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1. Introduction 

 
Since 1984, a new generation of a composite material, 

known as functionally graded material (FGM) whose 
composition created to alter continuously, is used for the 
first time as thermal barrier during the space-plane project 
in Japan, Alshorbagy et al. (2011). This material is capable 
of withstanding a surface temperature of 2000 K and a 
temperature gradient of 1000 K across a cross-section < 10 
mm (Chen and Liew 2004). Since that, FGMs have been 
used in many applications such as aerospace, nuclear, 
optics, chemistry, biomedical, defense, automotive, energy 
conversion, micro/nano-electro-mechanical system (MEMS 
/NEMS) and atomic force microscopes. 

During fabrication processes of FGMs, micro-voids and 
cavities are generated due to technically problems, curing or 
poor-quality productions. On the other hand, porosity or 
voids may create inside materials to provide lightweight or 
enhance energy-absorbing capability. Porous FGM provides 
unique potential for wide applications in aerospace, 
automotive and civil engineering. Voids are frequently 
presented in ceramic phase rather than metallic one. The 
porosity is used to measure voids percentage by 
determining fraction of the volume of voids on the total 
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volume. The volume of voids over the total volume varies 
between 0 and 1. The porosity is very important issue in the 
mechanical behavior of structures because materials can 
lose their strength after a certain porosity ratio. Therefore, 
recognizing mechanical behaviors of porous FGM structural 
elements is significant in designs. 

Recently, lots of researchers focus on this relevant topic. 
Wattanasakulpong and Ungbhakorn (2014) studied 
vibration characteristics of FGM porous beams by using 
differential transformation method with different kinds of 
elastic supports. Ebrahimi and Jafari (2016) investigated 
thermal vibration of FGM porous beams. Wu et al. (2018) 
performed a finite element analysis to study the free and 
forced vibration FGM porous beam using both Euler-
Bernoulli and Timoshenko beam theories. Yang et al. 
(2018) used Chebyshev-Ritz method to study buckling and 
free vibration of FGM graphene reinforced porous 
nanocomposite. Ghayesh and Moradian (2011), Ghayesh et 
al. (2011), Ghayesh and Amabili (2012), Ghayesh (2012, 
2018a, b, 2019a, b, c, d, e, f), Farokhi et al. (2016) 
investigated dynamic analysis of viscoelastic beams. Akbaş 
(2018a, b, c, d, e, f) examined the forced vibration analysis 
of FGM deep beams with porosity. Fazzolari (2018) 
exploited generalized beam theories to study the vibration 
and stability of porous FGM sandwich beams resting on 
elastic foundations. Jouneghani et al. (2018) studied 
analytically the structural response of porous FGM nonlocal 
nanobeams under hygro-thermo-mechanical loadings. 
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Abstract.  The following article presents the damped forced vibration of layered functionally graded thick beams including 
material porosities. In case of very thick beams, beam theories fail to satisfy boundary conditions and to predict the mechanical 
response accurately. So, the two-dimensional (2D) plane continuum model is exploited to model a thick functionally graded 
layered beam. The beam is composed from three- layers with functionally graded porous materials. The porosity is described by 
three different distribution models through the layer thickness. Applied forces to the functionally graded beam are assumed to be 
sinusoidal harmonic point load in time domain. The Kelvin–Voigt viscoelastic constitutive model is used to simulate damping 
effect. The governing equations are obtained by using Lagrange’s equations. In frame of finite element analysis, twelve –node 
2D plane element is exploited to discretize the space domain of thick beam. In the solution of the dynamic problem, the 
Newmark average acceleration method is used. Numerical studies illustrate effects of porosity distribution, stacking sequence, 
and graduation constant on the dynamic responses of layered functionally graded porous thick beams. The results show that the 
porosity function, stacking sequences and the damping ratio have a vital role in dynamic response of functionally graded beams. 
The proposed model can be used in nuclear, marine, and aerospace technologies. 
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Pegios and Hatzigeorgiou (2018) exploited the dynamic 
stiffness matrix for a plane system of beams by using finite 
element method to determine its dynamic response due to 
an external load harmonically varying with time. Civalek 
(2019) presented vibration analysis of FGM carbon 
nanotube plates by using singular convolution method. 
Ramteke et al. (2019, 2020) investigated effects of porosity 
on the eigen characteristics and static behavior of 
functionally graded structures. Akbaş (2014, 2015a, b, 2018g, 
h, 2019a) presented dynamic analysis of functionally graded 
beams with different mechanical cases. Akbaş (2013, 
2017a, 2018a, d, f, 2019b) investigated geometrically 
nonlinear analysis of composite beams such as functionally 
graded, laminated composites by using finite element 
method. Akbaş (2017b, 2018b, e, 2019c, d) presented post-
buckling, stability behavior of composite structures with 
functionally graded and laminated materials. Benahmed et 
al. (2019) investigated buckling analysis of FGM 
nanobeams with porosity by using higher-order shear 
deformation theory. Sheng and Wang (2019) studied the 
nonlinear forced vibration of FGM Timoshenko 
microbeams under thermal and damping effects including 
von Kármán nonlinear theory, Hamilton’s principle and the 
modified couple stress theory. Taati and Fallah (2019) 
presented forced vibration of sandwich modified strain 
gradient microbeams with FGM core. Zhao et al. (2019) 
investigated vibration behavior of the FGM porous curved 
thick beam, doubly-curved panels and shells of revolution 
by using a semi-analytical method. Eltaher et al (2020a, b) 
studied the vibration of perforated nanobeam included 
piezoelectric effect. Asiri et al. (2020a, b), Eltaher and 
Akbaş (2020) presented functionally graded thick beams. 
Abo-bakr et al. (2020a, b) investigated the optimum weight 
of FG beam under a critical buckling load. 

In accordance with literature survey and authors’ 
knowledge, the response of Kelvin–Voigt viscoelastic thick 
FGM multilayered porous beam under different 
dynamically loads has not been considered elsewhere. So, 
this article tends to fill this gap. The current study illustrates 
transient responses of layered porous FGM thick 
viscoelastic beam under sinusoidal harmonic load. The 
paper is organized as follows: the main constitutive 
equations, kinematic relation, and balance equations are 
discussed in detailed through Section 2. The numerical 
procedures and discretization of the multilayer FGM porous 
viscoelastic thick beam structure using finite element 
method and Newmark implicit time integration are adopted 
in this section. The validation and parametric studies cto 
present effects of graduation parameter, geometrical and 
dynamical parameters on the time response of layered 
porous FGM thick beams are discussed in Section 3. Main 
remarks and conclusion points are highlighted and 
summarized in Section 4. 

 
 

2. Problem formulation 
 
A geometrical description of a simply supported thick 

beam with different functionally graded three layers 
including porosity under a dynamic point load 𝑃(𝑡) at 
midpoint is shown in Fig. 1. The dynamic point load 

Fig. 1 Geometry of porous layered functionally graded 
thick beam

 
 𝑃(𝑡) is assumed to be sinusoidal harmonic in time domain 

as following 
 𝑃(𝑡) = 𝑃଴sin( 𝑡) 0 ≤ 𝑡 ≪ ∞       Harmonic (1)
 

where, 𝑃଴ is the amplitude of the dynamic load and  is 
its frequency. 

The beam is rectangular with a length of L and a 
thickness of h. The functionally graded material layers are 
located symmetrically with mid-plane axis. The height of 
each layer is equal to each other. The graduation of material 
through each layer through transverse direction can be 
described by a power-law distribution as 

 𝐸(𝑧) = (𝐸் − 𝐸஻) ൤𝑧ℎ + 12൨௡ + 𝐸஻ (2a)

 𝜈(𝑧) = (𝜈் − 𝜈஻) ൤𝑧ℎ + 12൨௡ + 𝜈஻ (2b)

 𝜌(𝑧) = (𝜌் − 𝜌஻) ൤𝑧ℎ + 12൨௡ + 𝜌஻ (2c)

 
where 𝐸 is Young modulus, 𝜈 is Poisson’s ratio, and 𝜌 is 
density. The n is the positive power exponent parameter of 
graduation and subscripts T and B are the top and bottom 
properties of the layers. 

To include the effect of porosity, three different 
distribution models are exploited to describe the porosity in 
each layer. So that, equivalent mechanical and physical 
properties of Eq. (2) can be modified accordingly to 

 
For Model 1: 
 𝐸(𝑧) = (𝐸் − 𝐸஻) ൤𝑧ℎ + 12൨௡ + 𝐸஻ − (𝐸் − 𝐸஻)𝑎 (3a)

 𝜈(𝑧) = (𝜈் − 𝜈஻) ൤𝑧ℎ + 12൨௡ + 𝜈஻ − (𝜈் − 𝜈஻)𝑎 (3b)

 𝜌(𝑧) = (𝜌் − 𝜌஻) ൤𝑧ℎ + 12൨௡ + 𝜌஻ − (𝜌் − 𝜌஻)𝑎 (3c)
 
For Model 2: 
 𝐸(𝑧) = (𝐸் − 𝐸஻) ൤𝑧ℎ + 12൨௡ +𝐸஻ − (𝐸் − 𝐸஻) 𝑎2 ቆ1 − 2|𝑧|ℎ ቇ 

(4a)
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(a) Model 1 (b) Model 2

 

 
(c) Model 3 

Fig. 2 Porosity models for functionally graded material
 
 𝜈(𝑧) = (𝜈் − 𝜈஻) ൤𝑧ℎ + 12൨௡               +𝜈஻ − (𝜈் − 𝜈஻) 𝑎2 ቆ1 − 2|𝑧|ℎ ቇ 

(4b)

 𝜌(𝑧) = (𝜌் − 𝜌஻) ൤𝑧ℎ + 12൨௡               +𝜌஻ − (𝜌் − 𝜌஻) 𝑎2 ቆ1 − 2|𝑧|ℎ ቇ 
(4c)

 
For Model 3: 
 𝐸(𝑧) = (𝐸் − 𝐸஻) ൤𝑧ℎ + 12൨௡                +𝐸஻ − (𝐸் − 𝐸஻) 𝑎2 ቆ2|𝑧|ℎ ቇ 

(5a)

 𝜈(𝑧) = (𝜈் − 𝜈஻) ൤𝑧ℎ + 12൨௡                +𝜈஻ − (𝜈் − 𝜈஻) 𝑎2 ቆ2|𝑧|ℎ ቇ 
(5b)

 𝜌(𝑧) = (𝜌் − 𝜌஻) ൤𝑧ℎ + 12൨௡                +𝜌஻ − (𝜌் − 𝜌஻) 𝑎2 ቆ2|𝑧|ℎ ቇ 
(5c)

 
where a (a << 1) is the volume fraction of porosities. When 
a = 0, the layer becomes Fully FGM without any porosity 
constituent. The distribution of the three porosity models 
through the layer is shown in Fig. 2. Based on the 
continuum mechanics, the thick beam is described by 2D 
plane stress problem. Therefore, the kinematic strain-
displacement relations are described by 

 

൝𝜀௫௫𝜀௭௭𝛾௫௭ൡ =
⎣⎢⎢
⎢⎢⎡

𝜕𝜕𝑥 00 𝜕𝜕𝑧𝜕𝜕𝑧 𝜕𝜕𝑥⎦⎥⎥
⎥⎥⎤ ቄ𝑢𝑤ቅ (6a)

 

ሼ𝜀ሽ = ሾ𝐵ሿሼ𝑑ሽ (6b)
 

in which 𝑢, 𝑤 are the displacements in x and z directions, 
respectively. 𝜀௫௫ and 𝜀௭௭ are the normal in-plane strains, 
and 𝛾௫௭ is the shear in-plane strain. The constitutive stress-
strain equation, in a case of FGM layer, can be represented 
as 

 ൝𝜎௫௫𝜎௭௭𝜎௫௭ൡ = ቎𝑄ଵଵ(𝑧) 𝑄ଵଶ(𝑧) 0𝑄ଵଶ(𝑧) 𝑄ଶଶ(𝑧) 00 0 𝑄ଷଷ(𝑧)቏ ൝𝜀௫௫𝜀௭௭𝛾௫௭ൡ (7a)

 ሼ𝜎ሽ = ሾ𝑄ሿሼ𝜀ሽ (7b)
 

where coefficients of the stiffness can be described as 
functions of elasticity and Poisson’s ratio as following 

 𝑄ଵଵ(𝑧) = 𝑄ଶଶ(𝑧) = 𝐸(𝑧)1 − ሾ𝑣(𝑧)ሿଶ , 𝑄ଷଷ(𝑧) = 𝐸(𝑧)2 ሾ1 + 𝑣(𝑧)ሿ ; 𝑄ଵଶ(𝑧) = 𝑣(𝑧)𝐸(𝑧)1 − ሾ𝑣(𝑧)ሿଶ 

(8)

 
To consider the internal damping of the proposed 

material, the Kelvin–Voigt viscoelastic model is exploited. 
Therefore, the constitutive equations of a FGM layer is 
adopted to 

 ൝𝜎௫௫𝜎௭௭𝜎௫௭ൡ = ቎𝑄ଵଵ(𝑧) 𝑄ଵଶ(𝑧) 0𝑄ଵଶ(𝑧) 𝑄ଶଶ(𝑧) 00 0 𝑄ଷଷ(𝑧)቏ ൝𝜀௫௫𝜀௭௭𝛾௫௭ൡ
    +𝜂(𝑧 ቎ 𝑄ଵଵ(𝑧) 𝑄ଵଶ(𝑧) 0 𝑄ଵଶ(𝑧) 𝑄ଶଶ(𝑧) 00 0  𝑄ଷଷ(𝑧)቏

⎩⎪⎨
⎪⎧𝜕𝜀௫௫𝜕𝑡𝜕𝜀௭௭𝜕𝑡𝜕𝛾௫௭𝜕𝑡 ⎭⎪⎬

⎪⎫
 

(9a)

 ሼ𝜎ሽ = ሾ𝐶ሿሼ𝜀ሽ + ሾ𝐷ሿሼ𝜀ሶሽ (9b)
 

where, 𝜂 is the damping ratio 
 𝜂 = 𝑐𝐸 (10)
 

where, c is the damping coefficient. Strain energy (Ui), 
kinetic energy (T), dissipation function (R) and potential 
energy of the external loads (𝑈௘) are presented as follows 

 𝑈௜ = 12 ሼ𝑑ሽ் ቆනሾ𝐵ሿ்௏ ሾ𝐶ሿሾ𝐵ሿቇ ሼ𝑑ሽ𝑑𝑉 (11)

 𝑇 = 12 ൛𝑑ሶൟ் ቆන𝜌(𝑧)௏ ቇ ൛𝑑ሶൟ𝑑𝑉 (12)

 𝑅 = 12 ൛𝑑ሶൟ் ቆනሾ𝐵ሿ்௏ ሾ𝐷ሿሾ𝐵ሿቇ ൛𝑑ሶൟ𝑑𝑉 (13)

 𝑈௘ = −𝑃(𝑡)𝑤(𝑥௣, 𝑡) (14)
 

681



 
Ali Alnujaie, Şeref D. Akbaş, Mohamed A. Eltaher and Amr E. Assie 

Fig. 3 Twelve–node 2D plane finite element model
 
 

in which ൛𝑑ሶൟ is the velocity vector, 𝑥௣ is the coordinate of 
the applied load. The Lagrangian functional of the problem 
is presented as follows 

 𝐼 = 𝑇 − (𝑈௜ + 𝑈௘) (15)
 
The proposed model is solved by using finite element 

method with Twelve-node 2D-plane element model, as 
illustrated in Fig. 3. 
where Lx and Lz are element lengths in X and Z directions 
respectively. The displacement vector for Twelve-node 
plane element is expressed as 

 ሼ𝑑ሽ = ቂØ     00     Øቃ ሼ𝑑௡ሽ (16a)
 ሾØሿ = ሾØଵ Øଶ … . Øଵଶሿ (16b)
 ሼ𝑑ሽ = ቄ𝑢𝑤ቅ (16c)
 

where ሼ𝑑௡ሽ  is the nodal displacement vector and its 
components are ui and 𝑤i are the displacement components 
for any node, i. The displacement of any generic point 
within the element can be represented by its nodal values 
and corresponding functions as 

 ሼ𝑑௡ሽ = ሼ𝑢ଵ 𝑢ଶ . . 𝑢ଵଶ 𝑤ଵ 𝑤ଶ .  . 𝑤ଵଶሽ் (17)
 𝑢 = ෍ 𝑢௜∅௜ଵଶ

௜ୀଵ  (18)

 𝑤 = ෍ 𝑤௜∅௜ଵଶ
௜ୀଵ  (19)

 
where ∅௜  is the nonlinear interpolation shape functions, 
which were developed by Akbaş (2018c). 

Substituting Eqs. (18), (19), into the energy Eqs. (11), 
(14) and Lagrangian functional, and then Lagrange’s 
equations are presented as following 

  ∂I∂q୩(ୣ) − ∂∂t ∂I∂qሶ ୩(ୣ) + Qୈౡ = 0, 
Qୈౡ = − ∂R∂qሶ ୩(ୣ) ,               𝑘 = 1, 2, … , 12 

(20)

 
where Qୈౡ is generalized damping load. After using the 
Lagrange procedure, the dynamic equilibrium equation is 

written as follows 
 ሾ𝐾ሿሼ𝑑௡ሽ + ሾ𝐶ሿ൛𝑑௡ሶ ൟ + ሾ𝑀ሿ൛𝑑ሷ௡ൟ = ሼ𝐹ሽ (21)
 

where ሾ𝐾ሿ, ሾ𝐶ሿ, ሾ𝑀ሿ, ሼ𝐹ሽ, ሼ𝑑௡ሽ, ൛𝑑௡ሶ ൟ and ൛𝑑ሷ௡ൟ are the 
stiffness matrix, damping matrix, mass matrix, load vector, 
displacement vector, velocity vector and acceleration vector 
per element, respectively. The expansions of finite element 
matrices are represented as 

 ሾ𝐾ሿ = 𝑏 නሾ𝐻ሿ்ሾ𝑄ሿሾ𝐻ሿ𝑑𝐴஺  (22a)

 ሾ𝐶ሿ = 𝑏 න 𝜂ሾ𝐻ሿ்ሾ𝑄ሿሾ𝐻ሿ𝑑𝐴஺  (22b)

 ሾ𝑀ሿ = 𝑏 න 𝜌(𝑧)ሾØሿ்ሾØሿ𝑑𝐴஺  (22c)

 ሼ𝐹ሽ = නሼ𝛿𝑑௡ሽ்ሾØሿ்𝑃(𝑡)𝑑Γ୻  (22d)
 

where 
 

ሾ𝐻ሿ =
⎣⎢⎢
⎢⎢⎡

𝜕𝜕𝑋 00 𝜕𝜕𝑍𝜕𝜕𝑍 𝜕𝜕𝑋⎦⎥⎥
⎥⎥⎤ ሾØሿ (23)

 
The governing equation of motions of the whole beam is 

obtained from the assembly of Eq. (21) and then is solved 
numerically by using implicit Newmark average 
acceleration (𝛼 = 0.5 , 𝛽 = 0.25) scheme in the time 
domain. Through this procedure, the dynamic problem is 
transferred to a system of static problem in each step as 
following 

 ሾ𝑲ഥ(𝑡)ሿሼ𝒅𝒎ሽ௝ାଵ = ሼ𝑭ഥ(𝑡)ሽ (24)
 

in which 
 ሾ𝑲ഥ(𝑡)ሿ = ሾ𝑲𝒎ሿ + ሾ𝑴𝒎ሿ𝛽∆𝑡ଶ + ሾ𝑪𝒎ሿ𝛼𝛽∆𝑡  (25a)

 ሼ𝑭ഥ(𝑡)ሽ = ሼ𝑭𝒎(𝑡)ሽ௝ାଵ + 𝐵ଵሼ𝒅𝒎ሽ௝ +𝐵ଶ൛𝒅ሶ 𝒎ൟ௝ + 𝐵ଷ൛𝒅ሷ 𝒎ൟ௝ (25b)
 

where 
 𝐵ଵ = ሾ𝑴𝒎ሿ𝛽∆𝑡ଶ + ሾ𝑪𝒎ሿ𝛼𝛽∆𝑡 ,   𝐵ଶ = ሾ𝑴𝒎ሿ𝛽∆𝑡 + ሾ𝑪𝒎ሿ ൬𝛼𝛽 − 1൰ , 𝐵ଷ = ሾ𝑴𝒎ሿ ൬ 12𝛽 − 1൰ + ሾ𝑪𝒎ሿ ൬ 𝛼2𝛽 − 1൰  

(26)

 
After evaluating ሼ𝒅𝒎ሽ௝ାଵ at a time 𝑡௝ାଵ = 𝑡௝ + ∆𝑡, the 

acceleration and velocity vectors can be evaluated by 
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൛𝒅ሷ 𝒎ൟ௝ାଵ = 1𝛽∆𝑡ଶ ൫ሼ𝒅𝒎ሽ௝ାଵ − ሼ𝒅𝒎ሽ௝൯                      − ሾ𝑴𝒎ሿ𝛽∆𝑡 ൛𝒅ሶ 𝒎ൟ௝ − ൬ 𝛼2𝛽 − 1൰ ൛𝒅ሷ 𝒎ൟ௝ 
(27a)

 ൛𝒅ሶ 𝒎ൟ௝ାଵ = ൛𝒅ሶ 𝒎ൟ௝ + ∆𝑡 (1 − 𝛼)൛𝒅ሷ 𝒎ൟ௝                      +∆𝑡 𝛼 ൛𝒅ሷ 𝒎ൟ௝ାଵ 
(27b)

 
where ሾ𝑲𝒎ሿ, ሾ𝑪𝒎ሿ, ሾ𝑴𝒎ሿ, ሼ𝑭𝒎ሽ, ሼ𝒅𝒎ሽ, ൛𝒅𝒎ሶ ൟ and ൛𝒅ሷ 𝒎ൟ 
are the stiffness matrix, damping matrix, mass matrix, load 
vector, displacement vector, velocity vector and 
acceleration vector per assembly, respectively. 

 
 

3. Numerical results 
 
In this section, effects of graduation parameter, 

geometrical and stacking sequence of layers and damping 
ratio on the time response of simply supported layered 
FGM thick beam are discussed and presented in detail. The 
materials of FGM layers are considered as Aluminium (Al; 
E = 70 GPa, ν = 0.3, ρ = 2702 kg/m3) and Zirconia (E = 151 
GPa, ν = 0.3, ρ = 3000 kg/m3). Through the results, 
sinusoidal harmonic loads, two different stacking sequences 
of layers as shown in Fig. 4 and three different porosity 
distribution models are proposed. The dimensions of 
the FGM thick beam are considered as follows: b = 0.15 m 
(beam width), h = 0.15 m and L = 0.6 m (L/h = 4) in the 
numerical analysis. The height of each layer is equal. The 
five-point Gauss rule is used to calculate integrations. In the 
numerical process, the number 0f elements is taken as 30 in 
both X and Z directions, where the dynamic response 
converges. The damping ratio of Aluminium is considered 
as 𝜂஺௟ = 0.001  and the damping ratio of Zirconia is 
selected as according to multiples of Aluminium value, such 
as 𝜂௭௥/𝜂஺௟ = 1. The damping ratio of each layer graded 
through height direction according to Eq. (10). 

This section is divided into two subsections; the first 
one presents the model validation. The 2nd subsection is 
devoted to numerical results and parametric studies to 
present the effect of graduation distributions, stacking 
sequences, porosity function, porosity percentage and the 
damping ratio on the fundamental frequencies and dynamic 
response of layered FGM thick beams. 

 
3.1 Problem validation 
 
To validate the present study, a comparison with the 

obtained results using ANSYS package is performed. The 
 
 

Fig. 4 Stacking sequence distributions through the beam 
thickness 

maximum vertical displacement of a fully Aluminum beam 
is obtained and compared with ANSYS under load of Eq. 
(1) for L/h = 5, P0 = 1000 KN and Ω = 2 rad/s in Fig. 5. It is 
seen from this figure that: results of the current study are 
approximately identical with those of ANSYS. 

In another comparison study, fundamental frequencies 
of a simply supported FGM porous beam are compared for 
different porosity and FGM parameters in Table 1 with 
results of Ebrahimi and Jafari (2016). The fundamental 
frequencies are presented as dimensionless values (𝝎ഥ =𝜔ඥ𝜌஻𝐿ସ/𝐸஻ ℎଶ). The fundamental frequencies are obtained 
from the eigenvalue solution of the assembled equation. As 
seen from Table 1, the presented results are close to the 
published work. 

 
3.2 Parametric studies 
 
Effect of porosity model, porosity factor (a), graduation 

parameter (n), stacking sequence and damping ratio for 
sinusoidal harmonic load on the dynamic response of FGM 
thick beam are investigated in detail through these 
subsections: 

 
a) Results of the stacking sequence 1 
Fig. 6 illustrates the time response at the mid-point of 

thick beam (vertical displacement, w) with the stacking 
sequence 1. including porosity distribution with model 1, 
under the harmonic load with the following properties: 
frequency Ω = 2 rad/s and P0 = 1000 KN. The beam is 
assumed to be damped with damping ratio η = 0.001. As 
shown, by increasing the graduation distribution parameter 
(n), the amplitude of displacement response decreases. 

 
 

Fig. 5 Comparison study: Time responses of the fully 
Aluminium beam for L/h = 5, P0 = 1000 KN 
and Ω = 2 rad/s

 
 

Table 1 Dimensionless fundamental frequencies of porous 
FGM beam (L/h = 20) 

Porosity
models a

n = 0.5 n = 2 

Present Ebrahimi and 
Jafari (2016) Present Ebrahimi and

Jafari (2016)

Model 1
0 4.52911 4.51585 3.5661 3.55529 

0.1 4.5953 4.58213 3.5202 3.50825 
0.2 4.6761 4.66783 3.4606 3.44947 

Model 2
0 4.5391 4.51585 3.5643 3.55529 

0.1 4.6182 4.60304 3.5912 3.58170 
0.2 4.7184 4.70024 3.6381 3.61002 
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However, increasing the porosity parameter (a) accom-
panying by reduction in stiffness, tends to increase the 
amplitude of response. As illustrated for all cases the 
displacement response for a porosity a = 0.3 is greater than 

 
 

 
 

the full beam without porosity (a = 0). It is observed that, 
the porosity has no effect on the time period of oscillation. 
Since, in the current analysis, the damping ratio is very 
close to zero and initial conditions are assumed to be zero, 
 
 

 
 

     (a) for n = 0     (b) for n = 0.5 
 

     (c) for n = 1     (d) for n = 2 

Fig. 6 Time responses of thick beam with stacking sequences 1 in model 1 with different porosity parameters

     (a) for n = 0     (b) for n = 0.5 
 

     (c) for n = 1     (d) for n = 2 

Fig. 7 Time responses of thick beam with stacking sequences 1 in model 2 with different porosity parameters

684



 
Damped forced vibration analysis of layered functionally graded thick beams with porosity 

therefore the transient response of the system is equivalent 
to steady state response. 

With the same previous stacking sequence and other 
conditions except a model of porosity, the time response for 

 
 

 
 

porosity model 2 is illustrated in Fig. 7. The graduation 
parameter has the inverse effect of porosity parameter on 
the time response of FGM thick beams. As illustrated the 
amplitude of displacement decrease with increasing the 
 
 

 
 

     (a) for n = 0     (b) for n = 0.5 
 

     (c) for n = 1     (d) for n = 2 

Fig. 8 Time responses of thick beam with stacking sequences 1 in model 3 with different porosity parameters

     (a) for n = 0     (b) for n = 0.5 
 

     (c) for n = 1     (d) for n = 2 

Fig. 9 Time responses of thick beam with stacking sequences 2 in model 1 with different porosity parameters
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graduation parameter, and increasing with increasing of 
porosity parameter. By comparing Fig. 6 by Fig. 7, it is 
noted that, the effect of the model 1 of porosity is more 
significant on the time response rather than that of model 2. 

The effect of model 3 of porosity on the time response 
of thick beam with the previous configuration and subjected 
to harmonic sinusoidal load is shown in Fig. 8. As 
presented, all phenomena observed in this mode are 
consistent with model 1 and model 2 of porosity. By 
comparing the three Figs. 6-8, it is noted that: model 1 has 
the highest effect on the time response rather that the other 
two models. It is also observed that, the model 2 and model 
3 has equal effects on the dynamic response of proposed 
structure. 

 
b) Results of the stacking sequence 2 
The time responses of the mid-point deflection of thick 

beam with the stacking sequence 2 under the sinusoidal 
harmonic point load with various graduation parameter and 
porosity percentage for model 1 are presented in Fig. 9. A 
shown, the deflection amplitude is decreased significant 
with increasing the graduation parameter from 0 to 1. 
However, increasing a graduation parameter from 1 to 2, no 
significant effect has been observed on the amplitude 
deflection. It is observed by increasing the porosity 
percentage for a specified case from 0 to 0.3, the deflection 
increased by 50%. So, the porosity tends to soften the 
rigidity of structure. The porosity and graduation 
parameters have no effect on the time period of oscillation. 

Fig. 10 illustrates the effect of model 2 of porosity on 
dynamic response for FGM structure at different graduation 
and porosity percentage. As predicted from pervious case, 

 
 

the graduation parameter has a significant effect on the 
deflection through n = 0 to n = 1, and has no effect on the 
deflection when n > 1. The porosity percentage in this 
model has a little effect on the deflection comparable to 
model 1. 

The dynamic responses for the mid-point deflection of 
thick beam under harmonic sinusoidal load and different 
graduation parameter and porosity percentage for model 3 
of porosity are illustrated in Fig. 11. By comparing Fig. 10 
with Fig. 11, it is noticed that all phenomena observed in 
the previous configuration (porosity models) are the same 
as in the current case. Thus, it can conclude that, the model 
2 and model 3 of porosity have the same effect on the 
dynamic response of thick beam with stacking sequence 2. 
It is also noticed from figures that the stacking sequence 1 
is more rigid than the stacking sequence 2. The stacking 
sequence has important role on the effects of the porosity on 
the dynamic behavior of the multilayered FG beams. 

 
c) Effect of damping ratio (𝜂) 
Effects of the damping ratios on the steady state 

dynamic responses of thick beam under sinusoidal 
harmonic load are plotted in Fig. 12 for a = 0.3, n = 1 and 
with the stacking sequence 1. As shown in this figure, by 
increasing the damping ratio, the harmonic displacement 
amplitude is decreased, and time period is increased. The 
effect of damping ratio in the region, 0.001 to 0.1 on the 
dynamic response is a little bit significant. However, by 
increasing the damping from 0.1 to 0.5 significant 
influences on the amplitude and time period have been 
predicted. 

 
 
 

 

     (a) for n = 0     (b) for n = 0.5 
 

     (c) for n = 1     (d) for n = 2 

Fig. 10 Time responses of thick beam with stacking sequences 2 in model 2 with different porosity parameters
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4. Conclusions 
 
The vibration responses of porous layered FGM thick 

beam with various stacking sequences and damping ratios 
under sinusoidal harmonic load have been investigated in 
detail through this article. The kinematic assumption and 

 
 

 
 

constitutive equation of beam structure is assumed to be 2D 
with plane stress constitutive equation, to consider the shear 
effect of beam thickness effectively without using beam 
theories. Twelve-node 2D-plane finite element is used to 
discretize the spatial beam domain. The Kelvin–Voigt 
viscoelastic constitutive model is used to consider present 

     (a) for n = 0     (b) for n = 0.5 
 

     (c) for n = 1     (d) for n = 2 

Fig. 11 Time responses of thick beam with stacking sequences 2 in model 3 with different porosity parameters

 
Fig. 12 Time responses of thick beam with stacking sequences 1 for Sinusoidal Harmonic Load with different damping 

ratios for (a) model 1; (b) model 2; and (c) model 3
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the material damping effect. The governing equations are 
obtained by using Lagrange’s equations. Newmark time 
integration is assumed to transform the dynamic problem to 
a system of static problems at each time step. The 
comparison study shows the accuracy of proposed model. 
The current model can be used in nuclear, marine, and 
aerospace applications. Several conclusions can be deduced 
from parametric studies as follows: 
 

● The porosity and graduation parameters have a very 
important role on the amplitude of dynamic 
displacements of the FGM thick beam.  

● By increasing the graduation distribution parameter 
(n), the amplitude of displacement response 
decreases. 

● The stacking sequence has important role on the 
effects of the porosity on the dynamic behavior of 
the multilayer FGM beams. 

● The amplitude of displacement decreases with 
increasing the graduation parameter and increasing 
with increasing of porosity parameter. 

● The graduation parameter has the inverse effect of 
porosity parameter on dynamic results of FGM thick 
beams. 

● The dynamic responses of thick FGM beams vary 
greatly in different porosity distribution models.  

● Porosity distribution model 1 has the highest effect 
on the dynamic responses rather than that of the 
other two models. 

● The porosity has no effect on the time period of 
oscillation. 

● It is noticed from figures that the stacking sequence 
1 is more rigid than the stacking sequence 2. 

● The effect of damping ratio in the region, 0.001 to 
0.1 on the dynamic response is a little bit significant. 
However, by increasing the damping from 0.1 to 0.5 
significant influences on the amplitude and time 
period have been predicted. 

● With suitable designing of stacking sequence and 
determining the graduation parameters, the porosity 
effects can be reduced. 
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