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Abstract.

The present paper explores forced vibrational properties of porosity-dependent functionally graded (FG) cylindrical

nanoshells exposed to linear-type or triangular-type impulse load via classical shell theory (CST) and nonlocal strain gradient theory
(NSGT). Employing such scale-dependent theory, two scale factors accounting for stiffness softening and hardening effects are
incorporated in modeling of the nanoshell. Two sorts of porosity distributions called even and uneven have been taken into account.
Governing equations obtained for porous nanoshell have been solved through inverse Laplace transforms technique to derive
dynamical deflections. It is shown that transient responses of a nanoshell are affected by the form and position of impulse loading,
amount of porosities, porosities dispensation, nonlocal and strain gradient factors.
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1. Introduction

In a functional graded material, all material properties
may change from one side to another side by means of a
prescribed distribution. These two sides may be ceramic or
metal. Mechanical characteristics of a FG material can be
described based on the percentages of ceramic and metal
phases (Tang and Yang 2018, Tang et al. 2019, She et al.
2018). The material distribution in FG materials may be
characterized via a power-law function (Faleh et al. 2018a,
b). FG materials are not always perfect because of porosity
production in them (Shafiei et al. 2017, Mirjavadi et al.
2017a, b, 2018a,b, 2019a-f, Alasadi et al. 2019, Fenjan et
al. 2019). Existence of porosities in the FG materials may
significantly change their mechanical characteristics. For
example, the elastic moduli of porous FG material is
smaller than that of perfect FG material. Up to now, many
authors focused on wave propagation, vibration and
buckling analyzes of FG structures having porosities
(Atmane et al. 2015). Also, there are several investigations
concerning with the analysis of FG structures in thermal
environments.

Recently, this kind of materials have found their
applications in nano-scale structures (Azimi et al. 2017,
2018). Vibration behavior of a nano-scale plate is not the
same as a macro-scale plate. This is because small-size
effects are not present at macro scale. So, mathematical
modeling of a nanoplate can be done with the use of
nonlocal elasticity incorporating only one scale parameter
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(Ke et al. 2012, Eltaher et al. 2012, Aydogdu and Arda
2016, Zenkour 2016, Zhen et al. 2019, Uzun and Civalek
2019). Due to the ignorance of strain gradient effect in
nonlocal elasticity theory, a more general theory will be
required. Strain gradients at nano-scale are observed by
many researchers (Lam et al. 2003). Thus, nonlocal-strain
gradient theory was introduced as a general theory which
contains an additional strain gradient parameter together
with nonlocal parameter (Li and Hu 2015, Li et al. 2017,
Houari et al. 2018, Kheroubi et al. 2016, Barati 2017,
Ebrahimi and Haghi 2018, Bensaid et al. 2018). The scale
parameters used in nonlocal strain gradient theory can be
obtained by fitting obtained theoretical results with
available experimental data and even molecular dynamic
(MD) simulations (Mehralian et al. 2017, Mohammadi et
al. 2018).

This paper uses classical shell formulation having three
field variables and taking into account small scale impacts.
Based upon Laplace transform approach and nonlocal strain
gradient (NSGT) formulation, transient vibrational analysis
of porous functionally graded (FG) nano-size shells under
linear-type pulse load has been performed. The presented
formulation incorporates two scale factors for examining
vibrational behaviors of nano-dimension shells more
accurately. The material properties for FG shell are
porosity-dependent and defined employing a modified
power-law form. It is supposed that the nano-sized shell is
exposed to transverse shock loading. The governing
equations achieved by Hamilton’s principle are solved
implementing Galerkin’s method. Presented results indicate
the prominence of pore variation, load factors, material
gradient index, nonlocal coefficient, strain gradient
coefficient and porosities on vibrational frequencies of FG
nano-size shell.
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2. Theories and formulations
2.1 Porosity-dependent properties of FG nanoshell

The volume fraction of porosities which highlights their
portion in the FG material can be denoted by & With the use
of power-law FG model with material gradation parameter
p, all of material properties including elastic moduli (E) and
mass density (p) can be defined as functions of the portion
of porosity (Faleh et al. 2018a):

Even porosity distribution
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2.2 Classic shell model

As it is known in research community, classical shell
theory (CST) is suitable for studying thin shells. However,
the displacement field of the nanoshell (u1, Uz, us) based on
CST can be defined as function of axial (u), circumferential
(v) and transverse (w) components in the following form

1 (6y,2) = u(xy) - 230 (5.3) ®
z ow
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There are only three strains for the CST shells as
follows
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Based upon Hamilton’s principle and gathering the
variable coefficients of displacements (du, 6v, dw) results in
the below governing equations of shells
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in which qgynamic is applied load quynamic = fo0(x —
xo)(1 —t/ty)(H(t) — H(t — ty)) in which fy is load
amplitude and xo is load location and
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Also, in-plane normal Nj forces and bending moment
M;j can be defined as
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Here, oij denotes the stresses.

Based on NSGT with nonlocality coefficient ea and
strain gradient coefficient I, the constitutive equation of a
nano-scale shell may be introduced as (Faleh et al. 2018a)
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Here, strain gradient coefficient | is used to consider
non-uniform strain field observed at small scales and also
nonlocal coefficient ea is used to consider the nonlocality of
stress field due to atomic interaction.

By integrating Eq. (15) over the thickness, one may
derive following relations based on NSGT formulation of
porous nanoshells

(1 - (ea)ZVZ)Nxx

=(1-127?|A Ou B o°w
=( ) 15 1752 (16)

A (617 W) B 2°w
125, TR 125,72

(1 - (ea)ZVZ)Mxx
— 2p2 ou o*w 17)
=1-1°V )[Bua

— VY1 axz



Nonlocal strain gradient effects on forced vibrations of porous FG cylindrical nanoshells 151

+8.4 (- 2) - 0., 3] 7)

(1 - (ea)*V?)N,,
=(1-127?)|a Ou B o*w
= ( ) Az dx 2 9x2 (18)

4 (617 W) B 0*w
13y TR 115,72

(1 - (ea)*V*)M,,

B - ou 0w
_(1_lv) Blza_Dlzaxz (19)
ov w 0w
+B11 (@ - E) —Dyy g
(1 - (ea)ZVZ)ny
ou 0v 0*w (20)
— (1 _2p2 T -
== [A66 ((')y * 6x) Bee 6x6y]
(1 - (ea)ZVZ)Mxy
du 0v 0*w (21)
— (1 _2p2 e i -
== [366 <6y * 6x) Dee 6x6y]
in which
: E(2)
Ay = fhmdz’
3
2 E(z)
11 :J-hl—vz dz,
;15
2 E(2)z?
Dll:j_ﬁl—vz Z,
r
z vE(2)
A12 = f_ﬁ 1 _ vz Z,
A
2 VE(2)
B12 = f_hmz dz, (22)
g VvE(z)z
D12:f_ﬂ 1— 2 Z,
i
z E(2)
Aes = j_g2(1 T o) 4
2
h
2 E(2)
Bgo = f_ﬁ—Z(l n v)ZdZ'
2
h/2 E(Z)
D¢ = j ——7%dz
e —n22(1+v)

Next, governing equations of the FGM nanoshell in the
framework of NSGT might be established as follows by
substituting Egs. (19)-(26), into Egs. (9)-(13)
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3. Solution technique

Since the transient vibration of the nanoshell is a time-
dependent problem, the governing equations will be solved
in Laplace domain. However, in the first step the equations
have been discretized with the help of Galerkin’s method
based on the following displacement assumptions
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amplitude. Also, the function F,,(x) = sin (%x) is an

admissible function to satisfy below boundary conditions
based on one term (m = 1)

2w _ 0w

= = = 29
w EP%) Ep 0 (29)

Next, a compact form of governing equations may be
obtained by Replacing Egs. (26)-(28) into Egs. (23)-(25)
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[K] {an } + [M] an = {0 } (30)
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where the coefficients of [K] and [M] are calculated based
on Galerkin’s method. Then, the time-dependent Eq. (30) is
transformed into Laplace domain with initial zero condition
as follows

0
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LIF(8)]
where Dy, is the amplitude vector D,.,, = {Upn, Vi Winn}
and S is Laplace operator. Thus, the governing equations
may be in Laplace domain. In order to obtain Eq. (31) from
Eg. (30), some properties of Laplace transform technique
must presented

L[Dmn] = SZL[Dmn] = SDpmn(0) — Dmn(o) (32)

Next, implementation of inverse Laplace transform in
Eqg. (32) yields the time-dependent governing equation as

Dy () = LTHF(S)([K] + S*{MD 7] (33)

After solving the problem, the results will be presented
based on normalized parameters as

o W_W100ECI /l—l _ea (34)
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4. Numerical results and discussions

The present section focuses on transient vibration
behavior of a nanoshell with graded porous material
properties exposed to linear type of impulse loadings based
upon NSGT. Graphical results are presented for time
response of the nanoshell for different porosity
distributions, impulse loadings, load location, two small
scale coefficients, and also radius-to-thickness ratio of the
nanoshell. In order to validate the present formulation based
on NSGT, vibration frequency of a nano-scale shell is
compared with the data provided by Mehralian et al. (2017)
implementing analytical method and molecular dynamic
simulation (MD). Results for this verification are presented
in Table 2 for different values of nanoshell length based on
obtained values of ea = 3.3-3.5 nm?and | = 0.1-0.4 nm? for
nonlocal and strain gradient coefficients. In the following

Table 1 Material properties for a FG material

Properties Steel Alumina (Al,03)
E 210 (GPa) 390 (GPa)
P 7800 (kg/m3) 3960 (kg/m3)
v 0.3 0.24

Table 2 Verification of vibrational frequencies of a nano-

scale shell
MD (Mehralian NSGT (Mehralian
L/2R et al. 2017) et al. 2017) Present
4.86 1.138 1.209 1.211
8.47 0.466 0.448 0.451
13.89 0.190 0.192 0.198
17.47 0.122 0.126 0.129
Shock load
2, W
0.1 Xp o4

“\\\\C\\

X,

! 7 porous Nal
5
{

Even Uneven

Fig. 1 A cylindrical shell under shock loading

sentences, obtained new results and complete discussion
related to transient vibration of a FG nanoshell will be
presented. The geometry of FG nanoshell is shown in Fig.
1.

Impacts of nonlocality and strains gradient factors on
dynamical response of a functional graded nano-size shell
exposed to triangular-type shock load have been plotted in
Fig. 2. The ratio of radius to thickness has been selected by
R = 5h and power-law exponent is selected by p = 1. Based
on the range 0 < t* < 1 for normalized vibrations time, a
functional graded nano-size shell exhibits transient
vibrations due to applied shock load. After passing t* = 1,
transient vibrations have been eliminated. In other words,
after this time the nano-size shell is freely oscillating. The
present graph also demonstrate that the free/transient
vibration of functional graded nano-size shell has
considerable dependency on nonlocality and strains gradient
factors. It can be understand from Fig. 2 that dynamic
deflection of system will rise with nonlocal coefficient and
will reduce with strain gradient coefficient. This
observation is valid for all ranges of applied load. So,
vibration behavior of the nanoshell system is dependent on
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Dimensionless deflection

-0.10
0.0 0.5 1.0 1.5 2.0

Dimensionless time (t*)

Fig. 2 Time response variation of nanoshell based upon
various nonlocal factors (R/h =5, L/h=50,&=0,
A=02,p=1)

both scale effects. An important finding is that the transient
regions and deflection magnitudes are outstandingly
affected by the wvalues of nonlocal strain gradient
coefficients.

Illustrated in Fig. 3 is the influence of pore volume
fraction on time responses of the FG nanoshell with and
without porosities subjected to linear type of impulse
loadings when R/h = 5, p = 0.2 and A = 0.1. This figure
focuses on FG nanoshells having even porosity distribution.
Based on rectangular impulse loading, a monotonic
procedure may be seen during transient zone and when the
load is abruptly deleted at t* = 1, free vibration happens.
Also, by increase of t* based on triangular impulsive load,
the transient region linearly (not abruptly) reaches to free
vibration region. Thus, greater values of porosity amount
lead to larger deflection during both transient and

— perfect (£=0)
porous (£=0.2)
e POTOUS (£=0.3)

Dimensionless deflection

0.0 0.5 1.0 1.5 2.0
Dimensionless time (t*}
Fig. 3 Time response variation of the nanoshell based

upon various porosity factors (p =1, R/lh =5,
L/h=50,pu=0.2,A=0.1)

free oscillations. Such observation is due to the fact that the
total stiffness of a nanoshell diminishes with increase of
porosity amount. Consequently, porosity content in the
material structure should be controlled for a reliable design
of FG structures subjected to dynamical loadings.

Depicted in Fig. 4 is the impact of pore distribution type
on transient/free vibrations of porous FG nanoshell
subjected to a linearly varying impulse load. This figure
focuses on FG nanoshells accounting for various material
gradation indices (p) as well as pore distributions having the
parameter ¢ =0.2. When p = 0, the results become related to
uniform material. For the case of un-even type, pores have
been produced in middle zone of the cross section, but they
may vanish at corners for the case of even type. This issue
highlights that the elastic moduli of a nanoshell with un-
even pore type are smaller than that of even type. Hence,

0.2

Dimensionless deflection

—— Even—type porosities

....... Uneven—type porosities

0.0 05 1.0 15 20
Dimensionless time (t*)
Fig. 4 Time response variation of the nanoshell based
upon various porosity dispersions (R/h =5,
L/h=50,p=02,4=0.1,£=0.2,p=2)

03

—_—1y=03
02} | ty=04

Dimensionless deflection

0.0 05 1.0 15 20
Dimensionless time (t*)
Fig. 5 Time response variation of the nanoshell based

upon various shock times (R/h =5, L/h = 50,
u=02,12=01,p=1£,=02)
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Dimensionless deflection

0.0 0.5 1.0 1.5 2.0
Dimensionless time (t*)
Fig. 6 Time response variation of the nanoshell based
upon various load position (R/h =5, L/h =50,
H=02,A=0.1&=0.1)

Dimensienless deflection

0.0 05 1.0 15 20
Dimensionless time (t*)

Fig. 7 Time response variation of the nanoshell based
upon various radius-to-thickness ratio (L/h = 50,
H=02,A=01,p=1£&=0.2)

one can see from the figure that un-even type results in
lower deflections than even type. Regardless of the type of
porosity distribution, increasing in the values of material
gradient index results in larger dynamic deflection in both
transient and free vibration zones. Based on the values
amounts of pores and p, it is possible to make the structure
stiffer with more capability of tolerating pulse loads.

Plotted in Figs. 5 and 6 are respectively the influences of
loading duration time (t)) and load location (Xg) on
transient/free vibrations of porous FG nanoshells subjected
to linear impulse load. These figures deal with FGM
nanoshells based on the material gradation p = 1 and also
even porosity distribution. It is obvious that the vibrations
number in transient region becomes higher as the magnitude
of loading time becomes greater. As a deduction, it is
possible to express that as loading time is lower the

nanoshells pass from transient zone with fewer vibrations
number. Another observation is that as the load moves away
from the center point of the nanoshell, the dynamical
deflections in transient region become lower. Thus, the
maximum deflections occur when the impulse load is
embedded at the center point of the nanoshell. Moreover,
vibrations number in the transient zone remains constant
with changing of loading position.

Fig. 7 illustrates the influence of radius-to-thickness
ratio (R/h) on time response of a porous FG nanoshell
exposed to various kinds of impulsive loads. In this figure,
the nanoshell contains even pores based on the volume
fraction of £ = 0.2. One may observe that as the radius-to-
thickness ratio growths, the dynamical deflection in both
transient and free vibration regions becomes smaller. This is
because of the increase in the stiffness of nanoshell. Thus,
the geometry of nanoshell has a great affection on its
transient response.

5. Conclusions

The presented article focused on transient vibration
behavior of a nanoshell with graded porous material
properties exposed to linear typesof impulse loading based
upon nonlocal strain gradient theory. Based on NSGT, two
scale parameters were included into the formulation in order
to capture small size effects. The problem was solved based
on inverse Laplace transform method to find dynamic
deflections for three types of impulse loadings. It was
reported that greater values for nonlocal parameter were
corresponding to lager dynamic deflections due to stiffness-
softening mechanism presented by nonlocal effects. Also,
stiffness-hardening mechanism due to strain gradients led to
smaller deflections. It was also concluded that greater
values of porosity volume fraction led to greater deflections
during both transient and free oscillations. But, the
magnitude of dynamic deflection or oscillation amplitudes
dependent on the type of porosity distribution. Even
porosities led to larger deflections than uneven porosities.
Moreover, the vibrations number in the transient zone
remained constant with changing of loading position.
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