ൬𝜕𝑈𝜕𝑥൰ଶ            + 2𝑅ଶ 𝐵ଵଶ(𝑛ଶ𝐴௠𝐶௠ + 𝑛𝐵௠𝐴௠)𝑉 ൬𝑑𝑈𝑑𝑥൰ + 𝐴ଶଶ (𝐵𝑛 + 𝐶)ଶ𝑅ଶ 𝑉ଶ − 𝐵ଵଶ 2(𝐵𝐶𝑛 + 𝐶ଶ)𝑅 𝑉 ൬𝑑𝑈𝑑𝑥൰            + 2𝐵ଶଶ𝑅ଷ (𝐵௠𝐶௠𝑛ଷ + 𝐶௠ଶ 𝑛ଶ + 𝐵௠𝐶௠𝑛 + 𝐵௠ଶ 𝑛ଶ)𝑉ଶ + 𝐴଺଺ ቆ𝐵௠ଶ + 𝑛ଶ𝐴௠ଶ𝑅ଶ − 2𝐵௠𝐴௠𝑛𝑅 ቇ 𝑈ଶ 

           +4𝐵଺଺ ቆ𝑛𝐵௠𝐶௠𝑅 − 𝑛ଶ𝐴௠𝐶௠𝑅ଶ + 𝐵௠ଶ𝑅 − 𝑛𝐵௠𝐴௠𝑅ଶ ቇ 𝑈ଶ + 𝐷ଵଵ𝐶௠ଶ ൬𝑑𝑈𝑑𝑥൰ଶ − 2𝐷ଵଶ𝑅ଶ (𝑛ଶ𝐶௠ଶ + 𝑛𝐵௠𝐶௠)𝑉 ൬𝑑𝑈𝑑𝑥൰            + 𝐷ଶଶ𝑅ସ (𝑛ଶ𝐶௠ + 𝑛𝐵௠)ଶ𝑉ଶ + 4𝐷଺଺𝑅ଶ (𝑛𝐶௠ + 𝐵௠)ଶ𝑈ଶ − ቊ𝑅𝜔ଶ𝜌்𝜋2 (𝐴௠ଶ 𝑈ଶ + 𝐵௠ଶ 𝑉ଶ + 𝐶௠ଶ 𝑊ଶ)ቋ቉ 𝑑𝑋            +𝜋 ൤ 𝐸௞𝐼௭௞2(𝑅 + 𝑒௞)ଷ 𝑈ଶ(𝐶௠ଶ (𝑅 + 𝑒௞)ଶ + 𝑛ସ(𝐴௠ଶ + 𝐶௠ଶ 𝑒௞ଶ + 2𝐴௠𝐶௠𝑒௞) − 2𝑛ଶ(𝐴௠𝐶௠ + 𝐶௠ଶ 𝑒௞)(𝑅 + 𝑒௞))            + 𝐸௞𝐼௑௞2(𝑅 + 𝑒௞)ଷ 𝑉ଶ𝐶௠ଶ (1 − 𝑛ଶ)ଶ + 𝐸௞𝐴௞2(𝑅 + 𝑒௞) 𝑉ଶ((1 + 𝑒௞𝑅 )ଶ𝑛ଶ𝐵௠ଶ + (1 + 𝑛ଶ𝑒௞𝑅 )ଶ𝐶௠ଶ  
           −2𝑛𝐵௠𝐶௠ ቀ1 + 𝑒௞𝑅 ቁ ቆ1 + 𝑛ଶ𝑒௞𝑅 ቇ൱൩ − 𝜔ଶ𝜌௞𝜋2 (𝑅 + 𝑒௞) ቈ𝐴௞𝑈ଶ(𝐴௠ + 𝐶௠𝑒௞)ଶ  
           +𝐴௞𝑉ଶ ቊ(𝐶௠ଶ 𝑛ଶ + 𝐵௠ଶ − 2𝐵௠𝐶௠𝑛) 𝑒௞ଶ𝑅ଶ + 𝐵௠ଶ + 2𝐵௠ 𝑒௞𝑅 (𝐵௠ − 𝐶௠𝑛)ቋ + 𝐶௠ଶ 𝑉ଶ + (𝐼௑௞ + 𝐼௭௞)𝐶௠ଶ 𝑈ଶ቉ 

(25)
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the outcomes of Loy et al. (1999). In Table 2, the 
frequencies (Hz) for FG-CSs are weighed against those 
calculated for a SS-SS end conditions by Warburton (1965). 
The frequencies are taken for circumferential modes n = 2, 
3 and m = 1 ~ 6. Table 3 shows the natural frequency results 
versus depth to width ratios d/b are well matched those 
evaluated by Swaddiwudhipong et al. (1995) with 14 
evenly spaced ring stiffeners Galletly (1955) SS-SS shells. 
It is observed that present results have smallest frequency 
values as compared with Swaddiwudhipong et al. (1995). It 
is observed frequency increases on increasing the ratio 
(d/b). The proposed model based on RRM can incorporate 
in order to accurately predict the acquired results of material 

 
 

 

 
 

 
 

data point. 
 
5.1 Frequency analysis without ring supports 
 
In Fig. 2, frequencies of vibrating FG-CSs are plotted 

versus the axial wave number, m. These frequencies have 
been examined for the wave number, n = 1. Like others 
cases the frequency is decreased for Type-I and it is 
increased for the Type-II when the value of ‘q’ is increased 
and decreased respectively. Fig. 3 portrays the variations of 
frequencies with circumferential wave number, n for Type-I 
and-II cylindrical shells. These variations of the natural 
frequency (Hz) have been calculated for the following 

 
 

Table 1 Convergence of RRM frequencies Loy et al. (1999) 

L/R h/R Method 
N 

1 2 3 4 5 6 

20 0.01 
Loy et al. (1999) 0.016102 0.009382 0.022105 0.042095 0.06801 0.09973 

RRM 0.016101 0.009378 0.022103 0.042094 0.04209 0.09973 
 

Table 2 Convergence of RRM frequencies Warburton (1965) 

n Method 
m 

1 2 3 4 5 6 

2 
Warburton (1965) 2040.8 5637.6 8935.3 11405 13245 14775 

RRM 2043.7 5631.9 8926.4 11399.4 13243.7 14779.9

3 
Warburton (1965) 2199.3 4041.9 6620 9124 11357 13384 

RRM 2194.4 4031.2 6605.9 9108.4 11343.4 13374.9
 

Table 3 Convergence of frequencies of SS-SS FG-CSs with 14 evenly spaced ring stiffeners versus 
d/b (stiffener’s depth-to-width ratio) Swaddiwudhipong et al. (1995) 

d/b 1.33414 2.6628 3.9942 
N 2 3 4 2 3 4 2 3 4 

Swaddiwudhipong et al. (1995) 0.084 0.067 0.107 0.083 0.109 0.203 0.087 0.159 0.304
RRM 0.082 0.064 0.106 0.082 0.107 0.200 0.085 0.153 0.301

 

Type-I Type-II 

Fig. 2 Frequency variation versus m for SS-SS condition (n = 1, h/R = 0.002 m, L/R = 20 m) 
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volume fraction exponents: q = 0.5, 0.8, 1, 3, 5, 8, 10 for the 
two Types of FGM cylindrical shells. The influence of q is 
opposite on frequencies of two shells. For Type-I and- II 

 
 

 
 

 
 
cylindrical shells, frequencies decrease and increase with q, 
due to interchange of order of FG constituents material. In 
Type-I, the natural frequency decreases when q is increased 

Type-I Type-II 

Fig. 3 Frequency variation versus n for SS-SS condition (m = 1, h/R = 0.002 m, L/R = 20 m) 

Type-I Type-II 

Fig. 4 Frequency variation versus L/R for SS-SS condition (m = 1, n = 1, h/R = 0.002) 

Type-I Type-II 

Fig. 5 Frequency variation versus h/R for SS-SS condition (m = 1, n = 1, L/R = 20) 
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Fig. 6 Frequency pattern versus n for three boundary 
conditions for FG-CS with ring support (m = 1, 
L= 20m, h = 0.002m, R = 1m, q = 0.5, a = 0.3)

 
 
while on the other hand, this behavior is reversed for Type-
II cylindrical shells. Fig. 4, depict the variations of 
frequencies for Type-I and- II FG-CS against L/R for both 
types. For Type-I, the frequency decreases by increasing the 
 
 

value of q but for Type- II, this change is reversed i.e., it 
increases with increase in values of q. But frequencies 
decrease as L/R is increased for both types cylindrical 
shells. For large L/R, the frequencies curves merges with 
each other. Fig. 5 displays a graphical view of frequencies 
for both Type- I and- II against the value of height-to-radius 
ratio h/R. For both types of cylindrical shell, the frequencies 
increase linearly as h/R is increased but for various values 
of ‘q’ the frequency diminishes for Type- I and increase for 
Type- II. 

 
3.2 Frequency analysis with ring supports 
 
Here frequencies for both types of FG-CSs with ring 

supports are presented in following figures. The frequency 
variation with the position of the ring support at a = 0.3L 
for the edge conditions: SS- SS, C-C and C-F for both FG-
CS as shown in Fig. 6. The frequencies increase 
significantly from n = 1~10 and for other wave number, the 
frequencies increase linearly. 

Fig. 7 depicts the frequency variations versus ring 
support for Types-I and-II cylindrical shells. These 
variations of frequencies are drawn with three types of end 
conditions. As a/L is enhanced for these boundary 

 
 

 

(a) (b) 

(c)

Fig. 7 Variations of frequencies versus the ring support a/L under various boundary conditions for FGM cylindrical shells 
(m = 1, n = 1, L = 20 m, h = 0.002 m, R = 1 m, q = 0.5)
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conditions, the frequencies go up. At a/L (= 0.5) all the 
frequencies are higher and at a/L (= 0.6~0.9), the 
frequencies decreases. The frequencies are same at a/L = 0, 
1 and rust itself a bell shape. In these figures, the C-F 

 
 

 
 

frequencies are lower than that of C-C and SS-SS. These 
frequencies have a great impact on the vibration of FG-CSs. 
It is inferred this frequency behavior with position of the 
ring supports has paramount influence on the vibrations of 
FG-CSs. 

 

 
 

 

(a) (b) 
 

(c)

Fig. 8 Frequency variations at different ratios of L/R of FG-CSs with the position of ring support 
(n = 1, m = 1, h = 0.002 m, R = 1 m, q = 0.5)

(a) (b) 

Fig. 9 Variations of frequencies at different ratios of h/R of FGM cylindrical shells with the position of ring supports
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In Figs. 8(a), (b), and (c), frequencies for Type-I and-II 

FG-CSs are sketched versus with position a/L of ring 
supports for three values of L/R = 1, 7, 20. These results 
have been evaluated for three boundary conditions, 
respectively. Their graphical view presents that affect ring 

 

 
 

support positions on vibration frequencies is pronounced at 
large values of L/R ratios where at L/R = 1, their influence 
has reduced. 

Figs. 9(a), (b), and (c) demonstrate the frequencies of 
FG-CSs with three different boundary conditions against 

(c)

Fig. 9 Continued

(a) (b) 

(c)

Fig. 10 Variations of frequencies at different ratios of q of FGM cylindrical shells with the position of ring supports 
(n = 1, m = 1, L = 20 m, h = 0.002 m, R = 1 m)
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positions of ring supports. Frequency variations for these 
boundary conditions have observed slightly different with 
parameter (L = 20, R = 1 m, q = 0.5). The SS-SS 
frequencies increase and decrease symmetrically around the 
mid location of ring supports. For rest of two end 
conditions, the variations of frequencies are observed to in 
linear style. Figs. 10(a), (b), and (c) depict the frequencies 
of FG-CS for Type-I and-II cylindrical shells with specified 
boundary conditions. These variations have been plotted 
against the locations of ring supports for three. 

For three conditions, frequency variations show 
different behavior with these values of this law. The 
frequencies are visible for simply supported condition in the 
case of ring supports. The frequency first increases and gain 
maximum value in the midway of the shell length and then 
lowers down. For clamped-clamped conditions, variations 
of frequencies are also like that for simply supported end 
conditions. For clamped-free conditions, frequency 
variations appear to be seen linear manner. For simply 
supported-simply supported conditions, a symmetrical 
behavior for natural frequencies is seen with the mid 
location of ring supports. For clamped-free conditions, a 
linear behavior of frequency variations is observed around 
the mid location of the ring supports. 

 
 

6. Conclusions 
 
In this analytical study, vibrations of functionally grade 

cylindrical shells have been investigated for the distribution 
of material composition of material with two different 
categories. Theoretical study gives a prediction to estimate 
experimental frequencies and avoids any future risk to a 
physical system. Here the Rayleigh-Ritz technique has been 
applied to derive the shell frequency equation. Terms of 
ring supports have been introduced by a polynomial 
function that bears the degree equal to the number of ring 
supports. These results have been obtained for 
circumferential wave mode, ratios of length- and- thickness-
to-radius. Variations of frequencies with the locations of 
ring supports have been analyzed placed round the 
circumferential direction. The position of a ring support has 
been taken along the shell length. It is seen that frequencies 
increases on inducting of ring-stiffeners. As the position of 
a ring is changed from one end of the shell to other one, the 
frequency first increases and obtains its maximum value at 
the shell mid length position and then decreases. Its values 
at both ends are similar. This procedure can be applied to 
vibration characteristics of FG-shell using various volume 
fraction laws with ring supports. 
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