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1. Introduction 

 

Piezoelectric actuators have been of great practical use 

in suppressing disturbances and shape control of flexible 

structures. For example, the significant role of piezoelectric 

actuators in suppressing large amplitude vibrations can be 

seen in large space structures such as solar arrays (Rudolf et 

al. 2010, Martynowicz 2019). However, with the main role 

of weight in space structures, most of them have to be ultra-

light-weight, which leads to the use of only a limited 

number of piezoelectric actuators. 

The classical methods have been used to obtain the 

optimum position of patches but these methods are 

generally non-convex, which is considered as a downside. 

For instance, Xue et al. (2018) suppressed vibration of floor 

panels by the modal filtering technique. In the another 

study, Jia and Shan (2018) investigated a novel optimization 

index in the spillover effects based on the control force and 

B-spline elements were used for the purpose of discretizing 

the Partial Differential Equations (PDEs) of flexoelectricity 
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(Ghasemi et al. 2018). Their study is slowed in terms of the 

convergence approach. 

Stochastic methods such as Genetic Algorithm (GA) and 

Particle Swarm Optimization (PSO) in which there is no 

hypothesis about the cost function or the constraints (Argha 

et al. 2019, Manohar et al. 2018, Nestorović et al. 2015) 

can be suggested to solve such problems. Indeed, these 

methods are used the inlet searching technique to find an 

approximate solution in optimization problems. 

Several problems in modeling and control of 

stochastically-driven dynamical systems can be considered 

as regularized semi-definite programs. Zare et al. (2018) 

examined two representative problems and they showed 

that can be formulated in a similar manner. Using a 

coupling technique, Yassin et al. (2018) investigated an 

efficient hybrid optimization approach. 

In another study, using Regulated Genetic Algorithm 

(RGA), Sakha et al. (2017) proposed the optimum position 

of patches in large-scale switched systems. By measuring 

oscillation amplitude, Daraji et al. (2017) obtained the best 

optimum location of patches. Furthermore, using New 

Modified Cuckoo Search Algorithm (NMCSA), Yang et al. 

(2018) proposed an optimal placement of patches for active 

control. Babaeeian and Mohammadimehr (2020) 

investigated the time elapsed effect on residual stress 

measurement in a composite plate by DIC method. 

Mohammadimehr et al. (2018a) investigated bending, 
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buckling, and free vibration analyses of carbon nanotube 

reinforced composite beams and experimental tensile test to 

obtain the mechanical properties of nanocomposite. 

Based on Finite Element Method (FEM) and First-order 

Shear Deformation Theory (FSDT), the optimal placement 

and active control of laminated composite plates is 

developed by Tham et al. (2018). Bendine et al. (2019) 

developed LQR method to find the optimum position of 

patches. A novel relaxation sequential Dijkstra’s algorithm 

was proposed by Yin et al. (2019). 

The gradient based methods, which are more accurate 

than stochastic methods, have also been used by 

researchers. Nanthakumar et al. (2017) used a regularized 

level set method to detect material interfaces of the 

piezoelectric structure in which an algorithm is proposed to 

solve the inverse problem of detecting inclusion interfaces 

and the extended finite element method is used to analyze 

the structure per iteration. In the same study, Ghasemi et al. 

(2017) employed a design methodology based on a 

combination of isogeometric analysis to optimize topology 

of piezoelectric/flexoelectric materials. The fourth order 

PDEs of flexoelectricity were discretized using non-uniform 

rational B-spline. With the growing research space, the 

drawback of gradient based methods would be their time-

consuming nature. 

Ghorbanpour Arani et al. (2016) depicted surface stress 

and agglomeration effects on nonlocal biaxial buckling 

polymeric nanocomposite plate reinforced by CNT using 

various approaches. Mohammadimehr et al. (2016) 

considered the effect of size-dependent effect on biaxial and 

shear nonlinear buckling analysis of nonlocal isotropic and 

orthotropic micro-plate based on surface stress and 

modified couple stress theories. In the other work, Rajabi 

and Mohammadimehr (2019) illustrated bending analysis of 

a micro sandwich skew plate using extended Kantorovich 

method based on Eshelby-Mori-Tanaka approach. 

AkhavanAlavi et al. (2019) presented active control of 

micro Reddy beam integrated with functionally graded 

nanocomposite sensor and actuator based on linear 

quadratic regulator method. Mohammadimehr and Mehrabi 

(2018) studied electro-thermo-mechanical vibration and 

stability analyses of double-bonded micro composite 

sandwich piezoelectric tubes conveying fluid flow. 

Mohammadimehr et al. (2017) depicted the effect of non-

local higher order stress to predict the nonlinear vibration 

behavior of carbon nanotube conveying viscous nanoflow.  

In this study, obtaining the optimal placement of 

piezoelectric actuator/senor patches pair in sandwich plate 

with honeycomb core and carbon nanotube reinforced 

composite facesheets by improved genetic algorithm is a 

lack of the previous study and the novelty of the present 

study. Based on genetic algorithm, the optimal patch 

distribution for suppressing vibration in a sandwich plate is 

investigated. A sandwich plate with Carbon Nanotubes 

(CNTs) as reinforcement in facesheets and honeycomb core 

is considered. The equations of motion are illustrated in the 

state space. Using the classical plate theory, the equations of 

motion is derived for the sandwich plate. Using LQR, the 

fitness function is obtained. What makes the study different 

is the researchers’ attempt to add the sensor position to the 

 

Fig. 1 A schematic view of sandwich plate with CNT 

symmetric distribution in facesheets and 

honeycomb core 

 

 

cost function. The optimum placement of actuator/sensor 

patches pair is obtained by improved GA with defining 

fitness function for a sandwich plate. The using intelligent 

methods decrease complication of analytical solution for 

big research spaces. When the number of actuator/sensor 

patches pair increase and the research space becomes 

infinite, the stochastic methods such as neural network and 

genetic algorithm will be the best option. The removal of 

the repeated gene and the proper selection of the parent 

population decrease convergence time and develop a 

mutation method which guarantees the global optimization. 

The different boundary conditions of a sandwich plate such 

as simply supported and clamped boundary conditions are 

investigated. Based on the difference of cost function with 

its previous value, this research may be able to change the 

number of bit in the mutation. Mutation in the built 

chromosomes is guaranteed the global optimization. 

 

 

2. Mathematical model representation 
 

Sandwich plates are made of a homogenous aluminum 

honeycomb core and two Carbon Nanotubes Reinforced 

Composite (CNTRC) facesheets with different weight 

fractions of CNT. The sandwich panel with length a, width 

b and thickness h is shown in Fig. 1. 

The classical displacement fields for the sandwich plate 

are expressed as (Rostami et al. 2019) 

 

{
 
 

 
 U(x, y, z, t) = u(x, y, t) - z

𝜕𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑥

V(x, y, z, t) = v(x, y, t) - z
𝜕𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑦

W(x, y, z, t) = w(x, y, t)

 (1) 

 

where u, v and w denote the displacements of the middle 

plate (Appendix A).  

Since the displacements are not noticeable, the values of 

U and V can be ignored. Vibration mode shapes method is 

applied to simplify the system equations. Using the time 

and position separation method, we have 

 

𝑤(x, y, t) = NT (𝑥, 𝑦)𝛤(𝑡)  (2) 

 

where N and 𝛤 contain the shape functions and modal 

coordinates, respectively. 
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Table 1 Mode shapes and natural frequencies 

S.N  Boundary conditions Mode shapes 

1 
X direction Fixed-free N(x) = sin (

mπ

2a
x) 

Y direction Fixed-free N(y) = sin (
nπ

2b
y) 

2 
X direction Simply-simply supported N(x) = sin (

mπ

a
x) 

Y direction Simply-simply supported N(y) = sin (
nπ

b
y) 

3 
X direction Free-free N(x) = cos (

mπ

a
x) 

Y direction Free-free N(y) = cos (
nπ

b
y) 

 

 

 

 

Fig. 2 All simply supported (SSSS) boundary conditions 

edges for sandwich plate 

 

 

 

Fig. 3 All Clamped-three free edges (CFFF) boundary 

condition in sandwich plate 

 

 

 

Fig. 4 Two clamped-two free edges (CCFF) boundary 

condition in sandwich plate 

The form of the solutions of N (x, y), i.e., the mode 

shapes, will depend on the types of boundary conditions. 

The three most common boundary conditions of sandwich 

plate in Fig. 1 are shown in Table 1 (Dorato et al. 2000). 

Table 1 presents the equations for various mode shapes with 

different boundary conditions such as fixed-free, simply-

simply supported and free-free boundary conditions. 

In general, the mode shapes of the sandwich plate in 

three different boundary conditions including all simply 

supported (SSSS) edges, clamped-three free edges (CFFF), 

two clamped-two free edges (CFFC) are shown in Figs. 2, 3 

and 4, respectively (Aglietti et al. 2004) 

 

Nm,n(x, y) =  sin (
mπx

a
) sin (

nπy

b
) (3) 

 

Nm,n(x, y)= sin (
mπx

2a
) cos (

nπy

b
) (4) 

 

Nm,n(x, y)= sin (
mπx

2a
) sin (

nπy

2b
) (5) 

 

The equations of motion are derived based on 

Hamilton’s principle as follows (Alipour and Zareian 2008, 

Ghasemi and Meskini 2019) 

 

{

𝐿 = 𝑇 − 𝑈
𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑞̇𝑖
) −

𝜕𝐿

𝜕𝑞𝑖
= 𝑄𝑖

 (6) 

 

where T, U, qi and Qi are shown in Appendix B. 

Q is expressed by point forces that act on the sandwich 

plate in the coordinate system as follows 

 

Q  = Nf
TF (7) 

 

where F and Nf column vectors are external forces and 

modal shape, respectively, at the corresponding force 

locations. 

By substituting Eqs. (B17)-(B18) into Eq. (B15), the 

governing equation can be written as follows 

 

𝑀𝛤̈𝐶𝑠𝛤̇ + Kelast𝛤 + 𝐾𝑝𝑧𝑎𝑒𝑙𝑎𝑠𝑡𝑒𝑙𝑒𝑐𝑡
𝑇 𝑉𝑝𝑧𝑎 = Nf

TF  

𝐾𝑝𝑧𝑒𝑙𝑎𝑠𝑡𝑒𝑙𝑒𝑐𝑡𝛤 + Kpzelastelect
T 𝑉𝑝𝑧 = 0 

 (8) 

 

where 
 

Kpzelastelect
T Vpz=[Kpzselastelect

T Kpzaelastelect
T ] [

Vpzs
Vpza

]  

 

where [M], [K], [F], [ Vpza] are the global mass matrix, the 

global stiffness matrix, the external  force vector, and the 

control force vector, respectively. [Cs] = α[M] + β[K] is the 

damping matrix of which α and β are the constants. 

The procedure to obtain the governing Eq. (8) has been 

shown in Appendix B (Amini et al. 2019). 

To solve the Eq. (8) (or Eq. (B14) in Appendix B) based 

on LQR that is an analytical method, the cost function is 

found. Then using genetic algorithm that is a numerical 

method, the optimal placement of piezoelectric actuator/ 

senor patches pair in sandwich plate is obtained. 
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3. Space state representation 
 

The obtained mathematical model from Eq. (8) can be 

expressed as 

 

Wout = Cwx (9) 

 

Vs = Cvx (10) 

 

ẋ = Ax + BvVa + BfF (11) 

 

where 

 

{
 
 

 
 
x = (

x1
x2
)=(

𝛤
𝛤̇
) , {

ẋ1= x2
ẋ2 = -M

-1Kx1-M
-1Csx2

-M-1Kpzaelastelect
T Vpza + M

-1Nf
TF

y = Cvx1

 (12) 

 

Therefore 

 

A = [
0 I

-M-1K -M-1Cs
] ,          Bv = [

0
-M-1Kpzaelastelect

T ] 

     Bf = [
0

M-1Nf
T] 

(13) 

 

Cv =[-Kpzselect
-1Kpzselastelect   0],   Cw =[Nout

T   0] (14) 

 

where K denotes the total stiffness matrix and Wout is the 

output displacement of the sandwich panel specified by 

Nout that is the vibration mode shape vectors. 

 

 

4. LQR control and objective function 
 
To solve the Eq. (8) based on LQR that is an analytical 

method, the cost function is found. 

 

4.1 Optimum position of actuator patches 
 

The cost function is considered as (Demetriou and 

Borggard 2003, Ilchmann et al. 2018, Ogata 2010) 
 

J(va) =∫ {x𝑇(t)Qx(t) +Va
T(t)RVa(t)}

∞

0

dt (15) 

 

where the symmetric weighting matrices Q and 𝑅  are 

positive semi-definite and positive definite, respectively. By 

adding disturbance to Eq. (15), we have 
 

J(va) = ∫ {𝑥𝑇(𝑡)𝑄𝑥(𝑡) + Va
T(t)RVa(t) − 𝛾

2|𝑤(𝑡)|2}dt
∞

0

 (16) 

 

In the present study, the optimal value of the cost 

function is given by (Demetriou 2000, Rao et al. 2014a, b) 
 

Vpza(t) = -R
-1BvT(η)Pc(𝜂)x(t) (17) 

 

ATPc(𝜂) + Pc(𝜂)A - Pc(𝜂)Bv(𝜂)R
-1Bv

T(𝜂)Pc(𝜂) + Q = 0 (18) 
 

The optimal value of the cost functional is then given by 

 

Fig. 5 Some of the possible positions in the search space 

 

 

 

Fig. 6 Crossover gives off-spring of two children with 

new fitness values 

 

 

 

Fig. 7 Mutation gives off-spring of a child with new 

fitness value 

 

 

𝐽𝑜𝑝𝑡 = tr[𝑃(𝜂)] (19) 

 

4.2 Optimum placement of actuator/sensor patches 
pair 

 

When the LQR cost is taken to be (Kumar and 

Narayanan 2007, Ashwin et al. 2009) 

 

J(va) =∫ {𝑦𝑇(t)Q𝑦(t) + Va
T(t)RVa(t)}

∞

0

dt (20) 

 

The state estimate of 𝑥(𝑡) is defined as 

 

𝑥̇̂(t) = 𝐴𝑥̂(𝑡) + Bv(𝜂)𝑢(𝑡) + 𝐿(𝜂)(𝑦(𝑡) − Cv(𝜂)𝑥̂(𝑡)) (21) 

 

𝑦̂(𝑡) = Cv(𝜂)𝑥̂(𝑡) (22) 

 

The observer gain 𝐿(𝜂) = 𝐻(𝑡)Cv
𝑇(𝜂)𝑀−1  can be 

found, where 𝐻(𝜂) is obtained by solving the (sensor)  
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Fig. 8 Mutation with three bit change gives off-spring of 

a child with improved fitness value 

 

 

 

Fig. 9 Block diagram of genetic algorithm placement 

strategy 

 

 

location-parameterized filter Riccati equation. 

 

𝐴𝐻(𝜂) + 𝐻(𝜂)𝐴𝑇 + 𝑄̃ − 𝐻(𝜂)Cv
𝑇(𝜂)𝑀−1Cv(𝜂)𝐻(𝜂) = 0 (23) 

 

In this case, the optimum position of actuator/sensor 

patches pair is obtained as follows (Kumar and Narayanan 

2007). 

 

𝐽𝑜𝑝𝑡 = tr{𝑃(𝜂)𝐻(𝜂)Cv
𝑇(𝜂)𝑅−1Cv(𝜂)𝐻(𝜂) + 𝐻(𝜂)𝑄} 

𝐻(𝜂) + 𝐻(𝜂)𝐴𝑇 + 𝑄̃ − 𝐻(𝜂)Cv
𝑇(𝜂)𝑀−1Cv(𝜂)𝐻(𝜂) 

(24) 

 

 

Fig. 10 Comparison of cost values in the normal and 

improved genetic algorithms 

 

 

Table 2 The comparison of the cost values in the improved 

and normal genetic algorithms for 20 iterations 

 Genetic algorithm Improved genetic algorithm 

Iteration Mutation Crossover 

Cost 

(logarithmic 

value) 

Mutation Crossover 

Cost 

(logarithmic 

value) 

1 0.20 0.80 92.9583 0.20 0.80 92.9583 

2 0.20 0.80 92.4935 0.20 0.80 92.4935 

3 0.20 0.80 92.0310 0.20 0.80 92.0310 

4 0.20 0.80 91.5708 0.20 0.80 91.5708 

5 0.20 0.80 91.1130 0.20 0.80 91.1130 

6 0.20 0.80 90.6574 0.20 0.80 90.6574 

7 0.20 0.80 90.2041 0.20 0.80 90.2041 

8 0.20 0.80 89.7531 0.20 0.80 89.7531 

9 0.20 0.80 89.3043 0.20 0.80 89.3043 

10 0.20 0.80 88.8578 0.20 0.80 88.8578 

11 0.20 0.80 88.4135 0.20 0.80 88.4135 

12 0.20 0.80 88.4113 0.20 0.80 88.4113 

13 0.20 0.80 88.1460 0.25 0.75 87.9692 

14 0.20 0.80 87.8816 0.25 0.75 87.5294 

15 0.20 0.80 87.6179 0.25 0.75 87.5217 

16 0.20 0.80 87.3551 0.30 0.70 87.0840 

17 0.20 0.80 87.0930 0.30 0.70 86.6486 

18 0.20 0.80 86.8317 0.30 0.70 86.2154 

19 0.20 0.80 86.5712 0.30 0.70 85.7843 

20 0.20 0.80 86.3115 0.30 0.70 85.3554 
 

 

 

Thus, Eq. (24) gives the optimum cost function to find 

the best position for enhanced piezoelectric patches pair. 

For non-collocated pair, we have a serious problem, i.e., 

time (delay). In fact, when a sensor senses a vibration or 

change in placement, it takes actuator some time (delay) to 

show a proper reaction and damp this vibration. For this 

problem, adaptive control can be a good choice for 

controller. 

 

 

5. Improved genetic algorithm 
 

Stochastic method i.e., GA is less complicated than the 
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Table 3 Mechanical properties of materials for sandwich 

plates 

 
Material 

dimensions 

Material  

properties 

CNTRC 

facesheet 

𝑎 =  200 mm 
𝑏 = 200 mm 
ℎ = 0.5 mm 

𝐸1 = 5.64 TPa  
𝐸2 = 7.08 TPa 
𝐺12 = 1.94 TPa 

VCNT = 0.17 

η
1
= 0.142, η

2 
=1.626, η

3
= 1.138 

𝜌 = 4000 kgm−3 

𝜐 = 0.175 

Aluminum 

core 5052 

𝑎 =  200 mm 
𝑏 = 200 mm 
ℎ = 20 mm 

𝐸1 = 0.41 GPa  

𝐸2 = 0.24 GPa 
𝐺12 = 0.22 GPa 
𝜌 = 37 kgm−3 

𝜐 = 0.33 

Piezoelectric 

patch 
ℎ𝑝𝑧𝑠 = 0.19 mm 

𝐸 = 63𝑒9 Pa 
𝜌 = 7650 kgm−3 

𝜐 = 0.3 
𝐷 = 1.66𝑒 − 10 mv−1 

ԑ = 1700 𝜀0 
 

 

 

 

(a) 

 

(b) 

Fig. 11 The optimal locations of the patches in the SSSS 

condition in 2-dimentional space for a square 

plate in dimensions (a) 100 mm × 100 mm;  

(b) 200 mm × 200 mm 

 

 

gradient based method when the number of patches 

increases. With a good training and selection of a proper 

 

(a) 

 

(b) 

Fig. 12 The optimal locations of the patches in the SSSS 

condition in 2-dimentional space for a 

rectangular plate in dimensions  

(a) 200 mm × 400 mm; (b) 50 mm × 100 mm 

 

 

first population, stochastic methods can reach the global 

optimization sooner. 

Some problems for gradient based methods are as 

follows: 

• They don’t respond to non-differentiable functions. 

• They are complicated methods to solve. 

• Their convergence is hard to prove. 

Thus, in this research, the improved genetic algorithm is 

employed. Using this method that is a numerical method, 

the optimal placement of piezoelectric actuator/senor 

patches pair in sandwich plate is obtained by defining 

fitness function for a sandwich plate with the dimensions 

200 mm × 200 mm and piezoelectric patches with the 

dimensions 20 mm × 20 mm. Thus, the search space 

contains at least 32400 positions for a piezoelectric patch 

(Fig. 5). 

Each population consists of the chromosomes each 

made of the positions (x) and (y) which are defined as 

binary digits (28 = 256) representing the locations of a 

piezoelectric patch on the plate. For example, the positions 

x = 28 mm and y = 130 mm are a chromosome with two 

binary digits 00011100 and 10000010. Therefore, the 

genetic algorithm acts twice, once for the position x and 

once for the position y. 

Figs. 6-7 show two chromosomes that are selected from 

the marked search space as fitness value Fit1 and Fit2 

whose values are obtained from the chromosome gene 
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(a) 

 

(b) 

Fig. 13 The optimal locations of the patches in the SSSS 

condition in 3-dimentional space for a square 

plate in dimensions (a) 100 mm × 100 mm; 

(b) 200 mm × 200 mm 

 

 

properties. These chromosomes represent the two parents. 

For the illustrated case, crossover occurs randomly at some 

point along the chromosomes to produce the two child 

chromosomes (Fig. 6). In addition, mutation has 20% of 

child generations (Fig. 7). 

Suitable values of 𝑄(𝑄̃) = 1011  and 𝑅(𝑀) = 1  are 

set by the user. The removal of the repeated gene and the 

proper selection of the parent population decrease 

convergence time and develop a mutation method which 

guarantees the global optimization. Given the cost function, 

the number of bits in the mutation method is changeable. 

That is, if the gradient of cost function value decreases, 

the number of bits in the mutation method increases. That 

is, after per iteration in GA, if the fitness value decrease of 

the previous step is not less than 0.5%, the mutation 

percentage will then increase to 5%. Thus, the number of 

contribution bits of the chromosome will be increased up to 

three bits in generation and the convergence occurs faster to 

obtain the global optimization. In Figs. 8-9, the three-bit 

change and the increasing percentage of mutation are 

shown. Block diagrams of genetic algorithm strategy can be 

seen in Fig. 9. 

In Fig. 10 and Table 2, the improved genetic algorithm 

for SSSS condition is shown. The amount of mutation is 

changed twice and the cost value decreases more in 

compared to the normal state. 

 

(a) 

 

(b) 

Fig. 14 The optimal locations of the patches in the SSSS 

condition in 3-dimentional space for a 

rectangular plate in dimensions  

(a) 200 mm × 400 mm; (b) 50 mm × 100 mm 

 

 

 

Fig. 15 Variation of fitness value with generation in the 

SSSS condition 

 

6. Results and discussion 
 

Table 3 shows the mechanical and geometry properties 

of the sandwich plate and patches (Mohammadimehr et al. 

2018b and Tanimoto et al. 2001). In order to determine the 

optimum placement of the actuator/sensor patches pair, the 

GA is used with the following values: ps = 100; pc = 0.8; 

pm = 0.2; N = 100. The sandwich plate is under different  
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Fig. 16 The optimal locations of the patches in the 

CFFF condition in 2-dimentional space 

 

 

 

Fig. 17 The optimal locations of the patches in the 

CFFF condition in 3-dimentional space 

 

 

 

Fig. 18 Variation of fitness value with generation 

number in the CFFF condition 

 

 

constraints: SSSS, CFFF and CCFF. 

In SSSS conditions, the actuator/sensor patches pair 

deals with four corners. Therefore, it is obviously the lowest 

 

Fig. 19 The optimal locations of the patches in the 

CCFF condition in 2-dimentional space 

 

 

 

Fig. 20 The optimal locations of the patches in the 

CCFF condition in 3-dimentional space 

 

 

 

Fig. 21 Variation of fitness value with generation 

number in the CCFF condition 

 

 

vibration in the sandwich panel. A piezoelectric patch for 

each corner of the plate can be a proper selection. The 

results of the optimum position of patches are shown in 
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Fig. 22 The optimal locations of the patches in the SSSS 

condition in 2-dimentional space for a rectangular 

shape 

 

 

 

Fig. 23 The optimal locations of the patches in the SSSS 

condition in 3-dimentional space for a rectangular 

shape 

 

 

 

Fig. 24 Variation of fitness values in the SSSS condition 

for a rectangular shape 

 

 

Figs. 11 to 14, and presented in 2-dimentional space and 3-

dimentional space, respectively. The optimal placement of 

actuator/sensor pairs is shown in the 2-dimentional space 

and cost function value is added as the third dimension in 

logarithm unit in the 3-dimentional space. Some figures for 

the rectangular and square shapes in different dimensions 

up to 20 iterations have been considered in Figs. 11-14. 

In the present study, the optimum placement of patches 

is determined by Eq. (21) that have the best convergence. In 

Fig. 15, the vibration of the sandwich plates damps in lower 

than 10 generations. 

In CFFF conditions, the actuator/sensor patches pair 

deals with the clamped side (x = 0). The results of the 

optimum placement of patches are shown in Figs. 16 and 

17, in 2-dimentional space and 3-dimentional space, 

respectively. 

As seen in Fig. 18, the quick convergence of the 

algorithm for a plate with a clamped boundary condition (x 

= 0) occurs with the omission of the repeated cost functions 

and proper selection of the primary population. The 

convergence can also be observed in four steps and in less 

than 10 generations. 

Figs. 19-20 demonstrate the optimal displacement of the 

piezoelectric actuator/sensor patches pair in a clamped plate 

in two sides (x = 0, y = 0). The convergence occurred near 

the origin by less than 25 generations. The third dimension 

in Fig. 19 is the cost function value, the optimal placement 

for the piezoelectric patch is the origin, and the distribution 

of the piezoelectric patches in the plate is almost symmetric 

and will be symmetric with the increase of the number of 

the generations. 

Fig. 21 shows convergence progress to the optimal 

solution by plotting the best member at generation and the 

results indicate that the optimal solution is global and that 

the convergence occurred in 2 steps and less than 10 

generations.  

For simply supported boundary condition, a logarithmic 

value of the cost function for the 3D case is found to be 

around 92.6, while for CFFF and CCFF cases in Figs. 16 

and 20, a logarithmic value of the cost function is around 

63.6078. It is noted that the value of 92.6 is a logarithmic 

value of the cost function and it is not the location of patch. 

Fig. 11 shows the more number of iterations is, the more 

the cost values will converge to the four angles of the plate. 

In SSSS condition, the cost values converge to the four 

angles with the minimum vibration and the minimum 

energy (cost value). Furthermore, in CCFF and CFFF 

boundary conditions, the cost values converge to the 

clamped face. The value of 63.6078 is a logarithmic value 

of the cost function that is equal to exp(63.6078) = 4.21 × 

1027. 

Figs. 22-24 show the convergence of the cost values for 

a rectangular shape in 20 iterations. 

 

 

7. Conclusions 
 

The present study investigated the optimum placement 

of patches to suppress the vibration of a sandwich plate. 

This study examined the stability by running the genetic 

algorithm program several times. In each run, the optimal 

fitness was the same via different routes, which is indicative 

of the correctness and stability. The present study showed 

the effectiveness of GA on the optimal displacement of 

actuator/ sensor patches pair in the active vibration control 

of a sandwich panel. The results were investigated for three 

boundary conditions including SSSS, CFFF and CCFF. The 

dynamic equations of a sandwich panel based on classical 

plate theory are proposed. The optimum position of patches 

729



 

Amir Amini, Mehdi Mohammadimehr and Alireza Faraji 

is determined by LQR and GA. The repeated patches on the 

chromosome are omitted by filtering methods. The results 

were investigated for three boundary conditions, SSSS, 

CFFF and CCFF. However, finding the best position for the 

actuator/sensor patches pair decreased more control energy 

and therefore the cost of the control system. Proper 

selection of the parent and the omission of the repeated 

chromosome increased the convergence to the best 

placement for the actuator/sensor patches pair to a large 

extent. 
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Appendix A 
 

Normal and shear strain relations can be obtained as 

follows 
 

{

εxx
ε𝑦𝑦
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(A1) 

 

The constitutive equations for the sandwich plate 

composed of homogenous aluminum honeycomb core and 

nanocomposite facesheets are written as follows 

 

{
 
 

 
 
σxx
σyy
σxy
σyz
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Q11 Q12   0      0     0
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 (A2) 

 

εzz = 0 (A3) 
 

Q11=
E11

1 − v12v21
,             Q12=

v21E11
1 − v12v21

 

Q22=
E22

1 − v12v21
,        Q66 = G12 = 

E11
2(1 + v21)

  

Q44 = G23,                                Q55 = G13 

(A4) 

 

In Eq. (A4), E11 , E22 , v12 , G13 , G23 , G12 and Q 

parameters are Yang moduli in x and y directions, Poisson’s 

ratio, shear moduli in three directions and stress constants, 

respectively. 
 

 

Appendix B 
 

Kinetic energy 

To compute the kinetic energy of the solar panel, the 

energy of each layer including the core, composite 

reinforced by carbon nanotube facesheets, piezoelectric 

layers, and the lumped mass must be calculated in the 

following form 
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T = Tc + Tfst  + Tfsb  + Tpzst+ Tpzsb  + Tpzat+ Tpzab+ Tlm (B1) 

 

The general equation to calculate kinetic energy is 

 

T =∫
1

2
ρ((

∂U

∂t
)
2

+(
∂V

∂t
)
2

+(
∂W

∂t
)
2

)dV=
1

2
𝛤̇TM𝛤̇ (B2) 

 

where p denotes the material density. 

  

Potential energy: 

The total potential energy of the sandwich plate is 

derived from the sum of core, CNTRC facesheets, 

piezoelectric layers and the lumped mass potential energies. 
 

U = Uc + Ufst + Ufsb + Upzst+ Upzsb+ Upzat+ Upzab  (B3) 

 

For the homogenous core of the sandwich panel, the 

potential energy is written as follows 

 

Uc =
1

2
∫∫ ∫ εTσc dxdydz =

1

2

hc
2

hc
−2

b

0

a

0

𝛤TKc 𝛤 (B4) 

 

where 
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And for the CNTRC facesheet, the potential energy is 

obtained from the following expression 

 

Ufs = 
1

2
∭ εTσfsdxdydz = 

1

2
𝛤TKfs 𝛤 (B6) 

 

where 
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the potential energy for the piezoelectric patch. 

Upzelast=∑
1

2
∭εTσpzi dxdydz

Npz

i=1

=
1

2
𝛤TKpzelast  𝛤 (B8) 
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The elastoelectric energy stored in the 𝑁𝑝𝑧 patches can 

be written as 

 

Upzelastelect= Vpz
TKpzelastelect𝛤 (B10) 

 

Kpzelastelect  =∑∭
Epziϵzipi
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Upzelect  = 
1

2
VTKpzelectV (B12) 

 

Kpzelect
 = ∑∭ ϵpzi

Pi
TPidxdydz

Npz

i=1

 (B13) 

 

Therefore, the general relation for the potential energy is 
 

U = 
1

2
𝛤TKc 𝛤 + 

1

2
𝛤TKfs 𝛤 +

1

 2
𝛤TKpzelast  𝛤 

    + Vpz
TKpzelastelect𝛤 + 

1

2
Vpz

TKpzelectVpz 
(B14) 

 

By employing the kinetic and potential energies and the 

generalized forces and derivation of 𝛤 and Vpz yields the 

following equations 
 

(Mc + Mfs + Mpz)𝛤̈+𝐶𝑠𝛤̇

+ (Kc + Kfs + Kpzelast)𝛤+Kpzelastelect
T Vpz = Nf

TF 
(B15) 

 

Kpzelastelect𝛤 + Kpzelastelect
T Vpz = 0 (B16) 

 

By defining the following term, we have 
 

M = Mc + Mfs + Mpz (B17) 
 

Kelast = Kc + Kfs + Kpzelast  (B18) 

 

By substituting Eqs. (B12) and (B13) into Eqs. (B10), 

the governing equation can be written as follows 
 

{
𝑀𝛤̈ + 𝐶𝑠𝛤̇ + Kelast𝛤 + 𝐾𝑝𝑧𝑎𝑒𝑙𝑎𝑠𝑡𝑒𝑙𝑒𝑐𝑡

𝑇 𝑉𝑝𝑧𝑎 = Nf
TF  

𝐾𝑝𝑧𝑒𝑙𝑎𝑠𝑡𝑒𝑙𝑒𝑐𝑡𝛤 + Kpzelastelect
T 𝑉𝑝𝑧 = 0 

 (B19) 
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where 

 

Kpzelastelect
T Vpz = [Kpzselastelect

T Kpzaelastelect
T ] [

Vpzs
Vpza

] (B20) 

 

Inputs to GA are the locations of sensors and actuators 

that are determined by x and y coordinates in Eqs.(3)-(5). 

Parameter (Nm,n(x,y))  is directly related to the placement. 

In the final equation (Eq. (B14)), M, K, Kpzelastelect
 and Nf 

parameters are related to x and y positions that we have 
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(B21) 

 

It is noted that the limits of integration of variables 

(𝑀𝑝𝑧 , 𝐾𝑝𝑧 ,  Kpzelastelect
,  Nf ) depend on the position of 

piezoelectric patch pairs. For example, the following 

equations have been obtained in the position of a piezo 

patch ( 110 < 𝑥𝑝𝑧 < 130, 50 < 𝑦𝑝𝑧 < 60, 10.5 < 𝑧𝑝𝑧 <

10.69) 
 

Npz(x, y)= sin (
mπ𝑥𝑝𝑧
a

) sin (
nπ𝑦𝑝𝑧
b

) 

𝑀𝑝𝑧=∫ ∫ ∫
𝜌𝑝𝑧

(

 
 
 
 
z2
∂Npz
∂𝑥𝑝𝑧

∂Npz
T

∂𝑥𝑝𝑧

+z2
∂Npz

∂𝑦𝑝𝑧

∂Npz
T

∂𝑦𝑝𝑧

+Npz.Npz
T

)

 
 
 
 

𝑑𝑥𝑝𝑧𝑑𝑦𝑝𝑧𝑑𝑧𝑝𝑧

10.69

10.5

60

50

130

110

 
(B22) 
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