Smart Structures and Systems, Vol. 23, No. 1 (2019) 31-44
DOI: https://doi.org/10.12989/sss.2019.23.1.031

31

Influence of surface irregularity on dynamic response induced due to a moving
load on functionally graded piezoelectric material substrate
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Abstract. The present study investigate the compressive stress, shear stress, tensile stress, vertical electrical displacement and
horizontal electrical displacement induced due to a load moving with uniform velocity on the free rough surface of an irregular
transversely isotropic functionally graded piezoelectric material (FGPM) substrate. The closed form expressions of said induced
stresses and electrical displacements for both electrically open condition and electrically short condition have been deduced. The
influence of various affecting parameters viz. maximum depth of irregularity, irregularity factor, parameter of functionally
gradedness, frictional coefficient of the rough upper surface, piezoelectricity/dielectricity on said induced stresses and electrical
displacements have been examined through numerical computation and graphical illustration for both electrically open and short
conditions. The comparative analysis on the influence of electrically open and short conditions as well as presence and absence
of piezoelectricity on the induced stresses and induced electrical displacements due to a moving load serve as the salient features
of the present study. Moreover, some important peculiarities have also been traced out by means of graphs.
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1. Introduction

The investigation of stresses induced due to a moving
load on an elastic medium is a topic of great concern due to
its applications towards stability of the medium. Because if
the shear stress induced due to a moving load on the
medium is more than shear strength of the medium, the
failure of structure occurs. Therefore, due to having
possible applications in measuring the stability of the
structure, the problem of dynamic response of medium
subjected to a moving load has been received consideration
attention from past few decades in the field of geophysics,
seismology, civil engineering, etc. (Hearle and Johnson
1985, De Barros and Luco 1994, Fryba 1999, Sheng et al.
1999). In recent years, due to increase in high speed train
networks, it becomes imperative to examine the stability of
medium under the effect of dynamic load. Various type of
structures used in transportation viz. bridges, guide waves,
cableways, rails, roadways and runways are subjected to
moving loads. Irrespective of other dynamic load, the
impact of moving load vary with respect to the position,
therefore, the problem of a moving load is an emerging
topic in structural dynamics to examine the instability occur
in structure (Olsson 1991). An elastic material can be
considered to be transversely isotropic if the elastic
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properties of the material vary vertically but not
horizontally in the simplest horizontal or layered case.
Several theoretical and experimental studies show that there
always exist irregularity of different shape and size in
elastic materials. The irregularity occurs in the medium due
to various physical phenomena viz. weathering, erosion or
other external force. Therefore, due to inclusion of
irregularity in elastic medium, the mathematical model of
the problem becomes more realistic. The materials that
become electrically polarized under the influence of
mechanical stress called piezoelectric materials. The electric
polarization in piezoelectric material can be expressed
mathematically as the combination of matrices expressing
stress and coefficients representing piezoelectricity (Ogawa
and Utada 2000). Therefore, piezoelectric materials can be
considered as the materials possessing coupling between
mechanical and electric fields. The piezoelectric materials
also exhibit inverse piezoelectric effect in which such
materials experience elastic strain under the application of
electric field. Due to this type of reversible nature,
piezoelectric crystals are used in numerous applications
including embedded sensors and actuators in smart
structures, production and detection of sound, sonar, air
ultrasonic transducers, electronic frequency generation,
filters and delay lines which are widely used in electronic
technology, mechanical and medical engineering (Piliposian
and Danoyan 2009). The heterogeneity in an elastic
medium is caused by variation in rigidity and density. The
heterogeneity of the medium can be expressed
mathematically as a function of vertical depth (Meissner
2002). The concept of heterogeneity in piezoelectric
material is extensively used in in terms of functionally
gradedness which can be further used in numerous
applications viz. aerospace structures, electronic devices
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and many other fields of engineering. In recent years, due to
evolution of material technology to manufacture several
electronic and electric devices, new type of materials called
functionally graded piezoelectric materials (FGPM) have
come into existence. These particular type of materials are
extensively used to upgrade efficiency and life of SAW
devices (Li, Wang and Huang, 2004). Piezoelectric device
can produce electric current by means of piezoelectric
crystals. Due to having larger power densities and higher
feasibility, piezoelectric materials can be used in piezo
technology for road construction (Kong et al. 2014). In the
present scenario, the piezo technology is used to obtain
electrical energy as a response of mechanical stress induced
due to a moving load on the piezoelectric crystal which may
be placed at a shallow depth from the road surface. In
general, the electrical energy generates after the slight
deformation of piezoelectric crystal under the influence of
mechanical stresses induced due to a moving load.
Therefore, the study of moving load over a piezoelectric
substrate may lead to significant advances in the harvesting
of mechanical waste energy by using mechanical vibrations
to electricity conversion (Kong et al. 2014, Beeby et al.
2006). This fact serves as a motivation for the authors to
study the problem of a moving load on an irregular
transversely isotropic functionally graded piezoelectric
material (FGPM) substrate.

The steady state solution of the problem of a normal
moving load over an elastic half space was given by Cole
and Huth (1958). Sackman (1961) investigated the dynamic
response of layered half plane due to a normal moving load.
Several authors adopted systematic approach to solve the
problem of a moving load (Achenbach 1967, Chonan 1976,
Ungar 1976, Olsson 1991). Dieterman and Metrikine (1997)
examined the influence of a point harmonic load moving
over an elastic layer resting on a rigid foundation. Tondreau
et al. (2013) discussed about the design of a point load
actuator based on flat triangular piezoelectric patches with
the use of its geometrical and piezoelectric properties.
Mukhopadhyay (1965) examined the stresses induced due
to a normal moving load over the surface of a transversely
isotropic ice-sheet floating on water. Later on, Mukherjee
(1969) studied the problem of moving load on a
transversely isotropic elastic solid over a rough free surface.
The stresses induced on a rough irregular isotropic half-
space due to normal moving load were investigated by
Chattopadhyay et al. (2011). Chatterjee and Chattopadhyay
(2017) discussed the influence of a moving load over the
irregular surface of ice-sheet floating over water. Singh et
al. (2014) discussed the influence of irregularity and
heterogeneity on the stresses induced due to a normal
moving load on a rough monoclinic half-space. Later on,
the effect of irregularity on transversely isotropic
piezoelectric medium was discussed by Singh, Kumar, and
Chattopadhyay (2015). Several researchers accomplished
notable work in context of functional gradient property in
piezoelectric materials (Li et al. 2004, Qian et al. 2007).
The coupled electro-elastic effect on functionally graded
piezoelectric material plates using trigonometric functions
and Lagrange polynomials has been studied by Wu et al.
(2015).

In view of above facts, it can be seen that numerous
studies have been done to investigate the influence of
dynamic response due to a moving load on semi-infinite
medium under the consideration of different medium
properties  viz. transversely isotropic, irregularity,
heterogeneity, etc. However, to the best of authors
knowledge, the stresses induced due to a moving line load
on irregular functionally graded piezoelectric material
(FGPM) substrate have not been examined till date. In the
present analysis, the dynamic response induced due to a
load moving with uniform velocity on the rough surface of
an irregular transversely isotropic functionally graded
piezoelectric material substrate has been examined by
obtaining the closed form expressions of induced
incremental stresses (compressive, shear and tensile) and
electrical displacements (horizontal and vertical) for both
electrically open and short boundary conditions. In addition
to this, the effects of various affecting parameters viz.
maximum depth of irregularity, irregularity factor
(corresponding to different cases of irregularity i.e.,
rectangular irregularity, parabolic irregularity and no
irregularity), parameter of functionally gradedness,
frictional coefficient due to the roughness of upper surface
of the substrate and piezoelectricity/dielectricity on said
induced stresses and electrical displacements have been
studied numerically as well as demonstrated graphically.
The comparative study has been carried out to reveal the
effect of electrically open and short conditions and also the
effect of presence and absence of piezoelectricity on the
induced stresses and induced electrical displacements due to
a moving load.

2. Formulation and solution of the problem

Let us consider a line load F moving with a constant

velocity V in the positive direction of x -axis in an
irregular  transversely isotropic functionally graded
piezoelectric material (FGPM) substrate. The z-axis is
pointing vertically downwards and representing the vertical
depth of aforesaid substrate while x-axis represent the
direction in which load moves. An irregularity of parabolic
shape with span 2a and maximum depth of irregularity H

exist on the upper surface of substrate. The origin is placed
at the middle point of span of the surface irregularity as
depicted in Fig. 1.

The equation of upper surface of FGPM substrate
containing irregularity is

z=¢h(x) €))
where
0, for |x>a

h(x) =
) E(af—xz), for | <a
&

and ¢ is the small positive number such that & = zi <<1.
&
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Fig. 1 Geometry of the problem

For plain-strain deformation, it has been considered that
u, =u,(x,z,t) ,u, =0,u,=u,(x,z,t), g=¢(x,2,) and %: 0. (2)

where (u,.uy,u,) denote the components of mechanical

displacement and ¢ is electrical potential function due to a

moving load in considered piezoelectric substrate.

In view of Haojiang (1997); Singh, Kumar, and
Chattopadhyay (2015) and Li et al. (2004), the stress-strain
relations for functionally graded piezoelectric material
substrate under plain-strain deformations condition (2) can
be written as

e g )

z,, =& (cfe,%wtcgg,%wte&%j,

7, =e” (cg4 (%+%)+e{’5 %] 3)
oefi2-2) 22

D, =e"” (egl 56& +e3 %— 3 %J

where ci(} represent the values of elastic constants c; at
z=0; e signify the values of piezoelectric constants e
atz=0; g denote the values of dielectric constants ¢; at

z=0.

In view of (3), the equations of motion for functionally
graded transversely isotropic piezoelectric substrate can be
written as
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The mechanical and electrical boundary conditions at
z=¢&h(x) due to a line load (F) moving with uniform

velocity V in positive direction of x-axis may be identified
as

£y = —FRS(X-Vt) = —§jcos K(x—Vt)dk, %
0
F 0
u = FO(-Vt) =~ J' cosk(x —Vt)dk, ®)
0
D,(x) =0 (for electrical open case), 9)
#(x)=0 (for electrical short case), (10)

where newly introduced symbols k,t,R and &(x) in

Egs. (7)-(10) represent wave number, time, frictional
coefficient and Dirac delta function respectively.

Keeping in mind that displacements are bounded at
Z—> o, the solution of the Egs. (4)-(6) may be

considered in the following form (Chattopadhyay et al.
2011)

:]O A —kaz
0|: i

cosk(x —Vt) + Be ™% sink(x —Vt)}dk, (11)
= j[Ce‘qu cosk(x —Vt) + De ¥ sink(x —Vt)] dk, (12)
0

¢= I[Ee‘qu cosk(x—Vt) + Fe ™ % sink(x —Vt)] dk. (13)

where A,B,C,D,E and F are unknown parameters to be
obtained and qis a positive real unknown dimensionless

parameter independent of k.
With aid of Egs. (11)-(13), Egs. (4)-(6) provide the
following set of simultaneous equations

Aa-Db-Fc=0, Ba+Cb+Ec=0, Ab+Dd +Fe=0 (14)

Bb—Cd —Ee=0, Bc+Cel— Eed =0, (15)
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Ac—De +Fel =0,

—Ceds + E&d3 =0, Dedy — Fedy =0, (16)

where the values of a/b,c,d and e are provided in

Appendix A.

Now in view of setting
D=mA C=-mB,E=mAyand F =-mBy , Egs. (14)-
(16) yield

. a b ¢
b+yc d+ye efs—)/gfll

(17)

‘333

where 7=
533

Eq. (17) further leads to a biquadratic equation which has

the solution in the following form

, —B'+B?2_4AC’

= where i =1, 2). (18)
ql ZBI ( )
where the expressions of A’,B’and C'are given in the
Appendix A.
Using Egs. (17) and (18), the expressions of

u,, u, and ¢ may be written as

= J-[Aie‘kqlz cosk(x —Vt) + Aye k%% cosk(x —Vt) +
0 (19)
Bie ™ %7 sink(x —Vt) + B,e %2 sink(x —Vt)} dk,

u, = J’[_mlBle—koaz cosk(x—Vt) —m, Bze‘quz cosk(x —Vt) +
0 (20)
m Ae 4 sink (x —Vt) + m, Ase k%2 sink (x —Vt)J dk,

P= J}/[—mlBle’k"ﬂZ cosk(x —Vt) —m,B,e¥%? cosk (x —Vt) +
(21)
mlAle’kqu sink(x—Vt) + mzAze’quZ sink(x —Vt)} dk.

Since the irregularity at the surface boundary of the
considered stratum is such that perturbation parameter &
is very small, therefore, the terms A, A,, B and B, can
be expressed as functions of & (expanded in ascending
powers of ¢ and retaining up to first order by neglecting
higher powers of ¢ ) as

A =Ag+eA;, A = Ay +ehy B =B +6By, B, =By +By and e =1+4kh. (22)

2.1 Case 1: For electrically open condition

In view of Eq. (3), boundary conditions indicated in (7-
9), approximation indicated in (22) and Egs. (19)-(21), the
following system of equations can be obtained:

Bio&s + Byés =0,

23
B1&3 + By1&y = Bjp&kah + Byp&yka,h, ()

“FR
PuoSs + Aoods = 0 Aobi+ Ay =0, (24)

A&+ Poréa = ApSsh(kay —v) + Ayéyh(ka, —v),  (25)

A&+ Anéy = Ap&kaph + Ay &kaph, (26)
F

Biodi +Boodo =—, 27)
7k

Bi1& +Bué, = Bypgh(kg, —v) + Byéoh(ka, —v),  (28)

where the values of &,&,,&andé&, are provided in
Appendix A.

On solving the system of Eqgs. (23)-(28), the arbitrary
coefficients Ay, A;, Ay, Ay, By, By, By andB,, €an be determined.
Now, in view of these values of arbitrary coefficients, and
approximation (22), Egs. (19)-(21) yield

7“’ _@_ §2FRh _ —kayz _
ux—-ﬂ:[ A & K (ka, u)je cosk(x—Vt)+

[ ké eﬂi?h(qu U)J ke'chosk(x—Vt)+}dk
T T
7 Fh )
[ k&, §4k§ (|<q1—U)]e'k“‘zsink(x—vt)Jr
a 7
[ o inggh (qu—u)jek“zzsink(x—Vt),
7 7
e e
’ ' (30)
1[ 5{; gZigh(kql_U)]e"“‘lzsink(x—Vt)+
7k
[ s él;Rh Z_U)]ek“zzsink(x—Vt)dk:l,
7 k&,
+mz[ kE §3th(qu U)J e cosk(x—Vt)
k&
§2FR §2FRh —koyz o (31)
+my| - E ﬁkf (kg, —v) e sink(x —Vt)
" (é{; 5{2“ (qu_U)Je"‘q?Zsin k(x—Vt)}dk.
7 7Ke7

On substituting the values of u,,u, and ¢ from Egs.
(29)-(31) into Eqg. (3) and performing integration, the
expressions of induced compressive stress(z, / F), shear
stress (z,, / F) , tensile stress(z, /F), vertical electrical
(D,/F) and
displacement(DX / F) may be obtained for electrically open
case in the said geometry as

displacement horizontal  electrical
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% = eg a [§4qu3 +£h&,02° + REQZ (X —Vt) 22 + 2Reh&, 07 (x —Vt)z
6781
+&40 (X *Vt) z-¢eh&,qy(x *Vt) +R&,(x *Vt) - Ehfszfh z
—Reh&u(x—Vt)® — Reh&,020(x —Vt) 22 —£h&,quu(x —Vt)zz]
e ‘s
wEsh
+ &0 (X-V1)? 2 - sh&0, (X-V1)® + RE (X -V1)° - sh&pua52
—Reh&q2u(x—Vt)2% — ehéq,0(x —Vt)2 2—Reh&p(x —Vt)3],

(32)

[§3q§z3 +£h&032% + REQS (x—Vt)z2 + 2Reh& g2 (x—Vi)z

eV
k23 53[ REGZ - Reh&, 0722 + £,0f (x —Vt)2°

F ”5751
+26h&,02 (X —Vt)Z — RE G (X = V)22 + Rehéygy (x —Vt)?
+&4(X —Vt)3 + Rshcfzuquz - gh§4q12u(x —Vt)zz

+Ren&0o(x V)22 - shéu(x ~V)* | - %[—Rflqgﬁ (33)
75782

—Rghcflqg’zz + §3q§(x —Vt)z2 + 25h§3q§(x -Vt)z

—R&0y (X = V)27 + Reh&ay (x V)2 + £3(x —Vt)® + Reh&oa3z?

—eh&,50(X —Vt) 22 +Reh&a,0(X —Vt)2Z — ehéu(x —Vt)3],

T?XX = ;fs [54‘112 +ehé 07 + REQF (x—Vt)z?

+2Rgh§2ql (X =Vt)z + &40 (x —Vt) z —gh&,0.(x —Vt)z

+RE (x —Vt)® — sh&oadz? — Reh&u(x - Vi)

—Rshiquzu(x —Vt)zz —eh&qqo(x —Vt)z z} - (34)

e
578 2

+&50p (X V)22 — 0, (X -Vt) + RE (X ~Vt)* — shgoa3z?

~Reh&q2o(x ~Vt)z2 — eh&apu(x —Vt)2z — Rehgu(x — Vi) }

[§3qzz +gh§3qzz +R§lq2(x Vt)z +2Rsh§lq2(x Vt)z

Do S g+ oheyae? + R (x -V
F o on&s
+2Rgh§2q1 (X =Vt)z + &40 (x —Vt)?z- ehé&,o(x —Vt)?

+RE, (x-Vt)® - eh&yoad22 — Reh&,q2u(x —Vt)z2

—eh&,quu(x = V)22 — Rehé,u(x —Vt)3 pw " [§3qzz (35)
755

+5h§3q§z2 + Re:lq%(x —Vt)z? + 2Rshe§1q2 (x=Vt)z+
Exp (X~ V)22 - eh&30, (X =V)? + R& (x—V1)® - ehégoa3z?
—Reh&qBu(x —Vt)z2 — eh&y0pu(X —Vt)2z — Reh&u(x —Vt)ﬂ,
D, e
Dx_ 0l _peyei® - Reneyaie? + £t (x-V)2?
Fooagst
+26h&,02 (X —Vt)Z — RE (X = V) 2 + Rehé,qy (x —Vt)?
+&4(X —Vt)3 + Rghézuquz - sh§4qlzu(x —V'[)z2

+RehZtu(x-Vt)22-shu(x V)|~ %{—Rglqu?’ (36)
7°2

7Rgh§lquz + §3q§(x 7Vt)zz + 25h§3q§(x -Vt)z
—R&ao(x —Vt)2 Z+ Rehgigo (x —Vt)2 +&(x —Vt)3
+Rsh§1uq§’z2 - gh§3q§u(x —Vt)z2 + Reh&gou(x —Vt)2 z
—ehéu(x —Vt)ﬂ.

where the values of & (r=123...... 10,11) are provided in
Appendix A.

2.2 Case 2: For electrically short condition

On using Eq. (3), boundary conditions indicated in (7),
(8), and (10); approximation indicated in (22) and Egs.
(19)-(21), the following system of equations can be
obtained

Byo&s + Baoés =0, B3+ Byi&y = Byg&zkarh + Byg&akaph,  (37)

PoS3+ Pools =——1 Ao + Ayds = (38)

Mg + Aorga = Agah(kay —v) + Aygah(ka, —v), (39)

A + Ands = Apdikgih + Agpdokash,
F (40)

Bio&i +Baols =—,
k

B11&i + B21&5 = Bipdih(kgy — v) + Byodsh(ka, —v), (41)

where the values of &, &, &,and&; are provided in
Appendix A.

The arbitrary coefficients Ay, A, Ay, Ay, BBy, By and By,
can be determined by solving system of Eqs. (37)-(41).

With aid of obtained values of arbitrary coefficients and
approximation (22), Egs. (19)-(21) results in

[ _&FR £ &FRh oz
=|l| - ki “Z cosk (x —Vt
X _!:|:[ ke, 72'k (ka, —v) [e (X )
J[&FR, _&FRN

kg ke

&F . &Fh .
kg, —v) e ¥ sink (x -Vt
[nk;’”ﬂk;’( % v) (x=vi)+

'F 'Fh —Kap2 o
[_ S e _U)]e - smk(x_w)}dk’

(kg, —v) ]e’“‘?z cosk(x—Vt)
(42)

Ml m[ s &Fh iz _
uz_([{ml[ ke ﬂké: (ka, — u)}e “ cosk (x —Vt)

é:a, §3Fh —ka,z _
+m2[ k§7 g (ka, — u))e cosk(x—Vt)

+m1( &R _ {’ZZFRh (ka, - u)je’k‘“ sink (x—Vt)

(43)

ké 7Kg

m, §1FRh

(qu ) ]e’kq?l sink(x Vt)} dk,

_% 4 gt;Fh _ —kgyz _
¢—£7[ ke 7rk§7' (kq, u)je cosk(x —Vt)

&Fh

(ﬂk§7 ﬁk§7’

(ka, — u)jequZ cosk(x —Vt)
&FR_&FRh (44)
k&, K&,

GFR . _&FRh e ~
m[ k§7 7zk§7’ (ka, u)]e sink(x Vt)}dk.

Substituting the values of u,, u, and ¢ from Egs. (42)-(44)
into Eqg. (3) and performing integration, the expressions of

+m,| —

(ka, — u)jekq1Z sink(x —Vt)
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induced compressive stress(z,, / F), shear stress(z, /F),
tensile stress (7, /F), vertical electrical displacement

(D, /F)and horizontal electrical displacement (D, /F)

may be obtained for electrically short case in the said
geometry as

o _® 512 [;;qff +eh&0P2% + REJGE (x —Vt)Z2 + 2Rsh&)qf (x —Vit)z
Foongs)

+E,0, (X=V1)*2 - gh&j, (Xx=V1)* + RE} (x-Vt)* - sh&juaf 2
—Reh&;q2o(x—Vt)z2 — sh&;qu(x —Vt)? 2 - Reh&u(x —Vt)?

(45)

_® "522 [é’qus +6h&q32% + REQZ (x—Vt)z2 + 2Reh&/g2 (x - Vt)z
&S,

+550, (X=Vt)?2 - &y, (x -Vt)* + RE (X -Vt)® - sh&ua3z?

~RehZQio(x-V1)z* - £h&iq,u(x—Vt)* 2 - Reh&o(x ~V1)* |,

e , , ' ,
T _ ,‘);32 [—szqus —Reh&0P2% + £,07 (x—Vt)2° + 2sh&)g? (x —Vit)z
F o oxgs

—R& (X =Vt)? 2 + Reh&yq, (x —Vt)? + & (x Vi) + Reh&ugiz?
—eh&qu(x—Vt) 22 +Reh&)gu(X —Vt)? 2 — shEn(x -vr)3]

(46)

_ ﬁgi“z [—Rglqua —Reh&/qdz? + 92 (x —Vt) 22 + 2sh&;q2 (x —Vit)z
792

—R&(q, (x—Vt)2z + Reh&lg, (x —Vt)? + & (x - Vt)® + Reh&ugiz?
—eh&q2o(x —Vt)z2 + Reh&lguo(x —Vt)? 2 — eh&o(x Vi) ]

7
Tﬂ_eu &

Fooagsf

[ £i02° + ehéieiz? + Ref (x-Vt)2°

+ 2Reh&0f (X —Vt)Z + £ (X —Vt)2 2 — ehéyap (X —Vt)?
+R& (x-V1)® - sh&puadz? - Rehgho(x - Vi)

—Reh&g2o(x —Vt) 22 —eh&quu(x —Vt)? z} - i%[cféqgf + (47)
75787

ghgéquz +R&a5 (x —Vt)zz + 2Rgh§1’q22(x -Vt)z + &0, (x —Vt)z zZ-
eh&y, (Xx—V)2 + RE (X —Vt)® — eh&oasz? — Reh&glo(x —Vt) 22
—eh&ja,0(x ~Vt)2z - Reho(x —Vt)3],
- fi,‘%[&qff +ehgiofz? + Regaf (x -tz

S E)
+2Reh&50 (X V)2 + &40y (X —Vt)2 2 — ey (X —Vt)?
+R&E(x=Vt)® — sh&ued 72 — ehEyRog? (X —V) 22 — sh&gguu(x —Vit) 2z

—Rehé&o(x —Vt)S} +—= [§§q§z3 +eh&032°
75783

(48)

+R§1’q§ (x —Vt)zz + 2Rgh§1’q§ (x=Vt)z+ &30, (x —Vt)z z
—eh&0, (x=V)? + RE (x—V1)® — eh&hogsz?
—Reh&{qZo(x—Vt) 2% —eh&a,u(x ~Vt)2z - Reh&u(x —Vt)ﬂ,

Dy _ 74
Fooagst

| -R&saf2 - Rengaz? + £/ (x Vo2

+26h&H07 (X V) Z — REHG (X — V)22 + Reh&ha (X — V)2

+&,(x=Vt)® + Reh&uofz? — eh&yqlo(x —Vit)z22 +

Reh& (X —Vt)2z — sh&o(x —Vt)® - %[—qugf ~Rehggdz? (49)
7578

+ &35 (X -V)2% + 26505 (X V)2 — RE{g, (X V1) 2

+Reh&ay (x V)2 + &(x—Vt) +

Reh&uadz? — sh&q2u(x —Vt)z2 + Reh&jgu(x —Vt)2z

—eh&u(x —Vt)ﬂ,

where the values of & (r=123.......10,11) are provided in

Appendix A.

The expressions in Egs. (32)-(36) and Egs. (45)-(49)
include closed form expressions of induced incremental
compressive stress, shear stress, tensile stress, vertical
electrical ~ displacement and  horizontal  electrical
displacement for electrically open condition and electrically
short condition respectively. From above expressions of
induced incremental stresses and electrical displacements, it
is clear that the whole system is moving with uniform
velocity V in the direction of positive x-axis. It has also
been observed from closed form expressions that said
induced incremental stresses and electrical displacements
attain maximum value at X =Vt .i.e. the point directly
below the point of application of moving load. In further
computation, the authors deal with these maximum
incremental induced stresses and electrical displacements
for both electrically open and short conditions.

3. Particular case

When ¢ =c, =(A+2u), ¢y =4, Cyy =Cgs =, £=0,
el =e) =&’ =¢%=0 and p=0, the expressions for
induced incremental mechanical stresses and induced

electrical displacements for both electrically open and short
conditions reduce to

1 (84 5553?]
r=aiabr] Revewal 50
F ﬂﬁv[qlz 022 (50)
T _ 1( RES | Rl éfJ (51)

Pz @z gz
rxle(éécfﬁ_éééé’j (52)

Fooaglaz  0pz
By By (53)

F F

where the wvalues of & &,&, &8, &, and&y are

provided in Appendix B.

The expressions in Egs. (50)-(52) signify the
incremental mechanical stresses induced in regular
homogeneous isotropic elastic medium. These expressions
are found to be well in agreement with the pre-established
results by Cole and Huth (1958).

4. Numerical results and discussion

The numerical computations of incremental induced
compressive stress(r,,a, / F), induced shear stress(z,a,/F),

induced tensile stress (7,a /F) , horizontal electrical

displacement (D, /F) and vertical electrical displacement
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(D,/F) have been accomplished using the following

values of elastic, piezoelectric and dielectric constants of
transversely isotropic piezoelectric material and elastic
constants of transversely isotropic non-piezoelectric
material (Table 1)

Graphical illustrations of induced maximum incremental

compressive stress (7,8, / F), shear stress(r,a, /F), tensile
stress (z,a,/ F), vertical electrical displacement (D,/F),

horizontal electrical displacement (D, /F)against vertical

depth have been carried out using Figs. 2(a) to 10(a). The
effect of various affecting parameters viz. maximum depth
of irregularity (H/a,), irregularity factor (x/a) and

parameter of functionally gradedness (va,) on induced

compressive stress, shear stress, tensile stress, vertical
electrical ~ displacement and  horizontal  electrical
displacement due to a moving load on an irregular

transversely isotropic FGPM substrate (PZT —4) have

been manifested through Figs. 2(a) to 6(b). In these figures,
curves 1, 2 and 3 delineate the effect of maximum depth of
irregularity on the said induced stresses and induced
electrical displacements. Curve 1 corresponds to the
situation when the irregularity is absent in the considered
substrate.

Table 1 Elastic, piezoelectric and dielectric constants of
transversely isotropic piezoelectric materials and elastic
constants of transversely isotropic non-piezoelectric
material (Sridhar et al. 1999, Payton 2012)

Property Unit PZT -4 (Ba0917CaO083)TiO3 Cadmium
Density () kg/m® 7500 5700 8700
Elastic

Constants

0

Cu GPa 139 158 116
Cs GPa 7.43 6.75 4.14
Cas GPa 115 15 5.10
024 GPa 2.56 45 1.95
Dielectric

constants

0

n

5 nF/m 6461  8.850
€33 nF/m 5620  8.054

Piezoelectric

Constants

e c/m* 52 -3.1

0 ¢/m?> 151 135
e33

, ¢/m* 127 109
elS

0.03r .
2 () 2--
0.025|- 3
4--
0.02f 5
6--
L -
< 0.015 -
N
0.01
0.005H} 1
6
0
0 0.05 0.1 0.15
z/al
(a) Electrically open condition
0.01r
1-->Hfa =0
2 (b) 2---> H/ai =3
0.008+ 3—>Hia, =6
4-->xla, =0
\ 5> xfa, =05
0.006 - 6--->x/a =1
L 1
=, 7--->va =0
I 1
N 8->va =5
0.0041 9-> 1a, =10
0.002
\{L
6
0 1
0 0.05 0.1 0.15

(b) Electrically short condition

Fig. 2 Variation of dimensionless induced compressive
stress (r,a /F) against dimensionless vertical depth

(z/4a,) for different values of dimensionless maximum
depth of irregularity (H/a,), dimensionless irregularity
factor  (x/a,)

functionally gradedness (va, ) .

and dimensionless parameter of

The influence of irregularity in terms of irregularity factor
on the said induced stresses and induced electrical
displacements has been depicted by the curves 4, 5 and 6. In
particular, curve 4 corresponds to the irregularity factor
x/a =0 which represents the case of rectangular shaped
irregularity on the surface of substrate. Curve 5 reveals the
case of parabolic shaped irregularity (0 < x/a, <1) while

curve 6 depicts the case of no irregularity (x/a1 :1) exists

on the surface of substrate. Moreover, the effect of
parameter of functionally gradedness on said induced
incremental stresses and electrical displacements has been
analysed through the curves 7, 8 and 9. Among these curves,
curve 7 corresponds to the situation when irregular substrate
is free from functional gradient property.
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(b) Electrically short condition

Fig. 3 Variation of dimensionless induced shear stress (7,a, / F)against dimensionless vertical depth for different values
of dimensionless maximum depth of irregularity, dimensionless irregularity factor and dimensionless parameter of

functionally gradedness

0.05r,
1> H/a1 =0
4() 2---> H/a1 =3
0.04} 3-->Hla =6
9 4->xla,=0
5-->x/a, =05
0.03f N 6> xla, = 1
18 =
= 7> va,=0
(:§ > a = 5
0.02- \Zx\a(lﬂ
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1
6
0 L r r r r
0 0.01 0.02 0.03 0.04 0.05

z/al

(@) Electrically open condition

0.1p
1-->Hla =0
2---> H/a1: 3
0.08F 3--->Hla,;=6
fme> x/a1 =0
5> x/a1 =05
0 0.06 - 6> xfa,;=1
;H 7---->va =0
& 8--
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%
0 r r T T
0 0.2 0.4 0.6 0.8

(b) Electrically short condition

Fig. 4 Variation of dimensionless induced tensile stress (z,.a, / F)against dimensionless vertical depth for different values
of dimensionless maximum depth of irregularity, dimensionless irregularity factor and dimensionless parameter of

functionally gradedness.

Figs. 2(a) and 2(b) represent the variation of incremental
induced compressive stress against vertical depth under the
influence of various affecting parameters viz. maximum
depth of irregularity, irregularity factor and parameter of
functionally gradedness for electrically open condition and
electrically short condition respectively. It has been
examined from these figures that the induced compressive
stress is found to be minimum in absence of irregularity and
it increases as the maximum depth of irregularity increases
for both electrically open and short conditions. Further, it
has been observed that as the irregularity factor increases
i.e., irregularity decreases, the induced compressive stress
also decreases for both electrically open and short
conditions. Moreover, it is also noticed that as parameter of
functional gradedness increases, induced compressive stress
decreases i.e., functional gradient property in the substrate
affected adversely the induced compressive stress for both
electrically open condition and short condition.

Figs. 3(a) and 3(b) reveal the effect of maximum depth
of irregularity, irregularity factor and parameter of
functionally gradedness on induced shear stress for both
electrically open and short conditions respectively. It has
been observed from these figures that maximum depth of
irregularity favours the induced shear stress while
irregularity factor and parameter of functionally gradedness
exhibit an adverse effect on induced shear stress in
considered piezoelectric substrate for both electrically open
and short conditions. The variation of induced tensile stress
against vertical depth for electrically open and short
conditions under the influence of aforesaid affecting
parameters has been graphically demonstrated in Figs. 4(a)
and 4(b). It has been found through meticulous examination
of these figures that maximum depth of irregularity and
functionally gradedness favours the induced tensile stress
while irregularity factor affected adversely the induced
tensile stress irrespective of electrically open or short
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0.3
1--->Hl/a , =0
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0.25 3> H/a1 =6
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(b) Electrically short condition

Fig. 5 Variation of vertical electrical displacement (D, / F)against vertical depth (z) for different values of maximum
depth of irregularity, irregularity factor and parameter of functionally gradedness
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(b) Electrically short condition

Fig. 6 Variation of horizontal electrical displacement (D, / F)against vertical depth (z)for different values of maximum
depth of irregularity, irregularity factor and parameter of functionally gradedness

conditions on piezoelectric substrate. The effect of said
affecting parameters on induced vertical electrical
displacement has been depicted through Figs. 5(a) and 5(b)
for electrically open and short conditions respectively. It is
indicated through these figures that as the maximum depth
of irregularity increases the vertical electrical displacement
induced due to a moving load on considered piezoelectric
substrate increases gradually for both electrically open and
short conditions. It has also been examined from Figs. 5(a)
and 5(b) that surface irregularity favours the induced
vertical electrical displacement. In addition, the functional
gradient property in piezoelectric substrate has remarkable
influence on induced vertical electrical displacement. It has
been examined from both the figures that as the functional
gradient property prevails in the substrate the vertical
electrical displacement decreases gradually irrespective of
electrically open or short conditions. On the other hand, the
influences of said affecting parameters on horizontal
electrical displacement for electrically open and short

conditions have been studied through Figs. 6(a) and 6(b)
respectively. It has been delineated from both the figures
that maximum depth of irregularity favours the horizontal
electrical displacement while functionally gradedness and
irregularity factor discourage induced vertical electrical
displacement due to a moving load. The effect of frictional
coefficient (R) on induced shear stress and horizontal

electrical displacement due to a moving load on an irregular
transversely isotropic FGPM substrate (PZT —4) for both

electrically open condition (through curves 1, 2, 3) and
electrically short condition (through curves 4, 5, 6) in Figs.
7(a) and 7(b) respectively. Specifically, Fig. 7(a) reflects
the influence of frictional coefficient on induced shear
stress for both electrically open and short conditions. It has
been observed from this figure that as the frictional
coefficient increases the induced shear stresses also
gradually increases. The effect of frictional coefficient on
induced horizontal electrical displacement has been studied
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Fig. 7 Variation of (a) dimensionless induced shear stress(r,a /F) against dimensionless vertical depth(z/a,) (b)

horizontal electrical displacement (D, / F)against vertical depth (z) for different values of frictional coefficient (R).

---> Cadiuly (Nork piezoelectric material)

r,a,/F

0.03r
dium (Non-piezoelectric material)
---> PAT-4 (Open case)
0.025+ 917Caﬂ_oss)Tlo3 (Open case)
> PZT¥4 (Short case;
0,02k . CaO_OMTlO3 (Short case)
w
< 0.015r-
N
0.01F
0.005+
0 r r
0 0.1 0.2 0.3 0.4 0.5

zla

Fig. 8 Variation of (a) dimensionless induced compressive stress (z,a /F)(b) dimensionless induced shear stress

(sza1 / F) against dimensionless vertical depth for different piezoelectric materials (PZT —4, (Bay 4,,Cay gg; )Ti03)

and a non-piezoelectric transversely isotropic material (Cadmium)

through Fig. 7(b) and it is evident that frictional coefficient
has a favourable effect on induced horizontal electrical
displacement. It is to be noted that induced compressive
stress, tensile stress and vertical electrical displacement due
to a moving load remain unaffected from the friction
offered by the upper surface of considered FGPM substrate.

Figs. 8(a) to 10(a) reflect the effect of piezoelectricity
on induced compressive stress, shear stress, tensile stress,
horizontal electrical displacement and vertical electrical
displacement with the variation of vertical depth. The
elastic, piezoelectric and dielectric properties of different

piezoelectric materials viz. PZT —4, (Bayg,,Cay 4, ) TIO,
and elastic properties of non-piezoelectric material viz.

Cadmium are used for this purpose. It is noticed from table
(Table 1) that PZT —4 is more piezoelectric than

(Bagg17Cay 05 ) TIO; while dielectricity of PZT —4is less

than (Bay e, Cayee, ) TIO, . In Figs. 8(a) to 8(c), curve 1

corresponds to the situation that irregular functionally
graded substrate is without piezoelectricity whereas rest of
the curves correspond to the irregular FGPM substrate. Fig.
8(a) reveals the effect of piezoelectricity and dielectricity on
induced compressive stress. It has been examined from this
figure that the induced compressive stress has minimum
value for non-piezoelectric substrate. In case of
piezoelectric substrate, as piezoelectricity of the material
decreases i.e. dielectricity of the material increases, the
induced compressive stress also increases. The effects of
piezoelectricity and dielectricity on induced shear stress
have been shown by Fig. 8(b). From this figure, it has been
found that the substrate with higher extent of
piezoelectricity experiences less induced shear stress due to
a moving load i.e. dielectricity of the substrate increases the
induced shear stress. On the other hand,
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Fig. 9 Variation of (a) dimensionless induced tensile stress(rxxailF)against dimensionless vertical depth (z/ai)(b)

induced horizontal electrical displacement (DX/F) against vertical depth (Z) for piezoelectric materials

(PZT —4, (Bay,,;,Cay ) TIO; ) and a non-piezoelectric transversely isotropic material (Cadmium)
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Fig. 10 (a) Variation of induced vertical electrical displacement (D,/F)against vertical depth (z) for different

piezoelectric materials (PZT —4, (Bay,;Cay ;) TiO; )

induced shear stress is found to be maximum for the case of
non-piezoelectric substrate. Figs. 9(a) and 9(b) reflect the
effect of piezoelectricity and dielectricity on induced tensile
stress and horizontal electrical displacement respectively. It
has been examined from these figures that as
piezoelectricity of the piezoelectric substrate increases, the
induced tensile stress and horizontal electrical displacement
also increase while dielectricity of the piezoelectric
substrate resists the induced tensile stress and horizontal
electrical displacement. It has also been observed from Fig.
9(a) that in case of non-piezoelectric substrate, the
minimum values of induced tensile stress are examined as
compared to its value in piezoelectric substrate. The effect
of piezoelectricity on induced vertical electrical
displacement has been delineated by Fig. 10(a). It has been
analysed from this figure that piezoelectricity favours and
dielectricity opposes the induced vertical electrical

displacement due to a moving load on an irregular FGPM
substrate.

Through the comparative study of Figs. 2(a) to 10(a), it
has been examined that the induced compressive stress and
vertical electrical displacement for electrically open
condition are more than their values in case of electrically
short condition. On the other hand, the induced shear stress,
tensile stress and horizontal electrical displacement for
electrically short condition are found to be higher as
compared to their values in electrically open condition. In
addition to this, the comparative analysis suggests that
presence of piezoelectricity in irregular functionally graded
substrate favours induced tensile stress, horizontal electrical
displacement and vertical electrical displacement while it
disfavours induced compressive stress and induced shear
stress.
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5. Conclusions

In present analysis, the maximum incremental
compressive stress, shear stress, tensile stress, vertical
electrical ~ displacement and  horizontal  electrical
displacement induced due to dynamic load moving with
uniform velocity on an irregular transversely isotropic
FGPM substrate have been investigated. The influences of
various affecting parameters viz. maximum depth of
irregularity, irregularity factor, parameter of functionally
gradedness, piezoelectricity and dielectricity on induced
stresses and electrical displacements have been computed
numerically and adduced graphically. The effect of
frictional coefficient on induced shear stress and horizontal
electrical displacement is also examined. Moreover, the
induced stresses and induced electrical displacements due to
a moving load have been compared for both electrically
open and short conditions and also for presence and absence
of piezoelectricity in irregular functionally graded substrate.
The following points can be emphasized as the outcomes of
the present analysis
1. The closed form expressions of maximum incremental

compressive stress, shear stress, tensile stress,
horizontal electrical displacement and vertical electrical
displacement induced due to a load moving on an
irregular transversely isotropic functionally graded
piezoelectric substrate have been obtained for both
electrically open and short conditions.

2. The induced incremental stresses and induced electrical
displacements increase gradually as the maximum
depth of irregularity increases for both electrically open
and short conditions.

3. The rectangular shaped irregularity has more
favourable effect than parabolic shaped irregularity of
same depth and span on the induced incremental
stresses and electrical displacements while the
minimum values of the induced incremental stresses
and electrical displacements are found when the FGPM
substrate is free from surface irregularity.

4. The functional gradient property discourages induced
compressive stress, shear stress, horizontal electrical
displacement and vertical electrical displacement for
both electrically open and short conditions. On the
contrary, it encourages induced tensile stress for both
the electrical (open and short) cases.

5. The frictional due to rough upper surface of substrate
favours the induced shear stress and induced horizontal
electrical displacement for both electrically open and
short conditions whereas induced compressive stress,
tensile stress and vertical electrical displacement are
unaffected from the friction offered by the upper
surface of considered FGPM substrate in both the
electrical (open and short) cases.

6. The presence of piezoelectricity in irregular
functionally graded substrate favours induced tensile
stress, horizontal electrical displacement and vertical
electrical displacement while it disfavours induced
compressive stress and induced shear stress.

7. As the functionally graded piezoelectric substrate
becomes more piezoelectric, the induced compressive

stress and induced shear stress decreases whereas the

induced  tensile  stress,  horizontal electrical
displacement and vertical electrical displacement
increase.

8. The induced compressive stress and vertical electrical
displacement for electrically open condition are more
than their values in case of electrically short condition.
On the other hand, the induced shear stress, tensile
stress and horizontal electrical displacement for
electrically short condition are found to be higher as
compared to their values in electrically open condition.
The outcomes of the present study may find its possible

application in the field of piezo technology for example in

road construction where vibrations generated by moving
load can be converted into electrical energy and thus
harvesting of mechanical waste energy can be done.
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Appendix A

a=(c3q”+pv 2 —cfh).b = (¢ + ),
c=(e9+fs)a, d = (c§3q2 +pV 2 - c24), e=edq” —efs
A’ = 95004695 +€3:695C3

B' = poV 2453 — £33C11085 + PoV “C3a69 — €33C11633
+PoV 233 + 260300455 + CTACT3E93 + 631004895 + C3aCLae5
+ef5°f3933

C'=—poV 2ctr893 — poV 2Chsgs + e3criels + oo’V Heds +
CL1CR4E53 — POV “efseds

& =iy + iy (c33 + 7e33) . & = i3 + Mty (Cgs + 7633),

£3=Ca (M — Q) + yyers, &, = €4 (My — 0p) + ymoefs,

&5 = —e9) +myy (—e35 + 769), &6 = €31 + Myl (—e3s + 793,
& = Eply — &4, &g = CL1 + MHCL0y + YTyedich,

&y =y + MyClstly + yMyedidly, &g = —fs0y + Myeps — ymye),
&1 = —€(50p + Myers — yMyers

S = qlzz2 + (x—Vt)Z, Sy = q%z2 +(x —Vt)2

& =l +MaCds &' = Ci3+ My, &' = s (My — ),
&) =cha(my —ay), &' =—c9 —mygeds,

& =—Coy —Myteds, &' =&'E —&E, & =y + mier,
&y =Py +MyCrsth, o =—efsty + Myefs,

0 0
&1 = €150, + Maers

Appendix B

A"=,u(l+2,u), C"=—p0V2(i+2,u)—yp0V2 —p§V4+,u(ﬂ+2,u),
B = upV % — (2 +2u) + poV 2 (A +2u) + 24u+ A2 +2u1),

Bmi !Bmz _4Amcm

ZBm

q? = (i=12), @' =uq?+pN2—(2+2u),

b':(l+,u)q',d':(l+2,u)q”2+pOV2—/1,m:%::—;—:,
G=A+migi(A+2u), &=A+myty(A+2u), &=v(m-q),
gi=v(my—03), &=0,8=0, & =5 & - &2,

& =(A+2u)+migid, & =(A+2u)+mapA, &o =0, &1 =0





