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1. Introduction 

 
Recently, the composite and sandwich structures such as 

carbon nanotubes (CNTs) have been considered as a novel 
generation of materials by researchers (Farazin and 
Mohammadimehr 2020, Khandan et al. 2020, Farazin et al. 
2020). Today, the use of piezoelectric converters due to the 
ability to convert environmental energy such as mechanical 
vibrations into electrical energy has found wide application 
in many industries (Farazin et al. 2019). In a piezoelectric 
layer structure, in addition to the piezoelectric properties, 
the non-piezoelectric properties of the energy harvesting 
structure are also important. In recent years, there have been 
many studies on energy harvesting using various sources 
due to the need to supply low-power electronic circuits such 
as sensors and wireless systems (Trentadue et al. 2019, 
Hannan et al. 2018, Kim et al. 2010). Rajabi and 
Mohammadimehr (2019) considered bending analysis of a 
micro sandwich skew plate using extended Kantorovich 
method based on Eshelby-Mori-Tanaka approach. 
AkhavanAlavi et al. (2019) illustrated active control of 
micro Reddy beam integrated with functionally graded 
nanocomposite sensor and actuator based on linear 
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quadratic regulator method. Energy harvesting is the 
process of extracting all kinds of environmental energy 
from the various methods (Cahill et al. 2018). No need to 
replace worn-out batteries, reduce maintenance costs from 
reviewing and replacing batteries for wireless networks, and 
using in-vivo medical devices are important reasons for 
using energy harvesters (Kim et al. 2016). Piezoelectric 
materials are a group of intelligent materials that convert 
mechanical strain to electrical voltage and also they have a 
higher power density than other energy-saving methods 
(Ghorbanpour Arani and Zamani 2018, Ghorbanpour Arani 
et al. 2019, Mohammadimehr et al. 2017, Soleymani and 
Ghorbanpour Arani (2019). Therefore, these materials are 
one of the main options in energy harvesting from 
vibrations and mechanical movements of the surrounding 
environment (Ghorbanpour Arani et al. 2017). Many 
researchers have investigated the use of piezoelectric 
materials for energy harvesting in mechanical structures, for 
example, Umeda et al. (1996) were among the first 
researchers in the field of energy harvesters. Their proposed 
model was a discrete model consisting of a mass, a spring, 
and damping. Li et al. (2011) investigated a small electrical 
generators with bent piezoelectric beam on elastic 
foundation. (Xie et al. 2012) harvested energy from a fluid 
flow using a flexible piezoelectric cylinder. They used a 
one-dimensional numerical model to simulate the proposed 
system. Their results show that using a cylinder with 
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dimensions of 1 cm in diameter and 40 cm in length at a 
flow rate of 5 m/s can produce about 103 watts of energy. 
Mohammadimehr et al. (2016) presented biaxial and shear 
nonlinear buckling analysis of nonlocal isotropic and 
orthotropic micro-plate based on surface stress and 
modified couple stress theories using differential quadrature 
methods. Using a theoretical model, Zhou et al. (2017) 
investigated the ability to harvest electrical energy in the 
microwave range from a zigzag beam with a ceramic 
piezoelectric layer. Then the results of the analytical 
solution were compared with the experimental results. 
Ottman et al. (2002) described a new approach to energy 
harvesting from piezoelectric materials. They used a 
capacitive circuit and a diode to rectify the output electrical 
voltage, and also optimized the maximum power output for 
wireless networks. Mohammadimehr et al. (2018) 
investigated bending, buckling, and free vibration analyses 
of carbon nanotube reinforced composite beams and 
experimental tensile test to obtain the mechanical properties 
of nanocomposite. An Tan et al. (2018) studied energy 
harvesting from an isotropic beam with a piezoelectric 
layer. In their analysis, they used a piezoelectric polymer 
field for energy harvesting and used the transfer function 
method to solve their equation. Using this method helped 
them to apply different forces such as massive load to 
stimulate the beam. 

Shan et al. (2019) proposed a new piezoelectric energy 
harvester capable of operating in the water. Using empirical 
studies, they examined the performance of the new 
proposed system and they showed that the new proposed 
system could increase the output voltage up to 99% over 
conventional systems. In one of the most recent research in 
this field, Li et al. (2020) presented a piezoelectric 
multilayer energy harvester. They considered bimorph beam 
consisted of carbon and glass fibers as reinforcements. They 
studied energy harvesting of a new system using theoretical 
models and empirical and experimental tests. The results of 
their study showed that using the proposed new system can 
improve energy harvesting capability up to 2.5 times more 
than conventional energy harvesting models. Babaeeian and 
Mohammadimehr (2020) considered the time elapsed effect 
on residual stress measurement in a composite plate by DIC 
method. 

 
 

A review of studies on energy harvesting shows that 
most previous research has focused on the harvesting of 
electrical energy from a metal alloy of cantilever beam 
which has isotropic properties. On the other hand, in recent 
years, composite materials or sandwich structures have been 
widely used in various industries due to their unique 
mechanical properties compared to isotropic materials. 
Since the energy harvesting by inductive vibration in the 
composite beam by fluid flow has not been studied so far, 
therefore, this paper studies the energy harvesting from a 
rectangular composite beam with two layers of piezoelectric 
under forced vibration induced by external fluid flow. For 
this purpose, the governing equations of motion for the 
composite beam with a piezoelectric layer under induction 
vibration induced by external fluid flow have been 
developed by considering structural and external damping, 
and finally, the influence of parameters affecting energy 
harvesting rates such as fluid flow rate, layout, angle fibers, 
and geometrical properties are examined. 

 
 

2. Extraction of motion equations 
 

In the present study, the energy harvesting of a 
composite bimorph beam is examined. The composite beam 
under investigation is a cantilever rectangular beam with a 
concentric mass at the end shown in Fig. 1. The beam with 
width “b” and length “L” consists of a multilayer of 
carbon/epoxy with the thickness of “ℎ௦” as the core of the 
sandwich beam and two layers of “PZT5A” ceramic 
piezoelectric with the thickness of “ℎ௣” as face sheets. Face 
sheets must be as energy harvester which affected by the 
flow induced by the fluid. Assuming thickness of beam is 
thin therefore, displacement fields can be expressed based 
on the Euler-Bernoulli beam theory. Accordingly, the 
transverse vibration behavior of the composite biomorphic 
beam with respect to mechanical and external forces due to 
the fluid can be expressed by Erturk and Inman (2011), 
Alsaadi et al. (2019) as follows 

 𝜕ଶ𝑀(𝑥, 𝑡)𝜕𝑥ଶ + 𝜕ଶ𝜕𝑥ଶ ቆ𝐶௦𝐼 𝜕ଷ𝑤(𝑥, 𝑡)𝜕𝑥ଶ𝜕𝑡 ቇ + 𝐶௔ 𝜕𝑤(𝑥, 𝑡)𝜕𝑡+(𝑚 + 𝑀ଵ𝛿(𝑥 − 𝐿)) 𝜕ଶ𝑤(𝑥, 𝑡)𝜕𝑡ଶ = 𝑓(𝑥, 𝑡) 
(1)

 
 

 
Fig. 1 Schematic model of a bimorph composite beam with two piezoelectric layers affected by external fluid flow
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where “𝑤(𝑥, 𝑡)” is transverse beam displacement, “𝑀(𝑥, 𝑡)” 
is the bending moment of composite beam considering the 
effects of piezoelectric layers, “Cs” is the strain-rate 
damping coefficient (it appears as an effective term “CsI” 
for the composite structure), “ 𝐶௔ ” is the viscous air 
damping coefficient, “𝑀ଵ” is concentrated mass and, “𝑚” is 
mass of unit length of beam. The steps to prove Eq. (1) with 
detailed process is shown in Appendix A. It is worth 
mentioning in this paper, the direction of motion of the fluid 
is perpendicular to the axis of the beam, and because we 
were considering transverse vibration, the “y” direction is 
the direction of motion of the fluid flow. 

In Eq. (1), the resulting torque depends on the internal 
stresses of the sandwich beam, which can be obtained as 
follows 

 𝑀(𝑥, 𝑡) = −𝑏 න 𝜎௅𝑧𝑑𝑧௧ಽ − 𝑏 න 𝜎௣𝑧𝑑𝑧௧೛  
= −𝑏 ෍ න 𝜎௅𝑧𝑑𝑧௧ಽೖ

ே೎
௞ୀଵ − 𝑏 ෍ න 𝜎௣𝑧𝑑𝑧௧೛ೖ

ே೛
௞ୀଵ  

(2)

 
where “𝜎௅ ”and “𝜎௣ ” shows the normal stresses of the 
composite and piezoelectric each layers, respectively that 
becomes based on the local coordinate system of the beam. 
For the “K th” layer of an elastic layer composite, the 
bending stress is defined by Setoodeh and Azizi (2015) as 
follows 𝜎௅௞ = −𝑧(𝑄ሜଵଵ)௞ 𝜕ଶ𝑤𝜕𝑥ଶ  (3)

 
The equivalent stiffness of the "K th" is (𝑄ሜଵଵ)௞, which 

can be expressed using the classical theory of layered 
composites as follows by Setoodeh and Azizi (2015) 

 (𝑄ሜଵଵ)௞ = 𝑄ଵଵ 𝑐𝑜𝑠ସ 𝜃௞ + 2(𝑄ଵଶ + 2𝑄଺଺) 𝑠𝑖𝑛ଶ 𝜃௞ 𝑐𝑜𝑠ଶ 𝜃௞               +𝑄ଶଶ 𝑠𝑖𝑛ସ 𝜃௞ (4)
 

where 
 𝑄ଵଵ = 𝐸ଵ1 − 𝜈ଵଶ𝜈ଶଵ ,       𝑄ଵଶ = 𝜈ଵଶ𝐸ଶ1 − 𝜈ଵଶ𝜈ଶଵ , 𝑄ଶଶ = 𝐸ଶ1 − 𝜈ଵଶ𝜈ଶଵ ,       𝑄଺଺ = 𝐺ଵଶ 

(5)

 
where "𝐸ଵ " and "𝐸ଶ " are the Young's modulus in the 
longitudinal and transverse directions of the fibers 
respectively. "𝜈ଵଶ" and "𝜈ଶଵ" are Poisson’s ratios and "𝜃" is 
fiber angle. 

The stress in PZT layers can be obtained by using the 
piezoelectric structural equations (Dai et al. 2014) 

 𝜎௣ = 𝐸௣𝜀ଵ௣(𝑥, 𝑡) − 𝑒̄ଷଵ𝐸ଷ(𝑡) (6)
 
In the Eq. (6) "𝐸௣" is Young’s modulus of piezoelectric 

layer, "𝜀ଵ௣ " is the axial component of strain, " 𝑒̄ଷଵ " is 
piezoelectric constant and "𝐸ଷ" is electric field in beam 
thickness. 

According to the Euler-Bernoulli beam theory, the result 
of the torque created in the sandwich beam can be obtained 

by placing Eqs. (3)-(5) into Eq. (2) as follows 
 𝑀(𝑥, 𝑡) = 𝑌𝐼 𝜕ଶ𝑤(𝑥, 𝑡)𝜕𝑥ଶ + 𝛤௣𝑣(𝑡)ሾ𝐻(𝑥) − 𝐻(𝑥 − 𝐿)ሿ (7)
 

where "𝑌𝐼" is flexural rigidity equivalent to composite 
beam, "𝛤௣" is electrical coupling coefficient, and "𝐻(𝑥)" is 
unit step function. Because the length of the piezoelectric 
layers can be equal to the length of the beam or a part of the 
beam, for this reason, step function in Eq. (7) was used. 
Also, it is noted that from Fig. 1, the length of the 
piezoelectric layers is smaller the length of beam, thus step 
function is defined. 

The flexural rigidity of the bimorph beam equivalent 
can be obtained by using Eqs. (2)-(3) as follows 

 𝑌𝐼 = 𝑏 ෍(𝑄ሜଵଵ)௞ න 𝑧ଶ𝑑𝑧௭ೖ௭ೖషభ
ே೎

௞ୀଵ + 𝐸௣𝑏 ෍ න 𝑧ଶ𝑑𝑧௭ೖ௭ೖషభ
ே೛

௞ୀଵ  (8)

 
Given that there are two piezoelectric layers at the top 

and bottom surface of the bimorph composite beam, the 
above relationship can be rewritten as follows 

 𝑌𝐼 = 𝑏 ෍(𝑄ሜଵଵ)௞ න 𝑧ଶ𝑑𝑧௭ೖ௭ೖషభ
ே೎

௞ୀଵ  
+𝐸௣𝑏 ൭න 𝑧ଶ𝑑𝑧ିℎೞమିℎೞమ ିℎ೛ + න 𝑧ଶ𝑑𝑧ℎೞమ ାℎ೛

ℎೞమ ൱ 

(9)

 
The amount of electric field in the piezoelectric layer 

depends on how the voltage is measured from the system. It 
is possible to place two piezoelectric layers in the electrical 
circuit in parallel and series. Considering the series circuit, 
the electrical coupling coefficient is considered as follows 
by Erturk and Inman (2009) 

 𝛤௣ = 𝑒̄ଷଵ𝑏2ℎ௣ ቈℎ௦ଶ4 − ൬ℎ௣ + ℎ௦2 ൰ଶ቉ (10)

 
By substitution Eq. (7) into Eq. (1), the governing 

equation of the vibrational behavior is obtained as follows 
 𝑌𝐼 𝜕ସ𝑤(𝑥, 𝑡)𝜕𝑥ସ + 𝛤௣𝑣(𝑡) ቈ𝑑𝛿(𝑥)𝑑𝑥 − 𝑑𝛿(𝑥 − 𝐿)𝑑𝑥 ቉+𝐶௦𝐼 𝜕ହ𝑤(𝑥, 𝑡)𝜕𝑥ସ𝜕𝑡 + 𝐶௔ 𝜕𝑤(𝑥, 𝑡)𝜕𝑡  +(𝑚 + 𝑀ଵ𝛿(𝑥 − 𝐿)) 𝜕ଶ𝑤(𝑥, 𝑡)𝜕𝑡ଶ = 𝑓(𝑥, 𝑡) 

(11)

 
Also, with respect to the piezoelectric structural 

equations, another fundamental relation for the calculation 
"𝑤(𝑥, 𝑡)" and "𝑣(𝑡)" variables is defined as follows by 
Erturk and Inman (2011) 

 𝐷ଷ(𝑥, 𝑡) = 𝑒̄ଷଵ𝜎௣(𝑥, 𝑡) + 𝜀ଷଷ𝐸ଷ(𝑡) (12)
 

where "𝐷ଷ " and "𝜀ଷଷ " are electrical displacement and 
electrical capacity at constant stress, respectively. 
Considering the Eq. (12) the amount of "𝑖(𝑡)" and "𝑉(𝑡)" 
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can be calculated according to the electric charge "𝑞(𝑡)" as 
follows 

 𝑖(𝑡) = 𝑑𝑞𝑑𝑡 = − න 𝑒̄ଷଵℎ௣𝑏 𝜕ଷ𝑤(𝑥, 𝑡)𝜕𝑥ଶ𝜕𝑡 𝑑𝑥 − 𝜀ଷଷ𝑏𝐿
ℎ௣ 𝑑𝑉(𝑡)𝑑𝑡 (13)

 𝑉(𝑡) = −𝑅 ቆන 𝑒̄ଷଵℎ௣𝑏 𝜕ଷ𝑤(𝑥, 𝑡)𝜕𝑥ଶ𝜕𝑡 𝑑𝑥 − 𝜀ଷଷ𝑏𝐿
ℎ௣

௅
଴ 𝑑𝑉(𝑡)𝑑𝑡 ቇ (14)

 
Using the Eq. (14), it is possible to determine the 

voltage generated by the piezoelectric layers of the bimorph 
composite beam. Considering the Eqs. (11)-(14), the "𝑉(𝑡)" 
and "𝑤(𝑥, 𝑡)" parameters can be determined. Also, by 
considering the relationship between the voltage and the 
electric current, Eq. (14) can be expressed in the following 
standard form 

 𝑉(𝑡)𝑅 + 𝜀ଷଷ𝑏𝐿
ℎ௣ 𝑑𝑉(𝑡)𝑑𝑡 = − න 𝑒̄ଷଵℎ௣𝑏 𝜕ଷ𝑤(𝑥, 𝑡)𝜕𝑥ଶ𝜕𝑡 𝑑𝑥௅

଴  (15)

 
In the present study, the model developed by 

(Facchinetti et al. 2004) is used to investigate the induced 
vibration behavior of the bimorph composite beam. 
According to this model, to simulate a fluid oscillator, the 
nonlinear van der pol equation is used, which has the 
following relation by Facchinetti et al. (2004) as follows 

 𝜕ଶ𝑞̄(𝑥, 𝑡)𝜕𝑡ଶ + 𝛿𝜔௦ሾ𝑞̄(𝑥, 𝑡)ଶ − 1ሿ 𝜕𝑞̄(𝑥, 𝑡)𝜕𝑡 + 𝜔௦ଶ𝑞̄(𝑥, 𝑡)= 𝐹ௗ 
(16)

 
where "𝐹ௗ" is the force of fluid that affects on the structure, 
the dimensionless wake variable “q” may be associated to 
the fluctuating lift coefficient on the structure, as for most 
of the models in the literature since the pioneering work of 
Hartlen and Currie (1970). It may alternatively be 
considered as a hidden flow variable related to a weighted 
average of the transverse component of the flow (Blevins 
and Vibrations 1990). " 𝛿 " is the fluid flow damping 
coefficient which is added. It is usually 0.3 and dependent 
on the average drag coefficient (Facchinetti et al. 2004). 
"𝜔௦" is vortex shedding which is as follows (Facchinetti et 
al. 2004) 

 𝜔௦ = 2𝜋𝑆௧ 𝑈௘𝐷  (17)
 

where "𝑆௧" is the dimensionless number of Strouhal value 
which is determined by the geometry of the cross-sectional 
area of the object (Ciappi et al. 2015). In this model, the 
interaction between the fluid and the structure is applied 
using the force component. The effect of vortex Shedding 
vibrations introduced by "𝑞̄(𝑥, 𝑡)" and usually considered 
proportional to the amplitude. According to the theory 
presented by Facchinetti et al. (2004), the best relation that 
represents these forces and it is in good agreement with the 
experimental results is as follows 

 𝐹ௗ = 𝑃𝐷 𝜕ଶ𝑤(𝑥, 𝑡)𝜕𝑡ଶ  (18)

which is obtained " 𝑃 = 12 " after processing the 
experimental data. In Eq. (11), "𝑓(𝑥, 𝑡) " is the result of 
external forces that effected on the bimorph beam. 
Generally external forces can be divided into two lift force 
"𝑓௅(𝑥, 𝑡)", and the damping force "𝑓஽(𝑥, 𝑡)" that caused by 
Vortex Shedding. According to studies by Facchinetti et al. 
2004) and Keber and Wiercigroch (2008), component of 
forces can be expressed as follows 

 𝑓஽(𝑥, 𝑡) = − 12 𝐶஽𝜌௙𝐷𝑈௘ 𝜕𝑤(𝑥, 𝑡)𝜕𝑡  (19a)

 𝑓௅(𝑥, 𝑡) = 14 𝐶௅𝜌௙𝐷𝑈௘ଶ𝑞̄(𝑥, 𝑡) (19b)
 

where 𝐶஽, 𝐶௅, 𝑈௘, D, and 𝜌௙ are the damping coefficient, 
lift coefficient, fluid flow velocity, hydrodynamic diameter 
and fluid density, respectively. Finally, by considering Eqs. 
(11)-(14)-(16)-(19) and considering general form of 𝑉(𝑡) =𝑅 ௗ௤(௧)ௗ௧  the governing equations of the induced vibrational 
behavior for biomorphic sandwich beam and also the output 
voltage can be expressed as follows 

 𝑌𝐼 𝜕ସ𝑤(𝑥, 𝑡)𝜕𝑥ସ + 𝐶௦𝐼 𝜕ହ𝑤(𝑥, 𝑡)𝜕𝑥ସ𝜕𝑡 + 𝐶௔ 𝜕𝑤(𝑥, 𝑡)𝜕𝑡+𝛤௣𝑉(𝑡) ቈ𝑑𝛿(𝑥)𝑑𝑥 − 𝑑𝛿(𝑥 − 𝐿)𝑑𝑥 ቉ +൫𝑚 + 𝑀ଵ𝛿(𝑥 − 𝐿)൯ 𝜕ଶ𝑤(𝑥, 𝑡)𝜕𝑡ଶ  = 14 𝐶௅𝜌௙𝐷𝑈௘ଶ𝑞̄(𝑥, 𝑡) − 12 𝐶஽𝜌௙𝐷𝑈௘ 𝜕𝑤(𝑥, 𝑡)𝜕𝑡  

(20)

 𝜕ଶ𝑞̄(𝑥, 𝑡)𝜕𝑡ଶ + 𝛿𝜔௦ሾ𝑞̄(𝑥, 𝑡)ଶ − 1ሿ 𝜕𝑞̄(𝑥, 𝑡)𝜕𝑡 + 𝜔௦ଶ𝑞̄(𝑥, 𝑡)= 𝑃𝐷 𝜕ଶ𝑤(𝑥, 𝑡)𝜕𝑡ଶ  
(21)

 𝑉(𝑡)𝑅 + 𝜀ଷଷ𝑏𝐿
ℎ௣ 𝑑𝑉(𝑡)𝑑𝑡 = − න 𝑒̄ଷଵℎ௣𝑏 𝜕ଷ𝑤(𝑥, 𝑡)𝜕𝑥ଶ𝜕𝑡 𝑑𝑥௅

଴  (22)

 
The dimensionless variables are defined as follows 
 𝑤∗ = 𝑤𝐷 , 𝑥∗ = 𝑥𝐿 , 𝜏 = 1𝐿ଶ ඨ𝑌𝐼𝑚 𝑡,     𝑐௦ = 𝐶௦𝐼𝐿ଶ ඨ 1𝑚𝑌𝐼 ,

𝑐௔ = 𝐶௔𝐿ଶඨ 1𝑚𝑌𝐼 ,        𝛤௣∗ = 𝛤௣𝐿ଷ𝑌𝐼𝐷 
𝛽 = 𝑀ଵ𝑚 ,       𝑢 = ට𝑚𝑌𝐼 𝐿𝑈௘,       𝑐௅ = 𝐶௅𝜌௙𝐿ଶ4𝑚 , 𝑐஽ = 𝐶஽𝜌௙𝐿𝐷2𝑚 ,              𝜆 = 2𝜋𝑆௧ 𝐿𝐷 
𝜇଴ = 𝜀ଷଷ𝑏𝑅

ℎ௣𝐿 ඨ𝑌𝐼𝑚 , 𝜇ଵ = 𝑒̄ଷଵℎ௣𝑏𝑅𝐷𝐿 ඨ𝑌𝐼𝑚  

(23)

 
The governing equations of sandwich beam under 

external and internal damping can be expressed in terms of 
dimensionless parameters as follows 
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Energy harvesting of sandwich beam with laminated composite core and piezoelectric face sheets under… 𝜕ସ𝑤∗(𝑥∗, 𝜏)𝜕𝑥∗ସ + 𝑐௦ 𝜕ହ𝑤∗(𝑥∗, 𝜏)𝜕𝑥ସ𝜕𝜏 + 𝑐௔ 𝜕𝑤∗(𝑥∗, 𝜏)𝜕𝜏+𝛤௣∗𝑉(𝜏) ቈ𝑑𝛿(𝑥∗)𝑑𝑥∗ − 𝑑𝛿(𝑥∗ − 1)𝑑𝑥∗ ቉ +൫1 + 𝛽𝛿(𝑥∗ − 1)൯ 𝜕ଶ𝑤∗(𝑥∗, 𝜏)𝜕𝜏ଶ  = 𝑐௅𝑢ଶ𝑞̄(𝑥∗, 𝜏) − 𝑐஽𝑢 𝜕𝑤∗(𝑥∗, 𝜏)𝜕𝜏  

(24)

 𝜕ଶ𝑞̄(𝑥∗, 𝜏)𝜕𝜏ଶ + 𝛿𝜆𝑢ሾ𝑞̄(𝑥∗, 𝜏)ଶ − 1ሿ 𝜕𝑞̄(𝑥∗, 𝜏)𝜕𝜏  +𝜆ଶ𝑢ଶ𝑞̄(𝑥∗, 𝜏) = 𝑃 𝜕ଶ𝑤∗(𝑥∗, 𝜏)𝜕𝜏ଶ  
(25)

 𝑉(𝑡) + 𝜇଴ 𝑑𝑉(𝑡)𝑑𝑡 = −𝜇ଵ න 𝜕ଷ𝑤(𝑥∗, 𝜏)𝜕𝑥∗ଶ𝜕𝜏 𝑑𝑥∗ଵ
଴  (26)

 
We will ignore superscript »∗« in the following  for 

reducing of overwriting. The Galerkin method is used to 
solve the nonlinear coupling differential equations. 
Accordingly, the hypothetical answer to the equation of 
motion is assumed as follows 

 𝑤(𝑥, 𝜏) = ෍ 𝜙௥(𝑥)𝜂௥(𝜏)ே
௥ୀଵ  (27)

 

1
( , ) ( ) ( )

N

r r
r

q x x qτ φ τ
=

=
 

(28)

 
where "𝜙௥(𝑥)" is normalized mode shape of cantilever 
bream, "𝜂௥(𝜏)" and "𝑞௥(𝜏)" are the generalized coordinates 
correspond to the "r th" modes. Considering the boundary 
conditions, the comparison function can be expressed as 
follows by Rao (2007) 

 𝜙(𝑥) = 𝑐𝑜𝑠ℎ(𝛼௡𝑥) − 𝑐𝑜𝑠(𝛼௡𝑥)           − 𝑐𝑜𝑠ℎ(𝛼௡) + 𝑐𝑜𝑠(𝛼௡)𝑠𝑖𝑛ℎ(𝛼௡) + 𝑠𝑖𝑛(𝛼௡) (𝑠𝑖𝑛ℎ(𝛼௡𝑥) − 𝑠𝑖𝑛(𝛼௡𝑥)) (29)

 
where eigenvalues of "𝛼௡" solve by following equation 

 𝑐𝑜𝑠 𝛼௡ 𝑐𝑜𝑠ℎ𝛼௡ = −1 (30)
 
By substitution Eq. (24) into Eq. (23), we will have 
 𝑉(𝜏) + 𝜇଴ 𝑑𝑉(𝜏)𝑑𝜏 = −𝜇ଵ ෍ 𝑃௡ே

௡ୀଵ
𝑑𝜂௡(𝜏)𝑑𝜏  (31)

 
Eq. (31) can be solved by multiplying the integral factor 

(𝜇 = 𝑒 ഓഓ೎). "𝜏௖" is time constant of electric circuit which is 
defined (𝜏௖ = ଵఓబ). In this case, the answer to the differential 
Eq. (31) is as follows 

 𝑉(𝜏) = −𝑒ି ഓഓ೎ ൥න 𝑒 ഓഓ೎ ෍ 𝜇ଵ𝑃௡ 𝑑𝜂௡(𝜏)𝑑𝜏 𝑑𝜏ே
௡ୀଵ + 𝐶଴൩ (32)

 
Assuming an initial voltage of zero, we will have 

𝑉(𝜏) = −𝜇ଵ𝑒ି ഓഓ೎ ෍ ൬න 𝑒 ഓഓ೎ 𝑑𝜂௡(𝜏)𝑑𝜏 𝑑𝜏൰ே
௡ୀଵ  (33)

 
By substitution Eq. (33) into Eq. (24) and using Eqs. 

(27)-(28) and applying the Galerkin method, Eqs. (24)-(25) 
appear as ordinary derivative differential equations solving 
the "𝜂௡(𝜏)"and "𝑞௡(𝜏)". Finally, the influence of different 
parameters has been studied. 

 
 

3. Result and discussion 
 
In this section, the results of solving the equations for 

energy harvesting from a rectangular sandwich beam with 
piezoelectric face sheets are presented. Laminated 
composite is made of Glass fiber/epoxy and also the 
piezoelectric layers are ceramic type PZT5A. The 
mechanical properties and geometrical dimensions of the 
model are shown in Tables 1 to 3. The mechanical 
properties of the used E-glass fiber / Epoxy composite in 
the rectangular beam are shown in Table 2 (Kathiresan et 
al. 2012). External fluid is considered water and the 
coefficients values "𝐶஽", "𝐶௅" and "𝑆௧" are used from the 
reference Blevins (1977). The coefficients of oscillations 
"𝛿 " and "𝑃 " of the values presented are used in the 
reference (Yamamoto et al. 2004). The differential 
equations with the obtained ordinary derivative by using the 
Runge-Kutta method and the response to these equations is 
obtained for different values of the system parameters. In 
deriving the results it is assumed that the beam is affected 
by the initial pure displacement conditions and it vibrates as 𝑞௜ = 𝜂௜ = 0.001, 𝑞ሶ௜ = 𝜂ሶ௜ = 0.0. 

To validate the accuracy of the results in the present 
study, the results are compared with a research which is 
done by Zarepour (2017) and Yamamoto et al. (2004). They 
used a semi-analytical method, and investigated the 
behavior of induced vibrations in a beam with a rectangular 
cross section under the influence of external fluid flow. For 
comparison between the results of the present study and the 
reference results Zarepour (2017), the boundary conditions 
and the geometrical characteristics used are similar to the 

 
 

Table 1 Geometrical dimensions of bimorph rectangular 
composite beam 

L B hs hp 
500 mm 20 mm 2 mm 0.1 mm 
 
 

Table 2 E-glass fiber/epoxy composite properties 

E1 E2 G12 v12 v21 ρ 
130.90 GPa 8.30 GPa 2.80 GPa 0.0866 0.0866 1800 kg/m3

 
 

Table 3 Mechanical properties of piezoelectric layers 

Ep d31 ε33 e31 ρp 
130.90 GPa 8.30 GPa 2.80 GPa 0.0866 0.0866 

 

645



 
Ali Ghorbanpour Arani, Ashkan Farazin, Mehdi Mohammadimehr and Shahram Lenjannejadian 

Fig. 2 Comparison of the maximum amplitude variation 
curve in terms of fluid velocity obtained from the 
present study and the reference results 

 
 

specifications presented in the reference. Fig. 2  compares 
the maximum amplitude change curve in terms of fluid 
velocity  that is obtained from the results of the present 
study and the literature  results including Yamamoto et al. 
(2004) and Zarepour (2017). As the results show, the 
presentation method accurately  predicts the vibration 
behavior of the beams under the influence of external fluid 
flow. 

In the following, the effect of different parameters on 
the energy harvesting of the bimorph sandwich beam is 
investigated. In Fig. 3, the midpoint response and the 
voltage produced by the piezoelectric layers for different 
external fluid velocities 𝑢 = 0.0,   𝑢 = 0.1 and 𝑢 = 0.38 
for two different layers of [45, -45, -45, 45] and [0, 0, 0, 0] 
have been shown. Since the governing equations are solved 
in terms of dimensionless variables, therefore, the flexural 
strength changes would not have an equivalent effect on the 
frequency of the dimensional oscillations of the bimorph 
composite beam but its effect on the amplitude response 
and output voltage will be noticeable. According to Fig. 
3(a), it is observed that in the absence of external fluid flow 
the system response is oscillatory damping. In this case, 
only the effect of the added mass due to the fluid is affected, 
which reduces the natural frequency of the beam. With 

 
 

increasing fluid velocity and at low fluid velocities 
corresponding to very small Reynolds and Strouhal 
numbers, the fluid flow around the beam is very slow or 
creepy. As the fluid flows around the beam, von Kármán 
vortex shedding is symmetrically created by negative 
pressure on the back of the beam, causing lift and drag 
forces on the beam, as a result, they cause vibrations in the 
beam. Also, the results show that the angle of the composite 
beam fibers has a significant effect on the maximum 
oscillation amplitude and the amount of energy harvested. 
On the basis of the presented results, we can see  in Fig. 2(b) 
the energy harvesting of layers [0, 0, 0, 0] are more than 
[45, -45, -45, 45]. For example, layers of [0, 0, 0, 0] for 
non-dimensional velocities of 0.1 and 0.38, it increases 
about 25 and 27% at the maximum harvested voltage 
relative to the corresponding state [45, -45, -45, 45]. 
Structural and fluid interaction occurs as a result of the 
transfer of lift forces from the fluid to the beam, which is 
highly dependent on the fluid velocity. As shown in the 
results, the fluid velocity changes the vibrational behavior 
of the system. As shown in Fig. 3(c), it is observed that, for 
a dimensionless velocity of 0.38, the amplitude of the 
oscillation increases over time and eventually converges to 
a constant value. In this case, especially the von Kármán 
vortex are symmetrically created by negative pressure on 
the back of the beam, causing lift forces on the beam, 
thereby increasing the amplitude of the vibrations. 

Fig. 4 shows the variation of the maximum amplitude of 
the oscillations in terms of fluid velocity for the two 
different layers [45, -45, -45, 45] and [0, 0, 0, 0]. As can be 
seen at low fluid velocities, the fluid flow around the beam 
causes the system’s response to be oscillatory damping. 
Over time, the amplitude of the fluctuations tends to zero. 
As the flow velocity and the Reynolds number increases, 
the vortex area of the beam expands and the drag force has 
a dominant effect on the total refractive force and vibration 
of the beam. This is because at low speeds this force causes 
the amplitude of vibrations to dampen. As fluid velocity 
increases further, fluid inertia forces have a significant 
effect on the response of the system. This causes the 
system’s vibration amplitude to increase abruptly at higher 

 
 

 
Fig. 3 Midpoint response and voltage generation by piezoelectric layers for different dimensions of external Fluid flow 

(a) u = 0; (b) u = 0.1; (c) u = 0.38 
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Fig. 4 Changes of maximum amplitude of oscillations 
in terms of fluid velocity: (a) Layer [0, 0, 0, 0]; 
(b) Layer [45, -45, -45, 45] 

 
 

speeds and the behavior of the system to be oscillatory. This 
range of fluid velocity is called the locking zone. In the 
post-lock zone, a further increase in fluid velocity reduces 
the amplitude of the oscillation and the steady-state 
amplitude of the system reaches zero. Within this range, 
fluid-resisting forces override the inertia and return forces 
of the beam and cause the beam to settle. As can be seen 
from the results, the steady-state vibration amplitude for the 
locking area is greater than the other two areas. Another 
result that can be seen in Fig. 4 is that the amount of 
electrical resistivity of the energy harvesting circuit also 
affects the maximum amplitude of the system oscillations 
and by increasing its value, the maximum amplitude of the 
oscillating bimorph beam understudy is reduced. Such a 
similar behavior can be observed for the maximum value of 
voltage produced using Fig. 5. As can be seen from the 
figure, in the locked areas due to the higher amplitude of the 
oscillations, the amount of voltage produced is higher than 
in other areas. It is also observed when the electrical 
resistance increases, the maximum voltage produced also 
increases and this increase is highly dependent on the layout 
of the composite beam layers. For example, for u = 0.15 by 
increasing the electrical resistance of the circuit from 1 kΩ 
to 50 kΩ the maximum voltage for layering [45, -45, -45, 
45] and [0, 0, 0, 0], increases about 94% and 96% 
respectively. Also, the results show that the layering 
arrangement and the electrical resistance value of the circuit 

 
 

 

Fig. 5 Maximum voltage variations produced by fluid 
velocity: (a) Layer [0, 0, 0, 0]; (b) Layer [45, -45,
-45, 45]

 
 

Fig. 6 The voltage response function of the harvested 
voltage each layer [0, 0, 0, 0] 

 
 

did not have a significant effect on the locking area and for 
the bimorph composite beam under the maximum 
amplitude of the oscillations as well as the maximum 
voltage produced at a velocity of 0.15. 

Fig. 6 shows the frequency response function of the 
voltage applied to the layer [0, 0, 0, 0] and different fluid 
velocities.  The results show that the frequency 
corresponding to the maximum energy harvesting is in 
addition to the electrical resistivity of the fluid flow rate. 
The results show that for a given fluid velocity, the resonant 
frequency corresponding to the maximum voltage produced 

 
 

Table 4 Comparison of the maximum voltage of four-layer composite beam ሾ𝜃, −𝜃, −𝜃, 𝜃ሿ 
with different values of the layer fiber angle 

u 
𝜃 

0 10 20 30 40 50 60 80 90 
0.10 2.26 2.14 2.13 2.03 2.02 2.01 2.02 2.25 2.33 
0.15 3.15 3.00 2.84 2.64 2.63 2.62 2.65 3.01 3.07 
0.20 2.14 2.12 2.00 1.94 1.93 1.91 1.93 2.02 2.13 
0.25 1.32 1.30 1.30 1.28 1.27 1.26 1.28 1.31 1.31 
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decreases with increasing resistance value. 
The results show that the angle of the fibers has a 

significant effect on the structural damping coefficient, 
flexural stiffness, natural frequency and ultimately energy 
harvesting. Table 4 shows the effect of fiber angle on the 
maximum voltage and shown for different fluid velocities. 
In this table, the layers are presented as ሾ𝜃, −𝜃, −𝜃, 𝜃ሿ, and 
the results are presented for different values of angle “θ”. 
The minimum voltage is for using the fibers with 50 
degrees, and the maximum voltage is for using the fibers 
with zero degrees. This is due to the dependence of the 
modulus of elasticity of the composite beam on the fiber 
angle and its attenuation coefficient. Since the bending 
stiffness of the layer is zero degrees higher and its damping 
coefficient is lower, so the energy harvesting rate will be 
highest in this case. 

 
 

4. Conclusions 
 
In this paper, an analytical method was developed to 

determine the amount of energy harvesting from a 
piezoelectric composite beam under induced vibrations and 
also the effect of various parameters on the rate of energy 
harvesting was studied. The angle of orientation of the 
fibers and the layout of layers has a significant effect on the 
energy harvesting. It can be seen from the results that if the 
layout of the layers and their fiber angles are such that the 
amount of modulus of elasticity equivalent to the load is 
reduced, then the natural frequency and energy harvesting 
from the system will be reduced. In other words, the energy 
harvesting can be greatly improved by using zero-degree 
layers. Increasing the electrical resistance increases the 
output voltage and consequently decreases the current 
passing through the circuit. By observing the results 
presented for bimorph composite beam, the output voltage 
of the circuit has almost doubled as the electrical resistance 
increases from 1000 to 5000 kHz. 
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Appendix A 
 
The displacement fields for Euler-Bernoulli beam model 

are written as follows 
 𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −𝑧 𝜕𝑤(𝑥, 𝑡)𝜕𝑥  𝑣(𝑥, 𝑦, 𝑧, 𝑡) = 0 𝑊(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤(𝑥, 𝑡) 

(A1)

 
where 𝑢(𝑥, 𝑦, 𝑧, 𝑡) , 𝑣(𝑥, 𝑦, 𝑧, 𝑡) , 𝑊(𝑥, 𝑦, 𝑧, 𝑡)  are the 
displacements in x, y, z directions, respectively. 

The normal strain in x direction is considered as follows 
 𝜀௫ = −𝑧 𝜕ଶ𝑤(𝑥, 𝑡)𝜕𝑥ଶ  (A2)
 
The variation of strain energy for Euler-Bernoulli beam 

model is illustrated as 
 𝛿𝑈 = න𝜎௫௏ 𝛿𝜀௫𝑑𝑉 + න𝑆௫௏ 𝛿𝜀ሶ௫𝑑𝑉 (A3)
 

where 𝜎௫  and 𝜀௫  are the normal stress and strain, 
respectively. Also, 𝑆௫ and 𝜀ሶ௫ depict the stress and strain 
rates, respectively. 

Substituting Eq. (A2) into Eq. (A3) yields the following 
equation 

 𝛿𝑈 = න𝜎௫௏ 𝛿(−𝑧𝑤(𝑥, 𝑡), 𝑥𝑥)𝑑𝑉       + න𝑆௫௏ 𝛿(−𝑧𝑤(𝑥, 𝑡), 𝑥𝑥𝑡)𝑑𝑉 
(A4)

 
The following equations are defined as 
 𝑀(𝑥, 𝑡) = − න 𝜎௫ 𝑧𝑑𝑧 𝑀ଶ(𝑥, 𝑡) = − න𝑆௫௏ 𝑧𝑑𝑧 

(A5)

 
where 𝑀(𝑥, 𝑡) and 𝑀ଶ(𝑥, 𝑡) are the bending moment of 
beam. 

Substituting Eq. (A5) into Eq. (A4) yields 
 𝛿𝑈 = න𝑀(𝑥, 𝑡)஺ 𝛿𝑤(𝑥, 𝑡), 𝑥𝑥𝑑𝐴       + න𝑀ଶ(𝑥, 𝑡)௏ 𝛿𝑤(𝑥, 𝑡), 𝑥𝑥𝑡𝑑𝑉 

(A6)

 
Thus, after simplifying, we have 
 𝛿𝑈 = න 𝜕ଶ𝑀(𝑥, 𝑡)𝜕𝑥ଶ஺ 𝛿𝑤(𝑥, 𝑡)𝑑𝐴        + න 𝜕ଷ𝑀ଶ(𝑥, 𝑡)𝜕𝑥ଶ𝜕𝑡஺ 𝛿𝑤(𝑥, 𝑡)𝑑𝐴 

(A7)

 

where 𝑀ଶ(𝑥, 𝑡) is equal to డమడ௫మ (𝐶௦𝐼𝑤(𝑥, 𝑡)). Also, “Cs” is 
the strain-rate damping coefficient (it appears as an 
effective term “CsI” for the composite structure). 

The variation of kinetic energy is defined as follows 
 𝛿𝑇 = න(𝜌𝑢ሶ 𝛿𝑢ሶ + 𝜌𝑤ሶ 𝛿𝑤ሶ )𝑑𝑉஺            (A8)

+ න𝑀ଵ஺ 𝛿(𝑥 − 𝐿)𝑤(𝑥, 𝑡), 𝑡𝛿𝑤(𝑥, 𝑡), 𝑡𝑑𝐴 (A8)
 
Substituting Eq. (A1) into Eq. (A8) yields the following 

equation 
 𝛿𝑇 = න(𝜌𝑢ሶ 𝛿𝑢ሶ + 𝜌𝑤ሶ 𝛿𝑤ሶ )𝑑𝑉௏  + න𝑀ଵ஺ 𝛿(𝑥 − 𝐿)𝑤(𝑥, 𝑡), 𝑡𝛿𝑤(𝑥, 𝑡), 𝑡𝑑𝐴 

(A9)

 

where “𝑀ଵ” is the concentrated mass and, “𝜌” is the density 
of beam. 

Substituting Eq. (A1) into Eq. (A9) yields the following 
equations 

 𝛿𝑇 = න(𝜌(−𝑧𝑤, 𝑥𝑡)𝛿(−𝑧𝑤, 𝑥𝑡) + 𝜌𝑤, 𝑡𝛿𝑤, 𝑡)𝑑𝑉௏+ න𝑀ଵ஺ 𝛿(𝑥 − 𝐿)𝑤(𝑥, 𝑡), 𝑡𝛿𝑤(𝑥, 𝑡), 𝑡𝑑𝐴 
(A10)

 

The mass moment inertia is considered as 
 𝐼(ଶ) = න 𝜌𝑧ଶ 𝑑𝑧 𝑚 = න 𝜌 𝑑𝑧 

(A11)

 

Substituting Eq. (A11) into Eq. (A10) yields 
 𝛿𝑇 = න𝐼(ଶ)𝑤, 𝑥𝑡𝛿𝑤, 𝑥𝑡 + 𝑚𝑤, 𝑡𝛿𝑤, 𝑡)𝑑𝐴஺+ න𝑀ଵ஺ 𝛿(𝑥 − 𝐿)𝑤(𝑥, 𝑡), 𝑡𝛿𝑤(𝑥, 𝑡), 𝑡𝑑𝐴 

(A12)

 

In this research, the term 𝐼(ଶ)𝑤, 𝑥𝑡𝛿𝑤, 𝑥𝑡 is ignored. 
Also, “m” is mass of unit length of beam. 

After simplifying, we have 
 𝛿𝑇 = − න 𝑚 𝜕ଶ𝑤(𝑥, 𝑡)𝜕𝑡ଶ 𝛿𝑤𝑑𝐴஺  − න𝑀ଵ஺ 𝛿(𝑥 − 𝐿) 𝜕ଶ𝑤(𝑥, 𝑡)𝜕𝑡ଶ 𝛿𝑤𝑑𝐴 

(A13)

 

The work done by the external work has been 
considered as 

 𝛿𝑊௘௫௧ = න𝐹௘௫௧𝛿𝑤𝑑𝐴஺  𝐹௘௫௧ = −𝐶௔ 𝜕𝑤𝜕𝑡 + 𝑓(𝑥, 𝑡) 
(A14)

 

The principle of the minimum potential energy is 
defined as 

 𝛿∏ = න((𝛿𝑈 − 𝛿𝑊௘௫௧) − 𝛿𝑇)𝑑𝑡 = 0஺  (A15)
 
Substituting Eqs. (A7), (A13) and (A4) into Eq. (A15), 

the governing equation of motion is obtained as follows 
 𝜕ଶ𝑀(𝑥, 𝑡)𝜕𝑥ଶ + 𝜕ଶ𝜕𝑥ଶ ቆ𝐶௦𝐼 𝜕ଷ𝑤(𝑥, 𝑡)𝜕𝑥ଶ𝜕𝑡 ቇ + 𝐶௔ 𝜕𝑤(𝑥, 𝑡)𝜕𝑡+(𝑚 + 𝑀ଵ𝛿(𝑥 − 𝐿)) 𝜕ଶ𝑤(𝑥, 𝑡)𝜕𝑡ଶ = 𝑓(𝑥, 𝑡) 

(A16)
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