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1. Introduction 
 

Sensor placement often plays a significant role in a 

structural health monitoring (SHM) system because the 

functionality of the SHM system is directly affected by the 

quantity and quality of the measured data (Yi et al. 2012a, 

Huang et al. 2017, Li and Hao 2016). The modal 

characteristics obtained from the measured data are crucial 

for obtaining the actual condition of the structure, which 

can be used to update the finite element (FE) model and 

perform damage detection (Worden and Burrows 2001, 

Chang and Pakzad 2014, Li et al. 2017). Generally, the 

higher the number of sensors placed on a structure is, the 

more structural modal information is obtained. However, it 

is neither economical nor practical to use a large number of 

sensors in a SHM system. Thus, instead of simply adding 

more sensors to obtain more structural response data, an 

optimal sensor placement (OSP) method is needed using 

limited sensors to obtain as much structural modal  
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information as possible. 

In previous studies, many OSP methods based on modal 

identification have been proposed, in which the single type 

of sensors (accelerometer) are often used. Some studies 

used the matrix analysis to solve the OSP problems, in 

which the modal expansion form of the measured data is 

usually used. The effective influence (EfI) method 

(Kammer 1991, Kammer and Tinker 2004) used the Fisher 

information matrix to select sensor locations according to 

the norm value. The driving point residue (DPR) method 

(Papadopoulos and Ephrahim 1998) was proposed to avoid 

selecting sensor locations with low energy, and the kinetic 

energy (KE) method (Heo et al. 1997) was proposed to take 

the mass matrix into account to use the KE matrix instead 

of the Fisher matrix; the connection between the EfI method 

and KE method was analyzed by Li et al. (2007). Some 

studies used the statistical analysis to solve the modal 

identification based OSP problems, in which the probability 

density of the estimated parameter was often used. Udwadia 

(1994) proposed a rational statistical-based theory of sensor 

placement for parameter estimation; it uses a suitable norm 

of the Fisher matrix to guarantee the quality of the 

estimation result. An entropy-based OSP method, which 

minimizes the information entropy of estimated parameters 

to select the best sensor locations for structural model 

updating, was proposed by Papadimitriou et al. (2000). 

Further research that considers the effect of the correlation 

of prediction error on the sensor selection was also 
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developed (Paradimitriou and Lombaert 2012). The 

displacement modes provides a visual reflection of the 

structural dynamic characteristics and plays a very 

important role in the structural modal analysis (i.e., FE 

model updating, structure damage detection). In practice, 

mode shapes are only useful when the obtained mode 

shapes can be easily distinguished from each other (Penny 

et al. 1994). Then, a criterion that uses the correlation of the 

selected mode shapes to evaluate the sensor placement, 

known as the modal assurance criterion (MAC), was 

proposed by Carne and Dohrmann (1995). An improvement 

to the MAC method, which considered the case of the 

optimal selection of a sensor location on a high-rise 

building using a simplified finite element model, was 

proposed by Yi et al. (2012b). According to the MAC, some 

intelligence algorithms can be used to obtain a more 

accurate accelerometer placement (Yi et al. 2015a, b). 

In practice, strain gauges and accelerometers are often 

used together in the SHM system. Some OSP method 

comprehensively utilizing multi types of sensors were 

proposed, in which strain gauges and accelerometers are 

placed together instead of placed separately. Yuen et al. 

(2015) proposed an efficient Bayesian sensor placement 

method combining the Bayesian spectral density approach 

and the information entropy to obtain a heuristic sequential 

optimization algorithm, in which the minimum uncertainty 

of the estimated structural parameter is guaranteed. Zhang 

et al. (2014) proposed an integrated optimal placement 

method of displacement transducers and strain gauges for 

response reconstruction, in which the reconstruction error is 

used to evaluate the sensor selection. Furthermore, Zhang et 

al. (2016) used the Kalman filter to guide the sensor 

placement to obtain the best estimation of the responses at 

key locations, in which strain gauges, displacement sensors 

and acceleration sensors are placed together. The 

relationship between the strain mode and the displacement 

mode was proposed by Yam et al. (1996), thus a mode 

estimation method using the strain mode to estimate the 

displacement mode is theoretical possible. However, few 

existing studies regarding strain and acceleration sensor 

placement methods focused on modal estimation. It is 

meaningful to use strain gauges to obtain more 

displacement mode information of locations without 

accelerometers. The problem of acquiring data from the 

strain gauges and accelerometers can be solved by a 

polytypic and synchronous data acquisition device (Ren et 

al. 2016). In addition, in the existing OSP literature related 

to strain gauges (Yuen et al. 2015, Zhang et al. 2014, Zhang 

et al. 2016), the midpoints of each structural element along 

the longitudinal axis are often used as the candidate strain 

gauge positions without explanations. The influence of 

different candidate strain gauge positions on the estimation 

of displacement modes needs to be further studied. 

This paper proposes a multitype sensor placement 

method using the strain gauges and triaxial accelerometers 

together to obtain structural displacement mode 

information. In this method, a modal estimation theory is 

proposed, in which the displacement modes of the estimated 

locations without accelerometers are estimated by the strain 

modes of the selected strain gauge locations. The initial 

accelerometer locations are selected by the MAC and the 

redundancy information to guarantee the distinguishability 

and small redundancies of the obtained displacement modes 

at the same time. The estimated locations are determined 

via comprehensive consideration of the selected 

performance criteria and the practical situation. The optimal 

strain gauge locations are selected according to the smallest 

trace value of the covariance matrix of the estimated 

displacement mode vector, which is used to represent the 

uncertainty of the estimation. In addition, candidate strain 

gauge positions are determined by the amount of contained 

displacement mode information, which can be calculated by 

utilizing the transformation matrix between the 

displacement mode and the strain mode. The remaining 

sections of the paper are organized as follows: Section 2 

presents the theory formulation of the sensor placement 

method. In Section 3, a bridge benchmark structure is used 

to verify the effectiveness of the proposed method. Finally, 

conclusions are drawn in Section 4. 

 

 

2. Theory formulation of the modal estimation 
method 

 

In this proposed sensor placement method, strain gauges 

only measure the normal strains. In addition, triaxial 

accelerometers are used in this theory formulation to ensure 

that the problem of the placement of accelerometers with 

less axes can be resolved by using the proposed sensor 

placement method. 

 

2.1 Selection of initial accelerometer locations 
 

As mentioned before, when conducting a modal test, the 

mode shape data are only useful when the mode shapes can 

be distinguished from each other. Thus, the MAC method is 

used here to select the initial accelerometers. The MAC 

matrix can be expressed as 

 
  

2

*, *,

,

*, *, *, *,

T

i j

i j T T

i i j j

MAC
 

   
 (1) 

where 
*,i  and *, j  are the thi  and thj  columns of 

the target mode shape matrix, respectively. Considering the 

application of triaxial accelerometers, each accelerometer 

location corresponds to three rows in the target mode shape 

matrix. Every time, only one accelerometer location that 

gets the smallest value of the maximum off-diagonal MAC 

term is added to the existing placement. 

In the MAC method, before adding sensors, the triaxial 

effective influence (TEfI) method can be used to determine 

the first several initial locations 

  1

3 3 33 1 det T T

i i s s i



  EfI I      (2) 

where 3iEfI  denotes the contribution of the thi  triaxial 

accelerometer location to the linear independence of the 

target modal partitions, s  is the target mode shape 
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matrix, and i3 represents the three rows of the mode 

shape matrix of the thi  accelerometer location. The TEfI 

method starts from all candidate accelerometer locations; 

every time, only one accelerometer location with the 

smallest contribution is deleted until the target number is 

reached. 

Considering the continuity of the mode shapes, when 

two sensors are placed too close to each other, they usually 

contain similar modal information (Stephan 2012). Here, 

the Frobenius norm is used to evaluate the similarity of 

mode shapes of different locations, and the redundancy 

coefficient is defined as 

3 3

,

3 3

1
i j F

i j

i jF F


 


R

 

 
 (3) 

where 
,i jR  is the redundancy coefficient between the 

mode shapes of the thi  and the thj  locations. When the 

value of 
,i jR  is close to one, the two corresponding 

locations share almost the same modal information. A 

redundancy threshold T  can be set to evaluate the 

redundancy information between different accelerometer 

locations, and a smaller threshold value means that less 

redundancy information is contained at the selected 

locations. An appropriate redundancy threshold value needs 

to be determined according to the concrete sensor 

placement process. 

Finally, the selection process of the initial accelerometer 

placement is as follows: 

Step 1: Determine the FE model of the benchmark 

structure and use the nodes as the candidate accelerometer 

locations. 

Step 2: Use the TEfI method to obtain the first k  

accelerometer locations. 

Step 3: Choose a value of the redundancy threshold T . 

Step 4: Calculate the redundancy coefficients between 

the selected locations and the remaining candidate locations; 

if one redundancy coefficient is larger than T , the 

corresponding location will be deleted from the candidate 

locations. 

Step 5: Assume that one of the candidate accelerometer 

locations is added to the selected locations, then calculate 

the values of the maximum off-diagonal terms of the MAC. 

Among all the candidate locations, the location 

corresponding to the smallest value is selected to be added 

to the existing placement. 

Step 6: If no candidate locations remain, go to the next 

step; otherwise, return to step 4. 

Step 7: Choose the first m  accelerometer locations as 

the initial placement under the redundancy threshold T . 

Step 8: If smaller redundancy threshold values can be 

accepted, change the value of the redundancy threshold T  

and return to step 3; otherwise, go to the next step. 

Step 9: Compare the accelerometer placements obtained 

from the different redundancy threshold values, then choose 

an appropriate redundancy threshold T ; the initial 

accelerometer locations are determined at the same time. 

 

2.2 Selection of estimated locations without 
accelerometers 

 

Sometimes, after the initial accelerometer locations have 

been determined one by one by using the above algorithm 

according to the performance criteria, the number of 

accelerometers can be decreased due to various practical 

factors. Here, two situations are considered. One situation is 

the limited economic budget, in which several of the last 

added accelerometer locations need to be deleted in order 

from last to first because the initial accelerometer locations 

are selected using a one-by-one sequential algorithm. The 

other situation is that some of the initial accelerometer 

locations are not suitable to receive accelerometers; thus, 

several locations will be deleted from the initial locations. 

Instead of deleting the locations in order, these locations are 

randomly deleted according to the practical situation. 

Although some accelerometer locations are deleted from the 

initially selected accelerometer locations, the displacement 

mode information of these locations is still important to the 

structural analysis because these locations are selected 

based on the performance criteria. Finally, these deleted 

locations with important displacement mode information 

are defined as the estimated locations, and the displacement 

modes of these estimated locations can be estimated based 

on the strain modes obtained from the strain gauges. 

 

2.3 Selection of strain gauge locations for modal 
estimation 

 

The relationship between the strain mode and the 

displacement mode is derived based on the finite element 

method. In the FE model, each node has six degrees of 

freedoms, which consist of three translations and three 

rotations in three directions, respectively. Then, the linear 

dynamical equation of the FE model can be written as 

  M C K f    (4) 

where M , C  and K  are the mass, damping and 

stiffness matrixes of the system, respectively; f  is the 

input vector, regarding which locations of the excitations 

have been considered;   is the nodal displacement vector 

of all nodes in the global coordinate system, and a dot over 

the vector represents the derivative with respect to time.  

In the thi  element of the FE model, the relationship 

between the strains and the nodal displacements in the local 

coordinate system is expressed as 

e

i i i B   (5) 

where 
i  is the strain vector of the candidate locations; 

e

i  is the nodal displacement vector of the thi  element  

in the local coordinate system; 
iB  is the transformation 

matrix between the strain vector and the local nodal 

displacement vector, the form of iB  is determined by the 

FE model of the structure and the candidate strain gauge 

locations. 

In the whole FE model, the relationship between the 

strains and the nodal displacements in the global coordinate 
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system is expressed as 

 B   (6) 

where   is the strain vector of strains of candidate 

locations in the whole FE model, which consists of the 

strain vectors in different elements; B is the transformation 

matrix between the strains and the global nodal 

displacement of all nodes, the form of B  is determined by 

the FE model of the structure and the candidate strain gauge 

locations. 

Taking the modal expansion of the displacement vector 

into account, the Eq. (6) can be further written as 

  B B q q     (7) 

Thus, the relationship between the strain mode and the 

displacement mode is obtained as 

 B   (8) 

where   denotes the strain mode matrix of the candidate 

strain locations;   denotes the displacement mode matrix 

of all nodes; q  denotes the modal coordinates. 

The mode shapes obtained from the measurements often 

differ from the actual structural system output and the 

prediction error usually occurs due to the measurement 

noise and the FE model deviation (Beck and Katafygiotis 

1998, Shi et al. 2000). Thus, the Eq. (8) can be further 

written as 

  v   (9) 

where v  is a error matrix in which the thi  column  i
v  

has zero mean and a covariance  
( ) ii

Cov v I . In the Eq. 

(9), when the number of rows of the strain mode matrix is 

greater than or equal to the number of rows of the 

displacement mode matrix, the least squares estimation 

method can be used to estimate the displacement modes 

through the strain modes. As mentioned in the section 2.2, 

in the displacement mode shape matrix  , only the rows 

corresponding to the estimated locations need to be 

estimated. Then, the right side of Eq. (8) can be transformed 

into 

i i

1

dN

i




B B   (10) 

 

d dN r N rr r  
 B B B    (11) 

where 
dN  is the number of rows of the displacement 

mode matrix  ; iB  is the thi  column of the 

transformation matrix B ; i  is the thi  row of the 

displacement mode matrix; r  is the number of rows of the 

displacement modes that need to be estimated in the 

displacement mode matrix  ; r  denotes the r  rows 

of   corresponding to the estimated locations; dN r
  

denotes the remaining 
dN r  rows of  ; 

r
B  denotes 

the r  columns of B  corresponding to the estimated 

locations; dN r
B  denotes the remaining 

dN r  columns 

of B . 

The selection of strain gauges involves selecting some 

rows in the strain mode shape matrix of all the candidate 

strain gauge locations; Eq. (9) can be re-written as 

  P P B v   (12) 

where P  is a selection matrix that consists of only zeros 

and ones and the number of rows of P  is equal to the 

number of selected strain gauges. Then, Eq. (12) can be 

further re-written as 

 d dN r N r r r 
  P B PB Pv    (13) 

In Eq. (13), when the number of selected strain gauges 

is greater than or equal to the number of rows of the 

displacement mode matrix r , the least squares estimation 

of the displacement modes of estimated locations can be 

obtained 

   
1

ˆ d dN r N rr rT T r rT T


 
 B P PB B P P B    (14) 
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i i i


 

 B P PB B P P B    (15) 

where ˆ r  is the estimation of r ; 
 

ˆ r

i
  is the thi  

column of the matrix ˆ r ;  i
  is the thi  column of the 

matrix  ; 
 

dN r

i


  is the thi  column of the matrix 

dN r
 , which is obtained from the FE model. It is noted 

that if the matrix 
rT T r

B P PB  is singular,  
1

rT T r


B P PB  

represents the pseudo-inverse of the matrix 
rT T r

B P PB . 

The covariance matrix of the estimation vector 
 

ˆ r

i
  is 

expressed as 

 
2 1ˆ( ) ( )r rT T r

ii
Cov   B P PB  (16) 

Considering the situation in which the diagonal terms of 

 
ˆ( )r

i
Cov   represent the error of the estimation in each 

location of the thi  modes, the trace of the covariance 

matrix 
 

ˆ( )r

i
Cov   is used to evaluate the estimation 

uncertainty 

    
1

ˆ trr rT T r

ii
error 

 
  

 
B P PB  (17) 

where tr  denotes the trace. The uncertainty of the 

estimation matrix ˆ r  consists of the uncertainty of 

different columns of the matrix, which is expressed as 

    
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

Φ
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where 
mN  is the number of mode orders. It can be seen 

from Eq. (18) that the estimation uncertainty of ˆ r  is 

affected by the trace value, thus, Eq. (18) can be further re-

written as 

   
1

ˆ trr rT T rerror
 

  
 

B P PB  (19) 

Then, the evaluation of the estimated displacement 

mode matrix can be replaced by the evaluation of any 

column of the matrix, which reduces the computational 

effort. Considering the existence of the prediction error, the 

rows of 
r

B  containing nothing but zeros can be deleted 

before calculating to reduce the dimension of 
r

B , which 

can improve the quality of the displacement mode 

estimation. Finally, the best selection of the strain gauge 

locations is obtained from the selection matrix 

corresponding to the smallest value of estimation 

uncertainty. 

The displacement mode estimation process is as follows: 

Step 1: Determine the estimated displacement mode 

matrix r  in the Eq. (11) which is corresponding to the 

r  estimated locations determined in the section 2.2. 

Step 2: Determine the candidate strain gauge locations 

on each beam element of the structure, which is introduced 

detailedly in the section 3.2. Obtain the transformation 

matrix B  in the Eq. (6) according to the FE model and the 

candidate strain gauge locations. 

 

 

 

Step 3: Determine 
r

B  according to the Eq. (11); delete 

the rows containing nothing but zeros.  

Step 4: Use the Eq. (19) to evaluate the estimation error 

of the different strain gauge selections (different selection 

matrix P ); the smallest trace value corresponds to the best 

n  strain gauge locations. 

Step 5: Use the remaining m r  accelerometers and 

selected n  strain gauges to determine the final sensor 

placement. 

 

2.4 Flowchart of the multitype sensor placement 
method 

 
Fig. 1 shows the flowchart of the multitype sensor 

placement method, the process of which was introduced in 

the above sections. 

 

 

3. Numerical studies 
 

To demonstrate the effectiveness of the proposed 

multitype sensor placement method, a bridge benchmark 

structure (Catbas et al. 2008) is used for numerical 

investigation in this section, which was developed at the 

University of Central Florida (USA) to study the SHM 

techniques applied to medium-span bridges. The linear 

FEmodel of the bridge structure is built using SAP2000 

Finite Element software, in which beam elements with 6 

degrees of freedom at each node are preferred. Figs. 2 and 3 

 

Fig. 1 Flowchart of the multitype sensor placement 
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show the diagram and the FE model of the bridge 

benchmark structure, respectively. As shown in Fig. 3(a), 

the longitudinal girder members and the cross members of 

the FE model are subdivided into 11 and 7 elements, 

respectively. Thus, the FE model has 177 nodes and 181 

elements in total, in which the 6 column elements are taken 

into account. Practically, for modal testing, excluding the 6 

columns, sensors are often placed on the bridge deck, and 

the first 10 mode shapes obtained from the FE model are 

adopted here for sensor placement investigation. As shown 

in Fig. 3(b), 171 red nodes are considered as candidate 

triaxial accelerometer locations, and strain gauges are 

placed on 175 blue beam elements. 

 

3.1 Selection of initial triaxial accelerometer locations 
 

At the beginning, several accelerometer locations are 

selected according to the TEfI method. In the TEfI method, 

when performing the least squares estimation, the number 

of equations needs to be greater than or equal to the number 

of variables that need to be estimated. 

 

 

 
(a) The bridge benchmark structure 

 

(b) Three-dimensional view 

 
(c) Plan view with detailed size 

Fig. 2 Diagram of the bridge benchmark structure 

 

 

Thus, the number of accelerometer locations is determined 

to be 4. Then, more sensors can be added to the existing 

accelerometer placement one by one by comparing the 

value of the maximum off-diagonal term in the MAC 

matrix, with the concept of redundancy information also 

considered in every step. Here, five different redundancy 

threshold values, i.e., 0.8, 0.7, 0.6, 0.5 and 0.4, have been 

discussed in the accelerometer placement process, and an 

appropriate redundancy threshold T  will be obtained after 

a concrete analysis. 

Fig. 4 demonstrates the variation of the value of the 

maximum off-diagonal term in the MAC matrix with the 

number of added accelerometers, which increases from 1 to 

15, under different redundancy threshold values. As shown 

in Fig. 4, the three curves corresponding to threshold values 

of 0.8, 0.7 and 0.6 are almost the same when the added 

sensor number is no more than five, which indicates that the 

redundancy coefficients between the first several added 

accelerometers are smaller than 0.6. Furthermore, the ends 

of the curves corresponding to the threshold values of 0.6 

and 0.5 undergo an obvious increase, while the ends of the 

curves with redundancy threshold values of 0.8 and 0.7 

decline smoothly. A close look at the added sensor number 

also shows that no more than thirteen sensors can be added 

when the threshold value is 0.6, no more than eight sensors 

can be added when the threshold value is 0.5 and only four 

sensors can be added when the threshold value is 0.4. The 

explanation for such a phenomenon is that the smaller a 

redundancy threshold T  is set, the greater the number of 

accelerometer locations deleted from the candidate 

locations. When a redundancy threshold that is too small is 

set, the selected accelerometer locations cannot satisfy the 

MAC very well at the same time. As shown in Fig. 4, when 

the added sensor number is larger than 4, the curves with 

threshold values of 0.8, 0.7, 0.6 and 0.5 have no obvious 

decrease compared to the situation in which the added 

sensor number is smaller than 4.  

 

 
(a) Three-dimensional view 

 
(b) Candidate accelerometer locations of the  

benchmark structure 

Fig. 3 FE model of the benchmark structure 
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When the added sensor number is larger than 4, the 

maximum off-diagonal term in the MAC matrix for 

different threshold values of 0.8, 0.7, 0.6 and 0.5 are very 

similar. The value of the maximum off-diagonal term in the 

MAC matrix for a threshold value of 0.4 is too large. 

Furthermore, the maximum value of the redundancy 

coefficients of the four accelerometer locations selected by 

the TEfI method is 0.48. Considering the MAC and the 

redundancy information together, the redundancy threshold 

value chosen is 0.5, and the number of added 

accelerometers is determined to be 4. Finally, 8 

accelerometer locations are selected as the initial 

accelerometer locations, and Fig. 5 shows the concrete 

locations of the 8 placed accelerometers, in which the red 

solid circles represent the selected accelerometer locations. 

In addition, if mode shape visualization is needed, more 

accelerometers can be added to the existing sensor 

placement, which is not discussed in this paper. 

 

3.2 Determination of candidate strain gauge 
locations 

 
In this benchmark model, all the beam members of the 

benchmark model have the same cross section as the  

 

 

 

 

S3 5.7  steel section at all locations except the joint 

connection regions, where the height of the joint connection 

cross section is little larger. Here, the Euler-Bernoulli 

theory, in which each beam element has two nodes and each 

node has six degrees of freedom, consisting of three 

translations and three rotations along three directions, is 

applied. In the local coordinate system, only the normal 

strains are measured; every normal strain is caused by axial 

force along the x  direction, bending moments in the 

x y  plane and bending moments in the x z  plane. 

Then, in the thi  beam element, the transformation matrix 

between the strain vector and the local nodal displacement 

vector is expressed as 

i ix ix y ix z   B B B B  (20) 

where iB  is the transformation matrix between the strain 

vector and the local nodal displacement vector; 
ixB  

denotes the transformation matrix contributed by the axial 

force, and ix yB  and ix zB  are the transformation 

matrixes contributed by the bending moments in the x y  

plane and x z  plane, respectively. Then, in the thi  

beam element, the relationship between strain modes and 

 

Fig. 4 Maximum off-diagonal term in MAC matrix under different redundancy thresholds 

 

Fig. 5 Eight initial accelerometer locations for a redundancy threshold of 0.5 
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local displacement modes is obtained as 

e

i i i B   (21) 

where 
i  is the strain mode vector of candidate locations 

in the thi  beam element and e

i  is the nodal 

displacement mode vector of the thi  beam element in the 

local coordinate system. 

In the thi  beam element, the amount of nodal 

displacement mode information contained in the strain 

mode vector can be obtained from the expression of 

transformation matrix 
iB , and each row of 

iB  is 

corresponding to a candidate strain gauge location 

3

2 2 2

2 2 2

1

[ ,6 12 ,6 12 ,0,6 4 ,4 6 ,

 ,12 6 ,12 6 ,  0 ,6 2 ,2 6   ]

ij
l

l yl xy zl xz xzl zl yl xyl

l xy yl xz zl xzl zl yl xyl

 

    

   

B

 (22) 

where 
ijB  is the thj  row of 

iB ;  is the length of the 

beam element and x , y  and z  are the coordinates of 

the strain gauge location in the local coordinate system. 

Each row of 
iB  has the same form and is only affected by 

the specific location of each candidate strain gauge location. 

From Eq. (22), the 12 variables in 
ijB  correspond to the 

12 degrees of freedom of the two nodes of the thi  beam 

element. More specifically, the 1st, 2nd and 3rd variables 

denote the three degrees of freedom of translation modes of 

the beginning node; the 4th, 5th and 6th variables denote 

the three degrees of rotation modes of the beginning node. 

Similarly, the 7th, 8th and 9th variables denote the three 

degrees of freedom of translation modes of the ending node; 

the 10th, 11th and 12th variables denote the three degrees of 

rotation modes of the ending node. When some 

displacement modes of estimated locations need to be 

estimated based on the strain modes obtained from the 

selected strain gauge locations, the locations of the strain 

gauges should contain as much information regarding the 

displacement modes as possible. Here, the estimated 

locations correspond to the accelerometers; thus, the 

translation modes must be estimated. The 1st to 3rd and the 

7th to 9th variables of 
ijB  correspond to the translation 

modes, and the values of the six variables are important to 

the estimation quality. If the values of these variables are 

zero, no translation mode information can be contained in 

the strain modes. In the existing papers, strain gauges are 

often placed at the midpoint of each beam element because 

the largest deflection often occurs at the midpoint of a beam. 

However, from the point of view of this paper, when 

0.5x l , the 2nd, 3rd, 8th and 9th variables of ijB  all 

equal zero, which means that the selected strain gauges 

placed at these locations contain no translation mode 

information. Thus, if the translation modes must be 

estimated based on the strain modes, placing strain gauges 

at the midpoints of beam elements is unreasonable. It is 

interesting to note that when performing translation mode 

estimation, different candidate locations of the strain gauges 

can greatly affect the estimation result. 

 

Fig. 6 Candidate strain gauge locations on each beam 

element in the local coordinate system 

 

 

Each accelerometer location corresponds to three rows 

of the displacement mode shape matrix, which are the 

translation mode shapes. Thus, in this paper, the translation 

modes need to be estimated, and the rotation modes do not 

need to be estimated, which means that when selecting 

initial candidate strain gauge locations, as much translation 

mode information as possible should be contained, and 

rotation modes should be avoided to reduce the estimation 

error and computational effort. Consequently, the initial 

candidate strain gauge locations on each beam element are 

at 1/3 and 2/3 the longitudinal length of the beam, and the 

strain gauges must be placed on the flange of the beam 

element at the same time to ensure that the variables in 
ijB  

corresponding to the translation modes are nonzero. As 

shown in Fig. 6, on each beam element, the red lines 

represent the cross sections at 1/3 and 2/3 the longitudinal 

length of the beam element, while the 8 red solid rectangles 

represent the strain gauge locations, with the numbers from 

1 to 8 used to mark the specific locations. 

 

3.3 Estimation results 
 

3.3.1 Decreasing some initial accelerometer locations 
in order 

Here, the last 3 added locations of the initial 

accelerometer locations are deleted from the initial 

accelerometer locations. Fig. 7 shows the locations of the 5 

remaining accelerometers and the 3 deleted accelerometers, 

where the red solid circles denote the remaining 

accelerometer locations, while the red diamonds denote the 

estimated locations. To estimate the translation modes of the 

3 estimated locations, 9 strain gauges are needed here to 

ensure that when estimating the translation modes, the 

number of selected strain gauges is greater than or equal to 

the number of rows of the translation modes. Then, the 

MAC is used to evaluate the displacement mode 

information from the sensor placement, and the change of 

the value of the maximum off-diagonal MAC term is used 

as a criterion to evaluate the performance of the proposed  

sensor placement. 

Fig. 8 demonstrates the locations of the obtained final 

sensor placement, which consists of five accelerometers and  
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Fig. 7 Five remaining accelerometer locations and 3 estimated locations 

 

Fig. 8 Final sensor placements of 5 accelerometers and 9 strain gauges 

  
(a) 8 initial accelerometers (b) 5 remaining accelerometers 

 
(c) final sensor placement of 5 accelerometers and 9 strain gauges 

Fig. 9 Off-diagonal MAC values of different sensor placements 
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nine strain gauges. It can be seen in Fig .8 that the red solid 

circles represent the selected accelerometer locations and 

the red lines are the beams on which strain gauges should 

be placed; the specific locations of the strain gauges can be 

found in Fig. 6 according to the numbers in the comment 

boxes. The displacement modes of the final sensor locations 

consist of the displacement modes of the 5 accelerometer 

locations and the displacement modes estimated based on 

the strain modes of the 9 strain gauges. Fig. 9 shows the 

values of off-diagonal MAC terms of different selected 

sensor locations, and the diagonal terms are defined as zero. 

The values of maximum off-diagonal MAC terms of 

different selected sensor locations are listed in Table 1. 

Comparing Fig. 9(a) with Fig. 9(b), an increase in MAC 

values can be observed, and the increase is not very obvious 

because of the feature of the sequential algorithm used for 

selecting accelerometer locations, i.e., that the last three 

locations do not cause a huge decrease in the MAC values. 

Comparing Fig. 9(b) with Fig. 9(c), the MAC values 

decrease, which indicates that the strain gauges help 

improve the performance of the sensor placement. 

Comparing Fig. 9(c) with Fig. 9(a), the MAC values are 

similar, indicating that the obtained multitype sensor 

placement achieves a good performance under the MAC  

 

 

 

 

 

 

 

when compared to the initial accelerometers. In this 

situation, the proposed sensor placement method is effective 

in helping to obtain more accurate displacement mode 

information of the structure under MAC. 

 

3.3.2 Decreasing the number of initial 
accelerometers randomly 

To compare with the case of deleting sensors in order, 3 

accelerometers from the initial accelerometer locations are 

randomly deleted. Fig. 10 demonstrates the locations of the 

5 remaining accelerometers and the 3 deleted 

accelerometers, in which the red solid circles represent the 

remaining accelerometer locations and the red diamonds are 

the estimated locations. To estimate the translation modes of 

the 3 estimated locations, 9 strain gauges are needed here to 

ensure that when estimating the translation modes, the 

number of selected strain gauges is greater than or equal to 

the number of rows of the translation modes. Similarly, the 

MAC is used to evaluate the displacement mode 

information from the sensor placement, and the change of 

the value of the maximum off-diagonal MAC term is used 

as a criterion to evaluate the performance of the proposed 

sensor placement. 

 

Table 1 Values of maximum off-diagonal MAC terms of different selected sensor locations 

Different sensor locations 8 initial locations 5 remaining locations Final locations 

Maximum off-diagonal value 0.0448 0.1739 0.0451 

 

Fig. 10 Five remaining accelerometer locations and 3 estimated locations 

 

Fig. 11 Final sensor placements of 5 accelerometers and 9 strain gauges 
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Fig. 11 gives the locations of the final sensor placement, 

consisting of 5 accelerometers and 9 strain gauges, in which 

the red solid circles represent the accelerometer locations 

and the red lines are the beams on which the strain gauges 

are placed; the specific locations of the strain gauges can be 

found in Fig. 6 according to the numbers in the comment 

boxes. The displacement modes of the final sensor locations 

consist of the displacement modes of the 5 accelerometer 

locations and the displacement modes estimated based on 

the strain modes of the 9 strain gauges.  Fig. 12 

demonstrates the values of the off-diagonal MAC terms of 

different selected sensor locations, and the diagonal terms 

are also defined as zero. Table 2 lists the values of the 

maximum off-diagonal MAC terms of different selected 

sensor locations. Comparing Fig. 12(a) with Fig. 12(b), the 

value of the maximum off-diagonal MAC term obviously 

increases because the 3 sensors are randomly deleted from 

the initial accelerometers and the remaining sensor 

locations cannot satisfy the MAC well. Comparing Fig. 

12(c) with Fig. 12(b), the value of the maximum off-

diagonal MAC term obviously decreases, which indicates 

that the strain gauges help much in improving the  

 

 

 

 

performance of the sensor placement. Comparing Fig. 12(c) 

with Fig. 12(a), the MAC values are similar, which 

demonstrates that the obtained multitype sensor placement 

performs well under the MAC when compared to the initial 

accelerometers. In this situation, the proposed sensor 

placement method is effective in helping to obtain more 

accurate displacement mode information of the structure 

under MAC. 

To see the effectiveness of the proposed estimation 

theory, the estimation of displacement modes of the 

estimated locations is performed. In the above two cases, as 

shown in Figs. 7 and 10, there are five different estimated 

locations. According to Eqs. (13) and (16), a normal 

distribution noise is added to the mode shape obtained from 

the FE model, the noise level i  is determined as the 5% 

and 10% of the maximum value in the thi  column of the 

mode shape matrix. The estimation results about 

displacement modes of first several orders are shown in 

Figs. 13 and 14. As shown in Figs. 13 and 14, the red lines 

is the error bar of the estimated result, which corresponds to 

the 95% confidence interval. When noise level is 5%, the 

maximum absolute estimation error is below 3%; when  

  
(a) 8 initial accelerometers (b) 5 remaining accelerometers 

 
(c) final sensor placement of 5 accelerometers and 9 strain gauges 

Fig. 12 Off-diagonal MAC values of different sensor placements 

Table 2 Values of maximum off-diagonal MAC terms of different selected sensor locations 

Different sensor locations 8 initial locations 5 remaining locations Final locations 

Maximum off-diagonal value 0.0448 0.4624 0.0454 
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noise level is 10%, the maximum absolute estimation error 

is below 6%. Considering the centralization of normal 

distribution，the accuracy of the estimation result of the  

displacement modes is acceptable. In addition, the changes  

in mode shapes caused by the model error are usually small,  

 

 

 

 

which means the noise level is small. Thus, the proposed 

method for modal estimation of structures is meaningful 

and effective. 

Furthermore, instead of deleting locations from the 

initial accelerometer locations, if more translation mode 

  
(a) 1st mode shape in y direction (b) 2nd mode shape in y direction 

  
(c) 3rd mode shape in z direction (d) 4th mode shape in z direction 

Fig. 13 Estimated displacement modes on the 5 nodes under 10% noise 

  
(a) 1st mode shape in y direction (b) 2nd mode shape in y direction 

  
(c) 3rd mode shape in z direction (d) 4th mode shape in z direction 

Fig. 14 Estimated displacement modes on the 5 nodes under 10% noise 
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information is needed, the locations added to the initial 

accelerometer locations according to Fig. 5 are defined as 

estimated locations; then, strain gauge locations are selected 

to estimate the translation modes of the estimated locations. 

The selection process is similar to the method mentioned 

above. 

 

 

4. Conclusions 
 

In this paper, the problem of the comprehensive 

placement of strain gauges and triaxial accelerometers for 

obtaining structural displacement mode information is 

solved by using the proposed modal estimation theory. A 

bridge benchmark structure is used here for a numerical 

investigation. Some conclusions are as follows: 

• A modal estimation theory using the 

relationship between the strain mode and 

displacement mode is proposed. Through this 

theory, the displacement modes of the estimated 

locations without accelerometers can be 

estimated by the strain modes obtained from 

some selected strain gauge measurements. The 

trace value of the covariance matrix of the 

estimated displacement mode vector is used to 

represent the uncertainty of the estimation. The 

strain gauge locations corresponding to the 

smallest trace value are final selected for 

obtaining more accurate displacement mode 

information. 

• The MAC and the redundancy information are 

utilized together for guiding the initial 

accelerometer location selection, in which the 

distinguishability and small redundancies of the 

obtained displacement modes are guaranteed. In 

this paper, decreasing the initial accelerometer 

locations, which are defined as the estimated 

locations, in order or randomly can simulate the 

practical situation of decreasing the selected 

accelerometer locations well. 

• When performing displacement mode 

estimation, the candidate strain gauge positions 

should be determined according to the 

contained displacement mode information. In 

the existing studies about optimal sensor 

placement problem involving the strain gauges, 

strain sensors are often simply placed on the 

midpoints of each beam elements without 

explanation. In this paper, the amount of the 

displacement mode information contained in the 

strain mode locations is defined by the elements 

in the transformation matrix. In the used bridge 

benchmark structure, the candidate strain gauge 

locations need to contain as much displacement 

mode information as possible without being at 
the midpoints. 

• The MAC is used to evaluate the displacement 

mode information obtained from the sensor 

placement. Compared to the initial 

accelerometer placement and the remaining 

accelerometer placement, the obtained 

multitype sensor placement has similar and 

smaller MAC values, which demonstrates the 

good performance of the proposed multitype 

sensor placement method under the MAC. In 

addition, the estimation of displacement modes 

of the estimated locations is performed. The 

accuracy of the estimation result of the 

displacement modes is acceptable, which 

verifies the effectiveness of the proposed 

method for modal estimation of structures. 
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