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Abstract. To isolate vibration at a low-frequency range and at the same time to provide sufficient loading support to the
isolated structure impose a challenge in vibration isolation. Quasi-zero stiffness (QZS) vibration isolator, as a potential solution
to the challenge, has been widely investigated due to its unique property of high-static & low-dynamic stiffness. This paper
provides an in-depth analysis and potential optimization of a typical QZS vibration isolator to illustrate the complexity and
importance of design optimization. By carefully examining the governing fundamentals of the QZS vibration isolator, a
simplified approximation of force and stiffness relationship is derived to enable the characteristic analysis of the QZS vibration
isolator. The explicit formulae of the amplitude-frequency response (AFR) and transmissibility of the QZS vibration isolator are
obtained by employing the Harmonic Balance Method. The transmissibility curves under force excitation with different values
of nonlinear coefficient, damping ratio, and amplitude of excitation are further investigated. As the result, an optimization of the
structural parameter has been demonstrated using a comprehensive objective function with considering multiple dynamic
characteristic parameters simultaneously. Finally, the genetic algorithm (GA) is adopted to minimise the objective function to
obtain the optimal stiffness ratios under different conditions. General recommendations are provided and discussed in the end.
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1. Introduction

Vibration isolation technique is an effective vibration
protection method for mechanical and civil structures. It has
been widely used in numerous applications and becomes
even more popular in recent years (Yu et al. 2020). The
challenge in structural vibration isolation design is that to
maintain load-carrying capacity requires sufficiently high
stiffness while effective vibration isolation prefers the
stiffness to be as lower as possible. This dilemma results in
a difficult trade-off in a typical linear vibration isolator
design. As the matter of fact, in the vibration isolation
design, the isolation could only be effective when the
designed stiffness is sufficiently low to ensure the
frequency ratio of the excitation over natural frequencies is
greater than +/2. However, a very low system stiffness is
not practical in maintaining structural stability and integrity.
It will yield large deformation and cause the entire system
to be unstable, especially under low and ultra-low
frequency excitation (Carrella et al. 2008, Piersol and
Harris 2017, Yu et al. 2019b). As a potential solution to this
challenge, the idea of quasi-zero stiffness (QZS) vibration
isolator has become popular and attracted a significant
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amount of attention in vibration isolation research. The
promising potential that has been brought into the field is its
characteristics of high-static & low-dynamic stiffness. The
unique property endows the capacity to achieve effective
vibration isolation while maintaining sufficient load-
carrying capacity to the superstructure simultaneously.

The first attempt of the QZS vibration isolator can be
traced back to the late Fifties when the original conceptual
design was proposed by Molyneux (1958), of which the
prototype is shown in Fig. 1. Based on this model, great
efforts have been made by researchers and engineers in
exploring novel designs and applications of the QZS
vibration isolator. One of the main features in designing a
QZS vibration isolator is to combine positive stiffness
elements that are normally in form of mechanical springs
and negative stiffness elements (Mizuno et al. 2007). There
are four kinds of components commonly utilised as negative
stiffness elements, including energy storage elements (e.g.,
springs and pre-buckled beams) (Winterflood et al. 2002,
Le and Ahn 2011, Liu et al. 2013, Lan et al. 2014),
magnetic elements (e.g., permanent magnets, electro-
magnets, and hybrid magnets) (Carrella et al. 2008, Xu et
al. 2013, Shi and Zhu 2015), geometrically nonlinear
structures (e.g., cam and convex surface) (Zhou ef al. 2015,
Cheng et al. 2016), as well as composite structures and
metamaterials (Chronopoulos ef al. 2017). A comprehensive
literature review on vibration isolators with negative
stiffness property is described in detail by Li et al. (2020).

Over the past years, QZS vibration isolators have been
extensively investigated to isolate vibration under low and
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ultra-low frequency range. Kashdan et al. (2012) and
Fulcher et al. (2014) presented the results of the peak
transmissibility about a meso-scale QZS system and
verified that increasing the pre-compression of beam
contributes to small peak transmissibility. Liu ez al. (2013)
and Huang et al. (2014) introduced buckled beams to a QZS
vibration isolator and studied its force and displacement
transmissibility. Niu ef al. (2014) designed a novel QZS
vibration isolator by employing a disk spring to replace the
oblique springs in Fig. 1 and conducted parametric analysis
on its stiffness, amplitude-frequency response (AFR), and
transmissibility. Compared with a linear system, it could
realize lower resonance frequency and smaller
transmissibility. Zheng et al. (2016) investigated the effects
of structural parameters on the stiffness and transmissibility
of a QZS vibration isolator using magnetic springs. Zhou et
al. (2015) and Cheng et al. (2016) presented a high-static &
low-dynamic stiffness vibration isolator without direction
limitation. The device could achieve two working states
including contact state and detached state, which are
suitable for both small and large amplitude excitations.
Although QZS vibration isolators can reduce acceleration
responses with low transmissibility, it sacrifices the
displacement response, especially under large amplitude
excitation (Viti ef al. 2006, Lu and Lin 2009).

Combining QZS vibration isolator with damper to work
as negative stiffness damper can provide a potential solution
since damping device can dissipate vibration energy and
reduce excessive displacement. Iemura and his co-workers
proposed a negative stiffness damper that utilised the
convex curve and sliding plate (Iemura et al. 2008, Iemura
and Pradono 2009). The device could realize negative
stiffness in the horizontal direction and was effective in
mitigating  structural acceleration response without
amplifying displacement. Following that, Toyooka et al.
(2015) presented a modified negative stiffness damper by
introducing mechanical springs to provide pressure, which
could work alone without requiring sufficient gravity. Sun
et al. (2017) and Li et al. (2018) proposed a negative
stiffness damper that integrated a negative stiffness device
with a damper featuring a 20% damping ratio. It was
applied to a highway bridge benchmark model, which
realized a similar vibration isolation effect as a semi-active
control device. Shi et al. (2018, 2019) proposed a re-
centering negative stiffness damper which was verified to
be able to reduce over 90% acceleration response without
amplifying the deflection as the protection of damper. Bahar
et al. (2018) combined a negative stiffness device with
magneto-rheological dampers. The new integrated device
could not only reduce the acceleration response but also the
displacement response of the superstructures. Shi and Zhu
(2019) conducted a comparative analysis to evaluate the
pros and cons of negative stiffness damper and inerter
damper with H2 and Hoo norms. The former is proved to be
able to reduce both these two indices. However, as well
known, overlarge damping in the vibration isolation system
can suppress the vibration isolation effect, i.e., resulting in
large transmissibility and large acceleration responses
(Kelly 1999). That dilemma should be addressed in the
design of a vibration isolator.

The design of a QZS vibration isolator is the task of
obtaining desirable structural parameters to balance the
contradictions between its properties which are important
for maintaining its stability and functionality. To date, there
has been very limited research on the optimization of QZS
vibration isolators to guide the optimal selections of its
structural parameters. By proposing the effective
displacement range, Carrella et al. (2007a) conducted the
static property optimization of a QZS vibration isolator.
Comparing to its static properties, e.g., force and stiffness
properties, its resonance frequency, AFR, and
transmissibility as the dynamic characteristic parameters
play more important roles in its vibration isolation
performance. Moreover, these dynamic characteristic
parameters influence each other in a complicated manner,
which means it is inadequate to conduct trade-off on
parameters  separately. Hence, a  comprehensive
optimization of the structural parameters for the QZS
vibration isolator by considering all these dynamic
characteristics needs to be conducted.

This paper conducts an in-depth analysis of the
properties and the potential optimization of the QZS
vibration isolator. In particular, it focuses on a compact
QZS vibration isolator proposed by Molyneux (1958). By
applying the non-dimensional approach with using the
supporting force of vertical spring as the cardinal number,
the supporting force fluctuation rate and effective stiffness
region are proposed to capture the fundamental behaviours
of the QZS vibration isolator, which are adopted as the
evaluation criteria to obtain the range of stiffness ratio.
Besides, to investigate the dynamic characteristics of the
QZS vibration isolator, approximate expressions of its non-
dimensional force and stiffness are derived for simplifying
calculation. The Harmonic Balance method is used to
obtain the explicit formulae of its resonance frequency,
AFR, and transmissibility in a similar way to Ravindra and
Mallik (1994). In Section 4, the optimization requirements
and the challenges, i.e., obtaining small resonance
frequency, small AFR, and small transmissibility
simultaneously, are raised and discussed. Following that, a
comprehensive objective function for addressing these
challenges is proposed to obtain the optimal stiffness ratio.
Finally, the genetic algorithm (GA) is employed to
minimise the objective function to attain the optimal
stiffness ratios for different damping ratios and excitation
amplitudes. Conclusions are given in Section 5
subsequently.

2. Fundamentals of QZS vibration isolator

The three-spring model is the simplest and most
recognised QZS vibration isolator. In this design, the
vertical spring provides positive stiffness and the two
oblique springs contribute to negative stiffness. In Fig. 1,
the system is at an undeformed position where the applied
external force F will compress all three springs. When the
two oblique springs move to the horizontal direction, the
system is at its equilibrium position.



Analysis and optimization of a typical quasi-zero stiffness vibration isolator 527

kn The stiffness of the oblique spring
ky The stiffness of the vertical spring
6 The exact angle between oblique spring and horizontal direction
6, The initial angle between the oblique spring and horizontal direction
a The distance between point A and point B
h The initial distance between point C and point B
[ x| The exact distance between point C and point B
Lo The initial length of the oblique spring
L The exact length of the oblique spring

Fig. 1 The three-spring model

2.1 Non-dimensional force

For a vibration isolator, sufficient static load-carrying
capacity is an essential requirement for supporting the
weight of the isolated structure. When the external force
drives the system to move from its initial position C to its
equilibrium position B, a vertical reactive force will be
generated to balance the external force. The reactive force is
the resultant of wvertical spring force and the vertical
components of the two oblique spring forces, which is
described by Eq. (1). (Note: the origin of coordinates is set
at point B)

Frotal-v = F, + 2F,—y (1)

Vertical forces from the vertical spring and two oblique
springs are derived as follows where the minus sign
represents the negative direction of the coordinate

E, = —ky(h—x) (2)
Fh—v = _kh(LO - L) sin @ (3)
Lo =Va%+h% L=+va?+x%=x/sinf 4)

Substituting Eqs. (2)-(4) into Eq. (1) and obtaining

Fiotaly = F, + 2F,_
“kyh + (ky + 2ky)x

x
—2kpvVa? + h?———
" va? + x?

Here, we define the following parameters

)

- Fota-
Non — dimensional force: F = —22-Y
kyh
: : ky
Stiffness ratio: a =—,
k' (©)
Initial incline ratio: S, = 7= cotf,,
x
Non — dimensional displacement: % = 7

In the published research, k,L, is commonly used as
the cardinal number to conduct the non-dimensional
process. It is a composite parameter including the stiffness
of vertical spring and the length of the oblique spring
(Carrella et al. 2007b, Le and Ahn 2011). Although this
parameter can be used to simplify the equation, there is no
clear physical meaning, which results in that the obtained
non-dimensional force cannot reflect the change of load-
carrying capacity of the QZS vibration isolator. To simplify
the force and assign non-dimensional force with physical
meaning, k,h is defined as the cardinal number. It is the
restored elastic force of the vertical spring when the device
is at the equilibrium position. A larger value of k,h
indicates a higher load-carrying capacity. Hence, the value
of non-dimensional force can be used to represent the
fluctuation of the supporting force of the QZS vibration
isolator and the relative position of point C during motion.
Besides, a new parameter, the initial incline ratio f3y, is
defined to reflect the initial position of these three springs.

Substituting Eq. (6) into Eq. (5), the non-dimensional
force of the QZS vibration isolator is derived as Eq. (7) that
is composed of a constant, a linear term, and a nonlinear
term.
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Fig. 2 The relationship between non-dimensional force and non-dimensional displacement
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In addition to non-dimensional displacement, stiffness
ratio a and initial incline ratio [, also determine the
values of non-dimensional force. The relationships between
non-dimensional force and non-dimensional displacement
under different ¢ and 8, are shown in Fig. 2. All these
curves are symmetric about the equilibrium point B, where
the non-dimensional force is -1. The nonlinear degree of the
non-dimensional force is enhanced with , decreasing and
a increasing. The slopes of these curves can be positive,
zero, and negative around the equilibrium position and the
QZS vibration isolator can achieve a typical negative
stiffness bistable curve.

2.2 Non-dimensional stiffness

By differentiating Eq. (7) with respect to non-
dimensional displacement, the non-dimensional dynamic

Non-dimensional stiffness

1.0 L L L L L L L L L
10 08 06 04 02 00 -02 -04 -06 -0.8 -1.0

Non-dimensional displacement

(a) Under different values of f3,

stiffness of the QZS vibration isolator is described as

. BB

R=1+2a|1 : (8)
(Bs +%%)2

The relationship between non-dimensional stiffness and
non-dimensional displacement is plotted in Fig. 3. When the
two oblique springs are in the horizontal equilibrium
position, the stiffness is minimum which can be positive,
zero, and negative stiffness. Negative stiffness is unstable in
nature and it does not have load-carrying capacity.
Excessive stiffness leads to ineffective vibration isolation.
Hence, if the total stiffness of the isolator is set to be zero or
small positive stiffness at its equilibrium position, it will
keep stable and realize desirable vibration isolation effect
simultaneously. By letting Eq. (8) equal to zero at the
equilibrium position, the relationship between f, and «
are obtained as

Bo= |70 ©)

Non-dimensional stiffness

1.0 L L L L L L L L L
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(b) Under different values of «

Fig. 3 The relationship between non-dimensional stiffness and non-dimensional displacement
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Then Eq. (7) and Eq. (8) can be subsequently expressed
as

20(1 + 2a)x
J4a? + 22(4a + 1)

F=-1+(1+2a)%— (10a)

_ 4a?(1 + 2a)
K=1+2a[l- 3] (10b)

(4a? + x%2(4a + 1))z

2.3 Supporting force fluctuation rate and effective
stiffness region

Based on Egs. (10a) and (10b), in Fig. 4, the QZS
vibration isolator designed with different stiffness ratios
presents various performances. The values of non-
dimensional force and non-dimensional stiffness change
significantly with point C moving away from the
equilibrium position. It is advantageous if a QZS vibration
isolator can maintain sufficient load-carrying capacity and
low dynamic stiffness during a wide working displacement
region around the equilibrium position.

In Fig. 4, two parameters including supporting force
fluctuation rate and effective stiffness region are defined to
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evaluate the static performance of the QZS vibration
isolator. In Fig. 4(a), when point C moves to a specific point
(for instance, X = —0.5), the supporting force fluctuation
rate is the ratio of the non-dimensional force variation
relative to that at equilibrium position over -1 (the value of
non-dimensional force at the equilibrium position), which is
described by Eq. (11). In Fig. 4(a), when a is equal to 0.1,
0.5, and 1.0, the supporting force fluctuation rates are about
41%, 24%, and 19%, respectively. According to Fig. 5(a), a
small stiffness ratio results in a large supporting force
fluctuation rate especially when the stiffness ratio is smaller
than 0.35, which is undesirable for maintaining stable load-
carrying capacity. Besides, over 90% reduction of the
supporting force fluctuation rate happens when o is smaller
than 2.0.

2a(1 4+ 2a)x
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Fig. 4 The static properties of the QZS vibration isolator
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Fig. 5 The effects of stiffness ratio on static properties of the QZS vibration isolator
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The effective stiffness region is the displacement region
under where the non-dimensional stiffness is smaller than a
threshold value Kj;y,. It can be derived by letting Eq. (10a)
to be smaller than Kj;,, and the solution is expressed by Eq.
(12). When Kj;, =1, the non-dimensional stiffness is
equal to that of vertical spring alone, which means the
oblique springs provide zero stiffness. In Fig. 4(b), the
effective stiffness regions for Kj;, = 0.5 are 0.22, 0.53,
and 0.64 for the cases that a equals to 0.1, 0.5, and 1.0,
respectively. Similarly, Fig. 5(b) indicates that a large
stiffness ratio is effective for attaining a large effective
stiffness region, while the effect will be insignificant when
o is larger than 2.0. Besides, although a large stiffness ratio
is desirable for obtaining both a small supporting force
fluctuation rate and large effective stiffness region, it
requires very strong oblique springs especially for the cases
that need high load-carrying capacity, which is undesirable
and uneconomic. Hence, the optimal ranges of f, and «a
are set to 0.45~1.33 and 0.35~2.00, respectively.

2.4 Approximate and simplified force and stiffness

Due to the complex relationships between the non-
dimensional force and displacement, as well as non-
dimensional stiffness and displacement, it is not convenient
to conduct further calculations to analyse the dynamic
characteristics of the QZS vibration isolator. Since the
curves in Fig. 4(a) present an almost cubic relationship
between the non-dimensional force and displacement,
Taylor series expansion is adopted to simplify the
relationship to a power series of order 3 in Eq. (13).
Similarly, by enforcing the condition on @ and S, in Eq.
(9) to make the non-dimensional stiffness zero at the
equilibrium position, Eq. (13) is simplified as Eq. (14).

JBE+ 1)2
Bo

F*=—1+<1+2a—2a

13
rg+1A3 (13)
+a—3x
Bo
ﬁ*z_1+(2a+1)(4a+1)23 (14)

8a?

Differentiating F* with respect to %, the simplified
non-dimensional stiffness is described as

~, 3QRa+1Aa+1) ,
K* = X
8a?

(15)

3. Dynamic characteristics of QZS vibration
isolation system

3.1 Amplitude-frequency response

A single-degree-of-freedom spring-mass-damping
system is used to illustrate the functionality of a QZS
vibration isolation system. In Fig. 6, a cosine force is
applied to the mass, which usually presents the disturbance

F = f cos(w,t)

L
: f

~ ~ rd

Fig. 6 Schematic of a one-degree-of-freedom nonlinear
vibration isolation system

from equipment or machine. For this QZS vibration
isolation system, its equation of motion under the excitation
force F is expressed by the following equation.

mi+cx+F(x)—mg=F (16)

where mg = —k,h, F = f cos(wet), and F(x) is the
nonlinear force provided by the QZS vibration isolator.
Eq. (16) can be simplified as follows.

X+282+ (2 + g’f:}a +1) %3 = fceos(yr) (17)

w k c ~ x
where T=wpt, ¥y ===, w, = /—", &= ==,
n m h

, X
w 2mwn
and f = L Note that wy, is the natural frequency of the
kyh

system around the equilibrium position, which can be
regarded as a constant when the vibration amplitude is

small. By introducing nonlinear coefficient pu =
(a+1)(4a+1) . . . .
. that is negatively correlated with stiffness

ratio, the uniform differential equation of motion for this
system and other equivalent QZS vibration isolation
systems can be given by Eq. (18).

%+ 28% + ux? = f cos(yr) (18)

This is the Duffing equation of the nonlinear system
under force excitation. The Harmonic Balance Method is
used to obtain the analytic solution of it (Brennan et al.
2008, Zheng et al. 2018). The AFR is obtained and given by
Eq. (19). Its two positive solutions are obtained as follows.

3
(Z“A3 —y2A)* + 4&%y2A% = y* (19)

4
Vi2 = 0-5\]3.11142 —-88%+ Z\/4§4A2 — 3ué2A* + f2 (20)

The maximum AFR ( Apax ), as well as the
corresponding resonance frequency of this nonlinear system
described by Egs. (21) and (22), can be obtained by
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equating the two results in Eq. (20). If &6 « Z,uf 2 the
resonance frequency can be simplified as Eq. (23). A
desirable vibration isolation system should be able to isolate
vibration during a wide frequency range, which requires
low resonance frequency. The A, is influenced by
nonlinear coefficient (related to stiffness ratio), damping
ratio and amplitude of excitation. In practice, the devices
are always connected with other elements or there is always
space limitation, which requires Ap,x to be within a
threshold value to avoid large deflection.

R e o S @1)
3ué

1 3 .
= 61" ,,f2_3¢&3 (22)
Yres \/2—5 $o+ 4.uf 3¢
5 4/3uf 2
Vres = 1652 (23)

The AFR curve is shown in Fig. 7. Compared with the
linear system, the AFR curve of this QZS vibration isolation
system bends to the right, which is a hardening system.
When the frequency ratio y is small, the effect of the QZS
vibration isolation system is less effective than that of the
equivalent linear system. However, with y increasing, its
advantages gradually appear, e.g., small ¥..s and small
AFR. Besides, in a linear system, there is always one
certain amplitude response for each y and a peak value
arises when y equals to 1. Compared with that, there are
several steady-state response solutions between ¥es and
Yup for the QZS vibration isolation system. When the
excitation frequency increases, the amplitude jumps down
suddenly from points J; to J3 instead of changing along the
curve from J; to J3. Vice versa, it will jump up from J to Ja.
Therefore, the QZS vibration isolation system is unstable
between the jump-down frequency Vs and jump-up
frequency y,p. Due to the fact that drop-jump phenomenon

1.0
= QZS vibration isolation system
linear system
08
J1(rres: Amax)

306
2 I
5
<04t L

02k 32(rup: A0) \"'-.

OO 1 1 3 1 " 1 .

0.0 0.3 12 15

0.6 09
Frequency ratio
Fig. 7 The AFR curves (a =1, u = 1.875, £ =0.05,

N

F =0.05)

results in undesirable and destructive effects between y,p
and Yyes, it is important to ensure that there is a unique
amplitude response at each frequency ratio. By equalizing
Yres and Yyp, the jump avoidance condition is obtained
(Malatkar and Nayfeh 2002, Brennan et al. 2008). As long
as the damping ratio is larger than the threshold-damping
ratio &y, the drop-jump phenomenon can be avoided.
According to Eq. (24), the threshold-damping ratio is
decided by the amplitude of excitation force and nonlinear

coefficient.
f
o~ (%

3.2 Transmissibility

1/3 1/6

(%) (24)

Compared with a linear vibration isolator, one of the
main advantages of a QZS vibration isolator is that it can
attain small transmissibility with low dynamic stiffness
without sacrificing the load-carrying capacity. Force
transmissibility is defined as the ratio of the transmitted
force and the excitation force. In Eq. (25), the force
transmitted from the vibration source to the base through
the nonlinear system is composed of two parts, i.e., non-
dimensional elastic force transmitted through the springs
and non-dimensional damping force transmitted through the
damper, which are given by Eq. (26).

fr=fi+ fo=p2%+28x (25)
fr= Zuﬁ cos(yt + @) — 28yAsin(yr +¢)  (26)

Because the phase difference of non-dimensional elastic
. . . . T
force and non-dimensional damping force is > the non-

dimensional force transmitted to the base can be calculated
as follows.

[
27)

9
= | 246 4+ 482y242
Jmu +4&%y

Then the force transmissibility of this system is
expressed as Eq. (28), which is determined by frequency
ratio, damping ratio, nonlinear coefficient, and the
amplitude of excitation force.

2 9,246 2,,2 A2
Tzf_Tz\]myA + 4¢&2y2%A (28)

f f*

By substituting Egs. (21) and (23) to Eq. (28), the peak
force transmissibility is obtained as follows.

9
_ E.uz“lmax6 + 4'fzyreszAmaxz (29)
Tmax - fz
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The force transmissibility of a linear system is derived
as Eq. (30), which is only related to damping ratio and
frequency ratio.

The effects of nonlinear coefficient, amplitude of
excitation, damping ratio, and threshold-damping ratio on
force transmissibility under different frequency ratios are
shown in Fig. 8. The transmissibility is expressed by dB
that is calculated by 20log,,T. The transmissibility of the
corresponding linear system is depicted by the dashed line.
It reaches its maximum value and resonance happens when
the frequency ratio is equal to 1. Similar to AFR, the
transmissibility curves of the QZS vibration isolation
system also bend to the right and its advantages over the
linear system become significant with frequency ratio
increasing, e.g., small transmissibility and low yyes.

In Fig. 8(a), around the resonance frequency region,
with the nonlinear coefficient decreasing, the peak force
transmissibility Tp,.x and resonance frequency y,es are
attenuated. The nonlinear coefficient has no effect on the
transmissibility when the frequency ratio is larger than the
resonance frequency. According to Fig. 8(b), under
moderate excitation with a small amplitude, the y,.s and
Thmax of the QZS vibration isolation system are much

smaller than that of the linear system. However, the increase
of excitation amplitude gradually weakens these
advantages, because the stiffness of the QZS vibration
isolator increases significantly outside the effective stiffness
region. In Figs. 8(c) and (d), a large damping ratio enables
the system to suppress resonance response and realize low
resonance frequency. Moreover, a larger damping ratio is
also desirable for narrowing the unstable drop-jump region.
The unstable region will disappear and Tp,,x will be a
constant, if damping ratio is set to the threshold-damping
ratio. However, large damping ratio leads to large
transmissibility and acceleration responses during the
vibration isolation region. Hence, there is a trade-off in
selecting a reasonable damping ratio during the design of a
QZS vibration isolator.

4. Dynamic characteristics optimization of QZS
vibration isolator

A favourable vibration isolator is expected to minimise
the transmission of vibration during a wide frequency
range, i.e., realizing low transmissibility and low resonance
frequency. In the meantime, it should be able to maintain
the stability of the entire system by effectively controlling
the displacement response of the system, e.g., avoiding
excessive deformation and deformation fluctuation,
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especially for the situation with space limitation. To satisfy
the requirements, a comprehensive optimization is proposed
to obtain the optimal stiffness ratio for the QZS vibration
isolator.

4.1 Optimization requirements and objective
function

As discussed in Section 2 and Section 3, the supporting
force fluctuation rate and effective stiffness region are
decided by the stiffness ratio, based on which the optimal
range of stiffness ratio is obtained as 0.35~2.00. The effects
of the stiffness ratio (nonlinear coefficient), damping ratio,
and amplitude of excitation on the dynamic characteristics
of the QZS vibration isolation system, i.e., resonance
frequency, AFR, and transmissibility are analysed and
plotted in Fig. 9. Here, the normalised non-dimensional

@i
(¥)max
parameter that varies from 0 to 1 is calculated.

Fig. 9(a) shows that T, and ¥..s decrease with
stiffness ratio increasing, while A, increases during this
process. The effects of stiffness ratio on ¥pes, Amax
and Ty,,x are contradictory, which requires a compre-
hensive optimization to determine a favourable stiffness
ratio based on the working conditions and practical
requirements. In Fig. 9(b), a large damping ratio is desirable
for obtaining small ¥pes, Amax and Tpax- Besides, when
the damping ratio is larger than the threshold-damping ratio,
the effects become insignificant. By considering the
undesirable effect of large damping ratio in the vibration
isolation region and the avoidance condition of the drop-
jump phenomenon, the damping ratio can be set to or
slightly greater than the threshold-damping ratio. To
investigate the influence of damping ratio on the
optimization results, the scenarios with different damping
ratios will be investigated, including &= 0.05 and &=
threshold-damping ratio. As shown in Fig. 9(c), all these
three dynamic characteristic parameters are amplified with
the increase of the excitation amplitude f, which can raise
the vibration responses of the QZS vibration isolator.
Besides, the amplitude of excitation varies constantly in

magnitude (Y;= ) of each dynamic characteristic

o

practice, which is uncontrollable and unpredictable. Hence,
it is taken as a conditional parameter instead of an optimal
parameter and the scenarios with different excitation
amplitudes will be analysed.

Based on the analysis of the dynamic characteristic
parameters of the QZS vibration isolator, several
optimization requirements are proposed, which are
described by Egs. (31)-(33). Although, the jump
phenomenon reflects the stability of the system, it is not
defined as one of the optimization requirements since it can
be avoided when the damping ratio is larger than the
threshold-damping ratio &y,.

(a) Small y..s makes the system be able to work
under a wide working frequency region without
resonance;

1

3 £2\ 2
minimise (¥,,s) — minimise <1!é];2) (B

(b) Small Ap.x represents the high stability and
effective vibration suppression of the system;

minimise (Apax)

283 + /485 + 3uf? (32)

— minimise

3us
(¢) Small T,.x reflects the desirable vibration
isolation performance of the system;
minimise (Tyax)
9
R“ZAG + 482242 (33)

— minimise

fZ

Based on these optimization requirements, a compre-
hensive objective function for obtaining the optimal
stiffness ratio (or nonlinear coefficient) is proposed. As
described by Eq. (34), three normalised non-dimensional
magnitude factors are included, and in the meantime, three
weighting coefficients are defined to represent the
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Fig. 9 The effects of system parameters on the values of dynamic characteristic parameters Note: the normalised
non-dimensional magnitude of each dynamic characteristic parameter=the values of each dynamic
characteristic parameter/its maximum values during the range
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Fig. 10 The optimization results with different values of damping under different amplitudes of excitation

importance of each factor. The designers can set these three
weighting coefficients to different values based on the
working conditions and practical requirements of the QZS
vibration isolation system. The optimization problem aims
to attain the optimal stiffness ratio to minimise Eq. (34)
under different damping ratios and excitation amplitudes.

(Amax)i (Tmax)i
(Amax)max (Tmax )max

where ¢; + ¢, +c3 =land 0 <c;,¢c;,c53 < 1.

(Vres)i

0;,=c
' ! (Yres)max

+c,

+c3 (34)

4.2 Optimization method and results

In this study, the GA, with the benefits of easy coding
and fast convergence (Yu ef al. 2019a), is selected to solve
the optimization problem. The implementation of GA is
based on the Matlab 2015a Optimization toolbox. The
algorithm parameter setting of GA is given as follows: the
chromosome number N = 20, the maximum iteration
number 7 = 100, the crossover probability p. = 0.7, and the
mutation probability pm = 0.01. The range of the parameter
(stiffness ratio) to be identified is from 0.35 to 2.00. In the
optimization evolution, the roulette wheel strategy is
adopted to select part of the chromosome to generate a new

chromosome. In the GA, the algorithm will be terminated
when the maximum iteration number is reached. Then, the
objective function (Eq. (34)) with different weighting
coefficients is solved by the GA for the optimal solution,
the results of which will be presented and analysed in the
following part.

The influences of the weighting coefficients ¢; and c,
(c3 is determined by c¢; and c,) on the optimal stiffness
ratio a are shown in Fig. 10. These four 3D surfaces
demonstrate that when c, close to 0, a is equal to its
maximum. With ¢, increasing, the optimal stiffness ratio
decreases significantly, which equals to 0.35 when c,
approaches to 1. That is because when the most important
coefficient is c,, the weight of A, in Eq. (34) is the
largest, hence requiring a small stiffness ratio. c¢; also has
profound effect on the optimal stiffness ratio. According to
the line 1 with a constant ¢, in Fig. 10(a), the increasing of
c; bends the line to small optimal stiffness ratio. The
marked points in Fig. 10 illustrate that when c; = 0.06,
¢, = 0.52, and c; = 0.42, the optimal stiffness ratio are
0.38, 0.87, 040 and 2.0 respectively for these four
scenarios.

Based on Figs. 10(a) and (c), large excitation amplitude
f contributes to a slight increase of optimal a. Hence,
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relatively strong oblique springs are required for designing
the QZS vibration isolator working under strong excitation.
By comparing Figs. 10(a) with (b) and Figs. 10(c) with (d),
it shows that a large damping ratio can lead to the increase
of the optimal stiffness ratio and the area of a = 2. That is
because the increase of damping ratio contributes to the
reduction of Ay, (Fig. 9(b)), which weakens its influence
in the objective function. Therefore, strong oblique springs
are desirable for the scenario with a large damping ratio and
strong excitation. For the working condition with
displacement limitation, the oblique springs should be
relatively soft.

5. Conclusions

In this paper, an in-depth investigation of the
characteristics of a compact three-spring QZS vibration
isolator is conducted, which is the original model for a
series of existing devices. Hence, the research methods and
results can be generally applied to analyse other modified
QZS vibration isolators. An alternative formulation for the
force and stiffness with kL, as the cardinal number is
presented to better reflect the physical meaning and capture
the fundamentals of the QZS vibration isolator. Following
that, the supporting force fluctuation rate and effective
stiffness region are defined to evaluate its static properties,
based on which the recommended ranges for the stiffness
ratio a and the initial incline ratio S, are set to 0.35~2.00
and 0.45~1.33, respectively.

To address the contradiction between obtaining low
resonance frequency, small maximum transmissibility, and
small maximum AFR, a comprehensive optimization is
conducted in this paper to attain the optimal stiffness ratio.
The proposed unique optimization objective function
considers all these three characteristic parameters with
setting different weight coefficients. Generally, during the
optimization process, three weight coefficients should be
determined first according to the working conditions. Then
based on the excitation amplitude and damping ratio, the
optimal stiffness ratio can be obtained by minimising the
objective function utilising GA. The optimal results
demonstrate that stronger oblique springs are desirable for
the working conditions with larger excitation amplitude and
(or) damping ratio. However, the optimal stiffness ratio
should be limited to a relatively small value when there are
deformation constraints.
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