
Smart Structures and Systems, Vol. 31, No. 2 (2023) 101-111 
https://doi.org/10.12989/sss.2023.31.2.101 

Copyright © 2023 Techno-Press, Ltd. 
http://www.techno-press.org/?journal=sss&subpage=7                                      ISSN: 1738-1584 (Print), 1738-1991 (Online) 

 
1. Introduction 

 
Many regions are subject to seismic risk. Modern 

building codes demand structures remain standing, albeit 
with varying degrees of damage, and key structures, such as 
hospitals, remain in use. The ability to robustly and rapidly 
evaluate damage post-event is necessary, so critical 
decisions can be made concerning re-entry, use, and/or 
demolition. Damage detection strategies for buildings are 
called structural health monitoring (SHM) (Sohn et al. 
2004, Doebling et al. 1996, Fan and Qiao 2011, Brownjohn 
2007, Ye et al. 2014), and typically evaluate structural 
condition against a baseline state to detect the location and 
severity of damage (Doherty 1987, Doebling et al. 1996, 
Fan and Qiao 2011). Real-time or near real-time SHM is a 
major goal to enhance response, where many current 
methods require human intervention and/or post-processing 
(Hannan et al. 2018). 
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There are many vibration-based SHM methods based, 

primarily focused on modal parameter damage detection, 
but also including a range of Kalman filtering, Bayesian, 
and emerging machine learning techniques to identify 
parameters (e.g., Doebling et al. 1996, Yang et al. 2006, 
2007, Bernal and Gunes 2000, Pan et al. 2016, Ye et al. 
2017, 2019, Hannan et al. 2018, Sun et al. 2017, Xiong et 
al. 2019, Ginsberg et al. 2018, Brownjohn et al. 2019), 
“However, these methods are most applicable to linear 
structures, even when adapted to account for time-varying 
properties due to damage, and can be insensitive to 
localized damage. More importantly, nonlinear response 
and energy absorbing damage are potentially more critical 
parameters to assess safety post-event, but are not easily or 
directly captured with these methods (Chang et al. 2003). 

Non-parametric methods can overcome issues with 
nonlinear response using statistical methods or time series 
analysis to identify damage (Pines and Salvino 2006, de 
Lautour and Omenzetter 2010, Huang et al. 2012, 
Brownjohn 2007, Brownjohn et al. 2019, Jesus et al. 2019). 
Neural networks and machine learning (Kao and Loh 2013, 
Adeli and Jiang 2006, Hung et al. 2003, Jiang and Adeli 
2005, Wu et al. 2002, Ye et al. 2019) and ARMA (integrated 
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plastic deformation and plastic energy dissipated, all of which are directly related to damage and infrequently assessed in SHM. 
A sensitivity study using a realistic seismic case study with known ground truth values investigates the impact of hysteresis loop 
shape, as well as added noise, on SHM accuracy using a suite of 20 ground motions from the PEER database. Monte Carlo 
analysis over 22,000 simulations with different hysteresis loops and added noise resulted in absolute percentage identification 
error (median, (IQR)) in  𝑘௣ of 1.88% (0.79, 4.94)%. Errors were larger where five events (Earthquakes #1, 6, 9, 14) have very 
large errors over 100% for resulted  𝑘௣ as an almost entirely linear response yielded only negligible plastic response, increasing 
identification error. The sensitivity analysis shows accuracy is reduces to within 3% when plastic drift is induced. This method 
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assessment and decision making, utilising algorithms significantly simpler than previous non-linear structural model-based 
parameter identification SHM methods. 
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auto regressive moving average) models (Bao et al. 2013, 
de Lautour and Omenzetter 2010) are further examples of 
non-parametric SHM methods. These algorithms provide 
damage estimates, but can fail to generalise. Their lack of 
an underlying baseline model makes them unable to relate 
the non-parametric variables to the true physics of the 
structure to quantify the level of damage. Similar 
approaches (also) determining when damage occurred are 
also increasingly common, including wavelet analysis (Hou 
et al. 2000, 2006, Taha et al. 2006) and Hilbert-Huang 
transforms (Kunwar et al. 2013, Chen et al. 2014, Yang et 
al. 2004, Lin et al. 2005). 

A major drawback of all these approaches is their 
inability or difficulty in sample-to-sample real-time 
implementation as the event occurs. In particular, for 
nonlinear response where parameter identification 
optimisation can be unreliable and optimisation may require 
human input, the need for accurate and rapid damage 
identification is greatest. With a priori assumption of a 
structural baseline model, a number of real-time SHM 
methods based on filtering methods have been presented to 
obtain time-variant model parameters (Jeen-Shang and 
Yigong 1994, Sato and Qi 1998, Loh et al. 2000, Chase et 
al. 2005, Yang et al. 2006). Some, in particular have 
addressed nonlinear hysteresis and permanent deformation 
(Nayyerloo et al. 2011, Toussi and Yao 1983, Iwan and 
Cifuentes 1986, Zhou et al. 2015a, b, 2015c, 2017a, c). 
However, none of these methods estimates or identifies an 
accurate nonlinear or plastic stiffness nor its evolution over 
time, which is critical to assessing major damage. 

In particular, nonlinear hysteretic behaviour plays a 
crucial role in seismic performance-based analysis and 
designs (Christopoulos et al. 2003, Pampanin et al. 2003), 
and captures nonlinear yielding and energy absorption 
arising from damage (Stephens and Yao 1987). Modern 
sensors make it possible to generate inter-story restoring 
force-deformation hysteresis loops in real-time (Iemura and 
Jennings 1974, Iwan and Cifuentes 1986, Toussi and Yao 
1983), enabling development of non-linear hysteresis-based 
SHM methods. The recently proposed hysteresis loop 
analysis (HLA) method thus identifies the time-varying 
evolution of nonlinear structural parameters, including 
equivalent linear stiffness, linear elastic stiffness, post-
yielding stiffness, yield deformation, permanent 
deformation, and cumulative plastic deformation (Xu et al. 
2014, Zhou et al. 2015a, b, c, 2017a, c). 

Further, there are specific, highly nonlinear behaviours 
which are not well-addressed in the SHM community, but 
are common in reinforced concrete structures (Baber and 
Noori 1985, Foliente and Noori 1996, Sivaselvan and 
Reinhorn 2000, Yu et al. 2016, Favvata and Karayannis 
2014). They are emerging due to the increasing use of self-
centring systems (Christopoulos et al. 2008, Ozbulut and 
Hurlebaus, 2010, Tremblay et al. 2008, Attanasi et al. 2009, 
Rodgers et al. 2008, 2011, 2012, Wrzesniak et al. 2016). 
While well-modeled (Baber and Noori 1985, Foliente and 
Noori 1996, Sivaselvan and Reinhorn 2000, Yu et al. 2016, 
Favvata and Karayannis 2014), pinching is less-studied in 
SHM due to its nonlinearity (Wu and Smyth 2008, Kunnath 
et al. 1997, Yang et al. 2014), and these studies only assess 

degradation, but not specific stiffness values nor nonlinear 
stiffness changes and evolution. 

The specific novelty of this study is in extending and 
generalising the HLA method by fully assessing its 
robustness to hysteresis loop shape, including time-varying 
pinching or flag-shaped behaviour. The examination of 
highly nonlinear flag-shaped and pinching behaviours, 
which are not well-studied in SHM, as well as other loop 
shapes, is important because any realistic SHM algorithm 
should be general to all possible response types. More 
specifically, generalisability and robustness of the HLA 
method is assessed, which is critical to ensure all 
degradation is both accurately identified and thus accurately 
tracked. This study focuses in particular on plastic 
stiffness  (𝑘௣) , where accurate identification of this 
parameter enables accurate identification of net and total 
plastic deformation and plastic energy dissipated, all of 
which are directly related to damage and infrequently 
assessed in SHM. 

 
 

2. Methods 
 
This study focuses on identifying post-yield stiffness (𝑘௣) over a suite of 20 earthquakes (Christopoulos et al. 

2002, PEER 2005) for a range of hysteresis loop shapes. 
Post-yield stiffness is the slope of the plastic regime of the 
force-displacement hysteresis loop. Consistent, accurate 
parameter identification of plastic stiffness, in the presence 
of sensor noise and different ground motions, is critical to 
characterise a SHM algorithm’s generality and robustness in 
quantifying plastic deformation and energy absorbed, which 
are often ignored key damage metrics due to the difficulty 
in identifying them rapidly and accurately from limited 
measured data. 

More specifically, the ground motions are highly and 
broadly representative of a range of design level events. In 
particular, the set of records used in the analysis presented 
within this manuscript represent earthquake magnitudes 
from 6.7 to 7.3, and with epicentral distances from 13.7 to 
25.8 km, and different recording site soil classes. This suite 
of records represents a relatively wide range of conditions 
for recording of ground motions. While these records date 
back to a study from 2005, it is expected those ground 
motion records remain representative of ground motions 
those which might be experienced today, as geological 
conditions and seismic sensing technology have not 
changed significantly in the intervening period. Hence, the 
results provided using this suite, scaled to similar levels 
with a wide range of characteristics, should be generalisable 
and robust, as seen in other studies using this suite of 
ground motions (Vamvatsikos and Cornell 2002). 

 
2.1 Construction of hysteresis loops 
 
Nonlinear structural load-deflection hysteresis loops 

contain structural performance information, such as energy 
dissipation, permanent deformation and structural 
deterioration, and can be generated from seismic response 
data (Iemura and Jennings 1974, Iwan and Cifuentes 1986, 
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Toussi and Yao 1983). A single-degree-freedom (SDOF) 
numerical system is used, thus assuming a typical first 
mode dominant seismic response, to provide a proof of 
concept analysis with a known ground truth. The nonlinear 
equation of motion is defined 

 𝑚𝑥ሷ(𝑡) ൅ 𝑓(𝑥, 𝑥ሶ ) ൌ െ𝑚𝑎(𝑡) (1)
 
Where  𝑥 , 𝑥ሶ  and  𝑥ሷ  are inter-story response 

displacement, velocity and acceleration respectively; 𝑓(𝑥, 𝑥ሶ ) is the nonlinear restoring force including damping, 
nonlinear elasto-plastic response and hysteresis in a flag-
shaped model; 𝑎(𝑡) is ground acceleration and m is the 
mass. Numerical double integration of acceleration 
response yields inter-story displacement, assuming use of a 
low rate displacement sensor (Hann et al. 2009, Skolnik 
and Wallace 2010, Boore and Bommer 2005, Wu and 
Smyth 2008), or it can be directly measured using emerging 
displacement measurement methods (Xu and Brownjohn 
2018, Park et al. 2015, Ye et al. 2015, Feng and Feng 2017, 
2018). 

A flag-shape piecewise nonlinear model is defined to 
represent the force-displacement relationship of hysteresis, 
as shown in Fig. 1. The parameters characterizing the 
properties of this hysteretic model are ke, α, β and dy. The 
coefficient ke is the pre-yielding stiffness, α is the ratio of 
post-yielding stiffness to pre-yielding stiffness. The energy 
dissipation coefficient or pinching factor β reflects the 
dissipation capacity. And dy is the yield displacement of the 
hysteresis system. 

Thus, the post-yielding stiffness kp is defined 
 𝑘𝑝 ൌ 𝛼 ∙ 𝑘𝑒 (2)
 
The flag-shaped model can be described 
 𝐺(𝑥) ൌ 𝑔ଵ(𝑥) ൌ 𝑎ଵ𝑥 ൅ 𝑏ଵ𝑋ଵ ൑ 𝑥 ൑ 𝑋௧భ            ൌ 𝑔ଶ(𝑥) ൌ 𝑎ଶ𝑥 ൅ 𝑏ଶ𝑋௧భ ൑ 𝑥 ൑ 𝑋௧మ            ൌ ⋯            ൌ 𝑔௥(𝑥) ൌ 𝑎௥𝑥 ൅ 𝑏௥𝑋௧ೝషభ ൑ 𝑥 ൑ 𝑋௡ 

(3)

 
where 𝑋௧భ,…, 𝑋௧ೝషభ are the breakpoints in the sub-half 
cycles, as shown in Fig. 1(b), (X1 , Y1),…, (Xn , Yn) are n 
pairs of displacement and restoring force data during the 

 
 

sub-half cycles, and can be represented by 
 𝑌௜ ൌ 𝐺(𝑋௜) ൅ 𝑒௜          𝑖 ൌ 1, . . . , 𝑛 (4)
 

where ei are the random errors caused by measurement 
noise or model uncertainty. 

Therefore, the pre-yielding stiffness ke and post-
yielding stiffness kp can be calculated 

 𝑘௘ ൌ 𝑎ଵ for 𝑟 ൌ 1,2 ൌ 𝑎ଵ and 𝑎ଷ     for     𝑟 ൌ 3,4 (5)
 𝑘௣ ൌ 𝑎ଶ for 𝑟 ൌ 2,3 ൌ 𝑎ଶ and 𝑎ସ     for     𝑟 ൌ 4 (6)

 
In addition, the pinching factor β can be described 
 𝛽 ൌ ฬ𝑌ଵ െ 𝑌௧భ𝑌௡ ฬ ൌ ቤ(𝑎ଵ𝑋ଵ ൅ 𝑏ଵ) െ ൫𝑎ଶ𝑋௧భ ൅ 𝑏ଶ൯𝑎ସ𝑋௧య ൅ 𝑏ସ ቤfor 𝑟 ൌ 4 (7)

 
2.2 Structural pinching factor 
 
Hysteresis loop pinching was incorporated in the model 

of 𝑓(𝑥, 𝑥ሶ ) and the level of pinching was controlled using 
the pinching factor, β, in Eq. (7), which is in the range [-1, 
1], where -1 represents no pinching and +1 a bilinear elasto-
plastic response. It defines the fraction of the nominal yield 
displacement at which pinching occurs in the unloading 
phase of the hysteresis loop. Fig. 2 shows example loops 
with pinching factor -1.0, -0.5, 0, 0.5 and 1.0, respectively, 
with sharp elasto-plastic transitions only for clarity. 

 
2.3 Identifying damage-based information from 

hysteresis loops 
 
A structure subjected to an earthquake load may 

experience several inelastic deformation cycles of the 
general elastic-plastic form (β = -1; Fig. 2) as illustrated in 
Fig. 3. The elastic regime is governed by one stiffness 
value, 𝑘௘, and the plastic regime by a lower, 𝑘௣ (Chopra 
2012). For damage assessment and prediction of structural 
response for further analysis, it is important to obtain 
accurate estimates of 𝑘௘ and 𝑘௣, and evolution over time 

 
 

 
Fig. 1 (a) Flag-shaped hysteretic loop model; (b) with four types of possible half cycles for values of 

r = 1, 2, 3, and 4 in Eqs. (5)-(7)
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Fig. 3 General elastic-plastic behavior with β = -1 (Fig. 2) 
(Wen 1976) 

 
 

to assess structural condition. In addition, assessing total 
and relative permanent deformation requires accurate 
estimation of 𝑘௣. 

The elastic stiffness and the plastic stiffness are 
identified over all half cycles of structural response. A 
method to find the values for 𝑘௘ and 𝑘௣ is posed, which 
should be robust for all levels of pinching and thus general. 

 
 

First, the hysteresis loop is segmented based on positive or 
negative force values (segregated by the horizontal axis), 
“Within each section, subsections between the local 
maxima and minima of the resulting curve are segregated, 
where each subsection is a half-cycle, which is then 
considered individually, where Fig. 4 shows typical possible 
half-cycles from this model. The elastic and plastic stiffness 
values are identified from these half-cycles. The median 
elastic plastic, 𝑘௣, stiffness values is calculated. The time 
trajectory of these values characterises the evolution of 
linear and nonlinear stiffness, and thus damage, over time. 

The elastic and plastic stiffness of each half-cycle is 
found by identifying the major turning points of the curve, 
and fitting a linear regression function 𝑦 ൌ 𝑎𝑥 ൅ 𝑏 
between these points in Fig. 4. The estimated slopes from 
the regression line define the elastic and plastic stiffness 
values. The turning points are identified as the midpoint of 
any major changes in the gradient of the curve. An 
algorithm using a statistical F-test and testing up to 4 
segments per half cycle is used to decide how many lines to 
fit to a subsection is used, based on minimising the least 
squares error across all possible models in Fig. 4, and 
making sure no adjacent lines have the same or very similar 
slope, as detailed in Zhou et al. (2015b, c). 

 
 

 

Fig. 2 Hysteresis loops generated by Eqs. (2)-(7) for a range of pinching factors, β, in Eq. (7) with 
sharp elasto-plastic transitions for clarity only
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2.4 Algorithm validation: 

Simulated proof-of-concept structure 
 
The numerical proof-of-concept SDOF structure is a 

moment-resisting frame model of a five-story building, 
chosen for both realism and simplicity (Kao and Loh 2013). 
The seismic weight per floor is 1692 kN for roof level and 
2067 kN for other levels. The building was designed using 
displacement-based design to sustain a target drift 2% under 
a 500-year return period earthquake. Fig. 5 shows the plan 
view and push-over analysis results for the proof-of-concept 
structure using Ruaumoko (Carr 2005). It shows a bilinear 
behaviour between base-shear and roof displacement with 
yield deformation of 46.5 mm, linear elastic stiffness of 
27.3 kN/mm and a bilinear factor of 0.065. The estimated 
linear structural fundamental period is approximately 1.20 s. 

A numerical model based on the flag-shaped model is 
used to simulate hysteresis and 𝑓(𝑥, 𝑥ሶ ) in Eq. (1), for the 
proof-of-concept structure. In addition, 5% sensor noise is 
added for robustness in a Monte-Carlo analysis simulating 
all ground-motions (N = 20) and pinching factors (NN = 11 
for β = -1, -0.8, -0.6 ... +1.0) combinations (N × NN = 220) 
100 times for a total of 22,000 simulations. This Monte-
Carlo analysis uses a random approximation of signal noise 
that varies randomly on each individual response analysis. 
This method of repeated simulation with varying noise 
values provides a range of possible outcomes to ensure that 
the results obtained and conclusions drawn are not specific 
to any individual result obtained from any one set of 
randomly-generated noise signals. The full set of 100 

 
 

simulations with differing, randomly-generated, signal 
noise provides an indication of the range of potential 
outcomes, allowing consideration of the likelihood of 
different scenarios. While this method is relatively 
computationally intensive and requires 100 repetitions for 
each of the 220 sets of structural parameters, results can be 
considered with more confidence when such analyses are 
undertaken. 

This Monte-Carlo analysis finds the variation in the 
identified plastic stiffness (𝑘௣) over all plastic regimes of 
at least one-third the length of the longest plastic regime, 
with this threshold used to remove half cycles with 
negligible plastic deformation. A range of similar thresholds 
could be generated from pushover analysis. 

 
2.5 Analyses 
 
Table 1 shows the 20 ground motions used to test the 

robustness of the HLA algorithm to hysteresis loop shape. 
To test if the algorithm correctly identifies the (known) 
plastic regime stiffness of the structure for a range of 
ground motion frequency contents the identified plastic 
stiffness values are compared to the known ground truth. 
Measurements are assumed for displacement at 1 Hz and 
acceleration at 1 kHz. High frequency (1 kHz) displacement 
is obtained through double-integration and base-line 
correction using the low frequency (1 Hz) displacement 
measurement (Hann et al. 2009). Random 5% normally 
distributed noise is added to measurements used in the HLA 
algorithm to include this common source of error and 

 
Fig. 4 Restoring force vs Displacement plots showing possible half-cycle responses for β = 0.4 with turning points indicated 

by circles, where: (a) is linear; (b) is a bilinear yielding half-cycle; (c) is trilinear and represents elastic loading, 
pinching, and subsequent elastic loading, typical of structures with -1 < β < 0; and (d) includes pinching response with 
0 < β < 1. All half-cycles shown are in tension, but will also occur in compression, but below the horizontal axis
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Fig. 5 Proof-of-concept numerical structure in (a) elevation;
and (b) plan view; and (c) the result from the bilinear 
model and from pushover analysis result 

 
 

account for errors up to ±15% (3 standard deviations). 
Monte Carlo analysis ensures a robust assessment of 
algorithm capability across all pinching factors, β. 

Finally, a further sensitivity analysis on earthquake 
magnitude is run and repeats this Monte Carlo analysis for 
earthquakes with minimal plastic response to ensure the 
results are robust in the plastic regime across all events, and 
to further ensure ground motion selection is not causing 
erroneous or misleading results. In particular, these linear 
response ground motions are scaled from 1.0 (baseline) to 
7.0 (extreme) to show where the identification for plastic 
stiffness converges where a largely or totally linear response 
will yield erroneous plastic stiffness identification. 

 
 

3. Results and discussion 
 
Table 2 shows the absolute percentage error between the 

identified plastic regime stiffness and the true (as-modelled) 
post yield stiffness of the simulated structure for a range of 
pinching factors and ground motion records. The Monte-
Carlo analysis found the median (Inter-quartile range = 
IQR) absolute percentage error in 𝑘௣ was 1.88% [0.79%, 
4.94%]. 

There are notable exceptions to this accuracy in 
identifying  𝑘௣ for Earthquakes 1, 6, 9 and 14 in Table 2. 
In these cases, larger error is explained by very minimal or 
negligible plastic deformation, creating an ill-defined 𝑘௣ 
distribution where many, if not all, simulations do not 
provide a significant post-yield region to allow an accurate 
straight-line fit increasing the variability of identified 𝑘௣ 

Table 1 Selected ground motions from PEER database (Peer 2005) 

EQ Event Year MW Station R-Distance
(km) 

Soil 
type 

Duration 
(s) 

PGA 
(g) 

EQ1 
Superstition 

Hill 1987 6.7 
Brawley 18.2 D 22.0 0.156 

EQ2 EI Centro Imp. Co. Cent 13.9 D 40.0 0.358 
EQ3 Plaster City 21.0 D 22.2 0.121 
EQ4 

Northridge 1994 6.7 

Beverly Hills 14145 Muuhol 19.6 C 30.0 0.516 
EQ5 Canoga Park – Topanga Can 15.8 D 25.0 0.356 
EQ6 Glendale – Las Palmas 25.4 D 30.0 0.206 
EQ7 LA – Hollywood Stor. FF 25.5 D 40.0 0.231 
EQ8 N. Hollywood– Coldwater Can 14.6 C 21.9 0.273 
EQ9 LA – N Faring Rd 23.9 D 30.0 0.298 

EQ10 Sunland– Mt Gleason Ave 17.7 C 30.0 0.127 
EQ11 

Loma 
Prieta 1989 6.9 

Capitola 14.5 D 40.0 0.529 
EQ12 Gilroy Array #3 14.4 D 39.9 0.555 
EQ13 Gilroy Array #4 16.1 D 40.0 0.417 
EQ14 Gilroy Array #7 24.2 D 40.0 0.226 
EQ15 Hollister Diff. Array 25.8 D 39.6 0.269 
EQ16 Saratoga – W Valley Coll. 13.7 C 40.0 0.332 
EQ17 Cape 

Mendocino 1992 7.1 
Fortuna –Fortuna Blvd 23.6 C 44.0 0.116 

EQ18 Rio Dell Overpass– FF 18.5 C 36.0 0.171 
EQ19 

Landers 1992 7.3 
Desert Hot Springs 23.3 C 50.0 0.385 

EQ20 Yermo Fire Station 24.9 D 44.0 0.245 
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Fig. 6 A subsection with low levels of yielding, giving 
inaccurate identification of plastic regime stiffness 
from simulated response to earthquake 14 with 
pinching factor β = 0.4 

 
 

values. This minimal plastic yielding is illustrated in Fig. 6, 
which shows a nonlinear half-cycle of response for 
Earthquake 14 with negligible plastic deformation using a 
pinching factor β = 0.4 and thus yielding an error of 
549.05% in Table 2. The curved transition used in the 
forward simulation exacerbates this issue, but is more 
realistic than a sharper elastic-to-plastic transition. 

Given the purpose of SHM is to indicate damage, it is 

 
 

not an issue for the algorithm to fail to clearly identify post-
yield behaviour at such very low levels of yielding, since 
minor cumulative plastic deformation inflicts only minimal 
damage. However, to clarify this point, a sensitivity analysis 
on Earthquakes 1, 6, 9 and 14 performed by increasing their 
magnitude to increase plastic response. Fig. 7 shows the 
HLA algorithm would correctly identify the plastic regime 
stiffness as it converges to the true (lower dashed line) 
value as scaling factor increases. This result is also clear in 
the results for all other, larger earthquakes in Table 2, where 
the plastic response is larger and the identified plastic 
stiffness errors are far lower. 

Finally, Fig. 8 shows the reconstructed hysteresis loop 
for Earthquake 6 with a scaling factor of 4 and pinching 
factor β = 0.5, to indicate plastic deformation only just 
starts to occur at this scaling factor, thus explaining the very 
high scaling needed for accurate identification with this 
particular seismic record. The overall Monte-Carlo analysis 
and this sensitivity analysis thus reveal the HLA algorithm 
is robust to sensor noise across all ground motion levels, 
when an appropriate threshold for negligible deformation is 
applied to eliminate spurious results. 

The overall sensitivity analysis across pinching factors, 
earthquakes, and earthquake magnitude shows the HLA 
SHM algorithm is robust to ground motion frequency 
content, ground motion magnitude, measurement noise, and 
hysteresis loop shape presuming an appropriate threshold 
for negligible plastic deformation is used. This outcome is 

Table 2 Table of percentage error in the median value of the reconstructed plastic regime stiffness for various pinching 
factors and simulated ground motions 

 
Pinching factor 

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 

G
ro

un
d 

m
ot

io
n 

nu
m

be
r 

1 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
2 3.42 0.62 1.65 8.17 4.75 5.69 6.35 1.65 2.71 1.23 0.43 
3 7.23 30.30 95.66 194.28 245.97 7.23 7.23 7.23 91.40 13.27 4.65 
4 5.56 2.06 5.33 5.97 5.22 2.65 3.67 3.40 4.87 2.29 0.22 
5 2.58 6.25 2.71 4.95 2.89 2.82 3.14 5.60 5.23 1.82 1.21 
6 1412.21 1412.21 1412.21 1412.21 1412.21 1412.21 1412.21 1412.21 1412.21 1412.21 1412.21
7 3.06 12.62 5.87 10.91 12.62 4.44 4.39 3.01 7.77 6.38 0.31 
8 2.14 3.35 5.70 5.94 4.76 2.07 4.57 3.53 4.59 2.97 0.35 
9 3248.96 3248.96 3248.96 3248.96 3248.96 3248.96 3248.96 3248.96 3248.96 3248.96 3248.96
10 6381 10.13 109.00 228.46 6.81 6.81 6.80 6.81 237.90 122.89 14.68 
11 3.15 1.51 3.16 2.54 4.28 3.72 6.31 5.64 4.18 1.85 0.03 
12 32.98 32.98 29.04 26.74 22.29 20.41 32.98 11.15 41.32 50.08 115.43
13 2.247 1.88 3.47 3.43 3.59 1.71 3.53 2.09 1.71 3.26 0.03 
14 549.05 549.05 549.05 549.05 549.05 549.05 549.05 549.05 549.05 549.05 549.05
15 2.05 3.34 5.66 4.33 2.85 2.90 3.85 4.73 2.56 1.51 0.74 
16 1.88 4.26 2.67 1.80 2.19 1.99 4.22 4.12 2.15 1.89 0.50 
17 6.67 6.96 6.17 5.20 5.83 5.56 9.33 9.76 7.30 6.59 0.34 
18 2.74 4.59 6.78 6.58 7.01 3.22 4.23 3.32 3.22 2.03 0.23 
19 3.83 4.97 5.11 4.23 2.83 0.33 1.10 3.94 2.36 9.56 2.15 
20 2.23 2.41 5.75 3.09 6.76 1.11 3.84 3.98 2.80 2.79 0.09 
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Fig. 8 Structural hysteresis loop for ground motion #6, 
with pinching factor β = 0.5, and scaling factor 
of 4 from Fig. 7(b) 

 
 

particularly important since the actual hysteretic behaviour 
of a structure is not always readily estimated or expected 
due to ground motion frequency content, site-specific 
conditions, and/or construction errors. Thus, a generic 
algorithm that is not model-dependent can ensure correct 
identification of damage from permanent deformation and 
changes in 𝑘௘ and/or 𝑘௣, where plastic stiffness evolution is 
not identified in most SHM algorithms. 

This model-free hysteresis loop analysis approach thus 
offers potential advantages over the large number of model-
based approaches, which require the overall response to 
broadly match the underlying baseline nonlinear mechanics 
model employed (Doebling et al. 1996, Zhou et al. 2017b, 
c, Xiong et al. 2019). Hence, it is more general and can 
manage a wide range of realistic hysteretic shapes, even 
within a given response, if it were to change behaviour. 

However, this algorithm also has limitation to address. 
More specifically, incorrect identification of a turning point 
in a given half-cycle can cause high levels of elastic loading 
to be identified as plastic deformation, skewing the 
identified level of cumulative plastic deformation to be 
unrealistically large. It should be noted this limitation 
results in an inherently conservative outcome, where 
damage is over predicted, resulting in additional structural 

 
 

inspection required. This limitation was found to have a 
negligible effect on the performance of the algorithm in this 
analysis, as indicated by the high consistency shown in the 
Monte-Carlo analysis. However, the approach would 
benefit from more robust turning point identification with 
respect to sensor noise. 

This analysis only examined a single degree of freedom 
case, assuming a typical first mode dominant seismic 
structural response (Chopra 1995, 2012). However, the 
measurement approach from (Toussi and Yao 1983, Iwan 
and Cifuentes 1986, Iemura and Jennings 1974) is readily 
and inexpensively extendable, as is the HLA method when 
considering real data (Zhou et al. 2015a, 2017a, b). Thus, 
one could obtain hysteresis loops story by story or for 
specific sets of stories, or sections within a more irregularly 
shaped structure. The overall approach presented would be 
equally applicable and robust using these more precisely 
located seismic hysteresis loop responses. 

Further, the case study in this research is a regular 
structure and thus first mode dominant. However, HLA 
performs well on structures with other mode participation as 
has been demonstrated recently on real structural data 
(Rabiepour et al. 2022), and experimental work (Zhou et al. 
2017a). However, this issue can also affect model-based 
SHM methods, as well, where the model identified may not 
match the actual response due to irregularity in design or 
construction (Zhou et al. 2017c). Finally, in the case of 
multiple higher modes, it is possible to use HLA effectively, 
either directly as it is stiffness and hysteresis loops used 
rather than a baseline model, or via a modal filtering 
approach (Poskus et al. 2020), although this latter approach 
provides added complexity. 

 
 

4. Conclusions 
 
This research analytically tests the robustness of the 

hysteresis loop analysis SHM method to a wide range of 
pinching nonlinear behaviours not typically examined in 
SHM methods due to their high nonlinearity. It further 

 
Fig. 7 Scaling factor sensitivity analysis for selected earthquake ground motions #1, 6, 9, and 14 which exhibit negligible 

plastic deformation results where the x-axis shows the ground motion scaling value from 1.0 (baseline) to 7.0 (extreme)
and the resulting improved plastic stiffness value identification as more nonlinear response occurs with rising scale 
factor. The lower dashed line is the true plastic stiffness value. All identified stiffness values are given in kN/mm
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focuses on tracking plastic stiffness values, which are not 
typically considered, but are a significant damage measure 
in their own right in assessing total plastic deformation and 
thus potential future failure due to low-cycle fatigue in any 
further larger aftershock or event. A Monte Carlo analysis 
on an analytical test case with known ground truth using 20 
diverse ground motions, and including all sensor noise, for 
the full range of nonlinear pinching behaviours delivered 
75% of errors in identifying plastic stiffness under 4.5%, 
where this limit declines to 3% when events generating no 
nonlinear behavior are removed. A sensitivity analysis on 
these events, increasing their magnitude to induce nonlinear 
behaviour, shows equally accurate identification when 
plastic behavior occurs. Overall, 95% of all errors were 
under 10%, ensuring the ability to accurately identify and 
track nonlinear stiffness value and its degradation, a novel 
capability in the field. Tracking these values over time 
during an event or a longer period enables more precise 
characterisation of structural degradation as well. 
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