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Abstract.  Delamination cracks are detected often in multilayered beam structures during lifetime. This fact raises 

concerns about serviceability of multilayered structures. Apparently, there is a need for tools to adequately predict 

whether further functioning of these structures is safe. Developing of such tool is subject of this work. In particular, 

the work is concerned with the problem of delamination analysis of a multilayered beam structure subjected to 

bending at a constant velocity (the angle of rotation of the free end of the lower arm of the delamination crack varies 

with time at a constant velocity). The layers of the beam are made of non-linear elastic structural materials that exhibit 

smooth inhomogeneity along the thickness. Therefore, the material parameters of the non-linear constitutive law are 

continuous function of the transversal coordinate, z. The method of the integral J is used for analyzing the 

delamination behavior of the beam. The analysis takes into account the bending velocity. A check-up of the analysis 

is performed by deriving the strain energy release rate (SERR). The analysis is applied for determining the safe 

velocity of the angle of rotation. The safe delaminaton length and the time of safe functioning of the beam structure 

are determined too. The effect of additional support introduced in the beam on the time of safe functioning is also 

evaluated. 
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1. Introduction 

 
There is a need of using of more efficient structural materials in various applications in modern 

engineering. The reason for this is the constant striving for reducing the weight and improving the 

performance of engineering structures and facilities. The weight reduction, however, should not 

threaten the safety and reliability of structures and to shorten their lifetime. To meet these needs 

nowadays the scientists around the world are developing different innovative structural materials.  

A large number of publications related to the subject of development and application of new 

materials can be found in the specialized literature during the last decades. One of the efficient and 

very promising class of novel materials are the functionally graded engineering materials (Akbaş 

et al. 2021, Butcher et al. 1999, Gasik 2010, Han et al. 2001, Hedia et al. 2014). In fact, they 

represent innovative composites with continuously changing mechanical properties along chosen 

directions. The basic idea of the functionally graded materials is that the distribution of their 
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properties can be tailored during manufacturing process so as to achieve significant improvement 

of the performance of structures and facilities (Civalek et al. 2021, Faleh et al. 1999, Hirai and 

Chen 1999, Nemat-Allal et al. 2011, Raad et al. 2019, Ridha et al. 2019, Saiyathibrahim et al. 

2016, Shrikantha and Gangadharan 2014, Van Thinh and Van Tung 2023). The excellent properties 

of these materials are the most important premise for their increasing use in a variety of 

engineering applications (Dastjerdi et al. 2020, Mahamood and Akinlabi 2017, Markworth et al. 

1995, Miyamoto et al. 1999, Rizov 2014, Rizov 2020, Rizov and Altenbach 2022, Dastjerdi et al. 

2022, Dastjerdi et al. 2023, Long and Van Tung 2023, Van Thinh and Van Tung 2023, Wu et al. 

2014). That is why the functionally graded materials and structures have experienced a very 

intensive development recently. Studying the behavior of these materials under various loadings is 

very important for guaranteeing the safety of engineering structures. In this context, interesting 

analyses of the response of functionally graded beams and microbeams under moving loads are 

presented in (Fenjan et al. 2020, Akbaş et al. 2022). Another widespread class of modern 

inhomogeneous structural materials with very good perspectives is the multilayered materials 

(Dolgov 2002, Dolgov 2005, Dolgov 2016, Dowling, 2013, Rizov 2020, Rizov 2024, Nguyen et al. 

2020). In principle, a multilayered material represents a system of layers of different materials 

assembled together in an appropriate way with goal of achieving a significant improvement of the 

quality and performance of a structure for particular conditions of use. For instance, a multilayered 

system may be designed so as to achieve a considerable reduction of the weight of the structure. It 

should be noted further that layers can be inhomogeneous (functionally graded) (Cinefra and 

Soave 2011, Kushnir et al. 2022, Tokovyy 2023). Therefore, analyzing of inhomogeneous 

multilayered systems can be regarded as an important task.               

Although inhomogeneous multilayered engineering materials and their application in load-

bearing structures has been a field of increasing research activities recently, there are some aspects 

of their behavior which need more efforts for clarification. For example, it is now widely 

recognized that safety and reliability of multilayered structures is related in a high degree to their 

delamination behavior (Dolgov 2005, Dolgov 2016, Dowling 2013, Rizov 2023, Rizov 2024). 

Therefore, the use of multilayered materials in a variety of practical applications is strongly 

influenced by the progress in studying the delamination (Almeida et al. 2016, Boyano et al. 2021, 

Dinesh Babu et al. 2023, Hofinger et al. 1998, Huang and Bobyr 2023, Köllner et al. 2026, 

Rzeczkowski 2021, Sridhar et al. 2002, Treber et al. 2017). The delamination fracture is studied 

across beam specimens of fiber reinforced epoxy laminates that are used for manufacturing of 

turbine blades (Boyano et al. 2021). Delamination in curved laminates strengthened by different 

types of reinforcement under four-point bending loading conditions is examined and analyzed 

(Dinesh Babu et al. 2023). The SERR for delamination cracks in thin layers bonded to a substrate 

is examined (Hofinger et al. 1998). The reasons for delamination in the process of manufacturing 

and application and its influence on the load-bearing capacity of different structural members 

made of layered composite materials are discussed and systematized (Huang and Bobyr 2023). An 

analytical model for dealing with buckling and postbuckling behavior of delaminated composite 

structures by using a potential energy approach is presented (Köllner et al. 2026). Exploring of 

delamination fracture toughness of laminates by using beam specimens under four-point-bending 

loading conditions is presented in (Rzeczkowski 2021). Beam theory formulations are used for 

studying dynamic delamination fracture in through-thickness reinforced composite structures 

(Sridhar et al. 2002). Results of exploring the delamination fracture toughness of laminates are 

reported in (Treber et al. 2017). The development of advanced approaches for carrying-out high-

quality analyses of different delamination problems will stimulate the application of the 
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Delamination analysis of a multilayered beam structure under bending at a constant velocity 

multilayered material and structures in many areas of the up-to-date engineering. However, 

delamination of multilayered structures is a complex problem for analysis and clarification. The 

reason is that there are many factors like the number of layers in the structure, type of the external 

influence applied on the structure, mechanical behavior of the structure, number and location of 

the supports, etc. which may influence delamination behavior of a particular multilayered structure 

in one or other way. 

Delamination cracks are detected often in multilayered beam structures in service. Such cracks 

raise well-founded concerns about further safe functioning of the structures. The current work has 

for its purpose developing of a delamination analysis that can be applied for checking if further 

functioning of multilayered beams in which a delamination crack is detected is safe. The analysis 

is based on the J integral. The beam layers are inhomogeneous and have non-linear elastic 

behavior. Perfect adhesion between layers of the beam is assumed. The angle of rotation of the free 

end of the lower arm of the delamination crack in the beam varies with time at a constant velocity 

(this is the only external influence applied on the beam). The proposed analysis takes into account 

influencing factors like number of layers (the beam analyzed has an arbitrary number of 

inhomogeneous layers), number and location of supports, non-linear elastic behavior of the 

inhomogeneous multilayered beam structure, and the velocity of angle of rotation (actually, taking 

into account these factors is the novelty of the current work).  

The current work is organized as follows. First, an analysis of the delamination is performed by 

using the J integral. This analysis accounts for the above mentioned influencing factors. Then, a 

check-up of the analysis is done by deriving the SERR. Finally, the analysis is applied for 

determination of the safe velocity of the angle of rotation. The safe delamination length and the 

time of safe functioning of the beam are determined too. The effect of additional support 

introduced in the beam on the time of safe functioning is also evaluated. 

 

 

2. Theoretical analysis 
 

The delamination problem that is addressed in this work is presented in Fig. 1. As seen in Fig. 1, 

the multilayered beam structure is assumed to be delaminated in portion, 
21BB . The end, 

3B , of 

the beam is motionless (rigidly fixed). It is assumed that the only external influence applied on the 

beam is the rotation of the end, 𝐻1𝐻2, of the lower arm of the delamination crack. The angle of 

this rotation is denoted by   as seen in Fig. 1. This angle varies with time, t , as defined by Eq. 

(1). 

tv = ,                                  (1) 

where 
v  is the velocity of 𝜙 . Since 𝜙  is directed anticlockwise, the upper arm of the 

delamination crack is free of stresses.    

It is assumed further that the beam behaves as a non-linear elastic body. This behavior is treated 

by the non-linear constitutive law defined by Eq. (2) (Tsankov 1996). 
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Fig. 1 The delamination problem addressed in the present work 
 

 
where 𝜎𝑖 is the stress,   is the strain, 𝐸𝑖, 𝑛𝑖, 𝐿𝑖 and 𝜀0̇ are parameters in the context of the 

non-linear elastic behavior, m  is the number of layers in the beam (the subscript i in (2) refer to 

the i-the layer of the beam). The dot in Eq. (2) represents the time derivative. 

The parameters, 𝐸𝑖, 𝑛𝑖 and 𝐿𝑖, change along the thickness of each layer since the layers are 

inhomogeneous. The change of 𝐸𝑖, 𝑛𝑖 and 𝐿𝑖 is defined by Eqs. (4)-(6), respectively.   
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where the subscripts, igr  and idl , refer to the upper and lower surface of the layer, z  is the 

vertical axes of the beam cross-section as illustrated in Fig. 2, iz  and 1+iz  are the coordinates of 

the upper and lower surface of the layer as seen in Fig. 2, 𝜆, 𝜇 and 𝜌 are parameters. 
The theoretical approach applied for studying the delamination in this work is based upon the 

integral J (Broek 1986). The analytical expression of J is presented by Eq. (8). 
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Delamination analysis of a multilayered beam structure under bending at a constant velocity 

 

Fig. 2 Beam cross-section 
 

 

The quantities involved in Eq. (8) are defined as follows: 0u  is density of the strain energy, 𝛼 

is the angle between the outward normal of the integration contour and the 𝑥𝐽-axis, 𝑝𝑥𝑎 and 𝑝𝑦𝑎 

are the stresses acting on the integration contour and directed along axes, 𝑥𝐽 and 𝑦𝐽, respectively, 

u  and v  are the displacements of the integration contour along 𝑥𝐽 and 𝑦𝐽, respectively.   

The integration contour, 𝐷, that is used here has three parts, 𝐷1, 𝐷2 and 𝐷3, as seen in Fig. 1. 

As mentioned previously, the upper arm of the delamination crack is free of stresses. Therefore, 

the value of the integral J is zero in part, 𝐷3, of the integration contour. That is why, the solution 

of J is  

21 DDD JJJ +=                              (9) 
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where the subscripts, 𝐷1  and 𝐷2 , refer to parts, 𝐷1  and 𝐷2 , of the integration contour, 

respectively. Since the beam is multilayered, 1DJ  and 2DJ  are written as given below 
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where lwdm  is the number of layers in the lower arm of the delamination crack, the subscript, i , 

refer to the i-th layer. It is assumed that the angles of rotation of the beam sections in each layer 

are equal, since long beams, i.e. beams which have high length to thickness ratio are treated in this 

paper (on this base, we assume linear distribution of longitudinal displacements along the 

thickness of the beam).  

First, the quantities involved in (10) are derived. This is done with the help of the Eqs. (12)- 

(18).  

                          = lwdlwdiiD du 10                             (12) 

where 
lwdi  is the stress in a layer of the lower arm of the delamination crack, 

lwd  is the strain 

in the same delamination crack arm. The stress, 
lwdi , is related to the strain, 

lwd , via the law (2). 

For this purpose,   is replaced by lwd  in (2).  

The other quantities in (10) are expressed as given below. 
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11 dzds =                                (17) 

Where 
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1 h
z

h
−                              (18) 

1cos D is equal to -1 since the angle, 1D , between the outward normal vector towards part, 𝐷1, 

of the contour of integration and the axis, Jx , is 1800. Here, 1z  and ℎ1 are the vertical axis and 

the thickness of the cross-section of the lower arm of the delamination crack, respectively (Fig. 3).   

Next, the quantities involved in (11) are obtained. Eqs. (19) – (24) are used. 
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Delamination analysis of a multilayered beam structure under bending at a constant velocity 

 

Fig. 3 Cross-section of the delamination crack lower arm 
 

 

                                   =  du iiD20 ,                           (19) 

where the stress, 
i , in a layer of the intact portion of the beam is related to the strain,  , via the 

law (2).  

The other quantities in (11) are derived as given below.    

                              1cos 2 =D                              (20) 

                                    iixJDp =1                              (21) 
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22 dzds −=                              (24) 

where 2z  is the vertical axis of the beam cross-section. 2cos D  is equal to 1 since the angle, 

2D , between the outward normal vector towards part, 
2D , of the contour of integration and the 
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axis, Jx , is zero.     

The quantities which are involved in Eqs. (12)-(24) are analyzed by the approach presented 

below.    

First, the angle of rotation,  , is expressed via the longitudinal displacements, 1Hu  and 2Hu , 

of points, 𝐻1 and 𝐻2, in the free end of the lower arm of the delamination crack (Fig. 1) by Eq. 

(25). 

1

21

h

uu HH −
=                             (25)  

where   varies with time according to (1). The quantities, 1Hu  and 2Hu , are presented via the 

strains by applying Eqs. (26) and (27), respectively. 

                               ( )alau grgrH −+= 23121                           (26) 

( )alau dldlH −+= 23122                           (27) 

where 12gr  and 23gr  are the strains at the upper surface of the lower arm of the delamination 

crack and along the line of the delamination in the intact portion, 
32BB , of the beam, 12dl  and 

23dl  are the strains at the lower surface of the beam in portions, 
21BB  and 

32BB , respectively, 

a  and l  are the lengths of the delamination crack and the beam structure, respectively (Fig. 1). 

Eqs. (1), (25), (26) and (27) indicate that the change of the strains, 12gr , 23gr , 12dl  and 

23dl , with time can be written as given below. 

                                   tvgrgr 1212 =                             (28) 

                                   tvgrgr 2323 =                             (29) 

                                   tvdldl 1212 =                             (30) 

                                   tvdldl 2323 =                             (31) 

where 12grv , 23grv , 12dlv  and 23dlv  are velocities of the strains. In order to determine these 

velocities, first, we write Eqs. (32) and (33) (these equations reflect the fact that the axial force in 

the lower arm of the delamination crack and the beam portion, 
32BB , are zero). 

                                    0=lwdN                               (32) 

                                   032 =BBN                              (33) 

where the subscripts, 𝑙𝑤𝑑 and 
32BB , refer to the lower arm of the delamination crack and the 

intact portion of the beam, respectively. Eq. (34) reflects the fact that the bending moments on both 

sides of section, 
2B , of beam structure are equal.  
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32BBlwd MM = .                              (34) 

The axial forces and the bending moments involved in Eqs. (32)-(34) can be presented via the 

stresses in the layers of the lower arm of the delamination crack and beam portion, 32BB . 

Therefore, Eqs. (32)-(34) are transformed as 
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where 𝑏 is the beam width. The stresses, 
lwdi  and 

i , are functions of the strains, lwd  and 

 , according to (2).    

The distributions of strains, 
lwd  and  , along ℎ1 and ℎ are presented in terms of velocities, 

12grv , 12dlv , 23grv  and 23dlv , as written below, i.e. 
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Here ℎ is the beam thickness. Finally, Eqs. (25), (35), (36) and (37) are solved by the MatLab 

for the unknown quantities, 12grv , 23grv , 12dlv  and 23dlv , at various values of time. Then, lwdi , 

i , lwd  and   are used in (10) and (11) for obtaining 1DJ  and 2DJ  (the integration is 

carried-out by the MatLab).  

The correctness of the J integral analysis is proved here by deriving the SERR, G . The latter is 

defined by Eq. (42). 

bda

dU
G

*

=                                 (42) 

where *U  is the complementary strain energy in the beam structure under consideration.  
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*U  is determined as given below. 

                             
*

32

**

BBlwd UUU +=                           (43) 

where the subscripts, 𝑙𝑤𝑑 and 
32BB , refer to the lower arm of the delamination crack and the 

intact portion of the beam structure, respectively.  

The quantities, *

lwdU  and *

32BBU , are obtained as written below. 
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where 
*

0lwdiu  and 
*

0iu  are the complementary strain energy densities. They are defined as given 

below.  

                           −= lwdlwdilwdilwdilwdi
du 

*

0
                      (46) 

                                −=  du iiii

*

0
                          (47) 

Then, the SERR is found via (42). The integration is performed by the MatLab. Since the 

SERR matches the values of the integral J, it can be concluded that the analysis performed in this 

work is correct.                     

 
 
3. Application of the analysis  

 
When a delamination crack is observed in an engineering structure during regular inspection, 

there are several questions which have to be answered in order to check if the further functioning 

of the structure is safe. 

This issue is addressed here theoretically for the beam structure with a delamination crack 

shown in Fig. 1 by analyzing the integral J with the help of the approach developed in section 2 of 

the present work. The analysis is carried-out assuming that 𝑙 = 0.500 m, 𝑏 = 0.010 m, ℎ =
0.016  m, 𝑚 = 5 , 3=lwdm , 𝜆 = 0.5 , 𝜇 = 0.5 , 𝜌 = 0.5 , 001.00 =  1/s, 4.0/ =igridl EE , 

4.0/ =igridl nn  and 4.0/ =igridl LL  where 𝑖 = 1,  2,  . . . ,  5 . In particular, three questions are 

considered here. The first question is about the external influence applied on the beam structure, 

i.e., what is the safe external influence under which the delamination crack will not begin to grow.  

The second question is about the safe length of the delamination crack, i.e., what is the maximum 

length under which delamination crack growth will not occur. The third question concerns the 

time-dependent behavior (this question is important since the external influence applied on the 

beam structure under consideration is time-dependent). In particular, it is determined after passing 

of what interval of time the delamination crack would begin to grow. Finally, it is analyzed what is 

the effect of introducing an additional support of the beam on the value of time at which the 

delamination crack growth would begin. 
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Delamination analysis of a multilayered beam structure under bending at a constant velocity 

 

Fig. 4 Variation of the normalized J integral with v  

 

 

In order to determine the safe external influence on the beam, the J integral is shown as a 

function of the value of v  in Fig. 4. The J integral is expressed in normalized form by applying 

the Eq. ( )bEJ gr1/  in Fig. 4. 

The maximum safe value of v  is denoted by sftv . This is the value at which the J integral 

becomes equal to the fracture toughness, 
CJ  (the latter is a parameter defined as the J integral 

value at the onset of delamination crack growth). The value of sftv  is presented in Table 1. For 

values of v  that are less than sftv  the safe functioning of the beam structure is guaranteed in 

sense that the delamination crack will not begin to grow. 

The treatment of the question for the safe length of the delamination crack is illustrated here by the 

graph reported in Fig. 5. This graph presents the normalized J integral as a function of the 

normalized delamination crack length (the latter is defined as 𝑎/𝑙). The maximum safe length of 

the delamination crack is defined as the length that corresponds to 
CJ  according to the graph in 

Fig. 5. The maximum safe length of the crack, 
sfta , is shown in Table 1. If the delamination length 

is less than the maximum safe length according to the graph in Fig. 5 the crack growth will not 

occur and the beam structure can be used safely.  
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Fig. 5 Variation of the normalized J integral with 𝑎/𝑙 
 

 

Table 1 Values of various quantities determined by applying the approach based on the J integral 

Quantity sftv , 1/s sfta , m 
0t , s 

1t , s 2t , s 

Value 1.66 x 10-7 0.27 132.5 x 103 244.0 x 103 349.0 x 103 

 

 

The question for the safe functioning of the beam structure in terms of time is dealt with next. 

Determination of the interval of time after passing of which the delamination crack would begin to 

grow is illustrated with the help of the graph shown in Fig. 6. The time is presented along the 

abscissa in Fig. 6 in normalized form by using the formula 
rfrtt /  where 

rfrt  is a reference time  

( 3108.1 =rfrt  s). The normalized J integral is presented along the abscissa (Fig. 6). The value of 

time, 
1t , that corresponds to Jc is the time after passing of which the delamination crack growth 

would begin (Fig. 6). In this sense, the beam structure functioning is safe for time less than 1t . 

The value of 1t  is shown in Table 1.   

The effect of introducing of an additional support of the beam on the value of time at which the 

delamination crack growth would begin is assessed next. For this purpose, it is assumed that at 

time value, 3

0 105.132 =t  s, where 10 tt   two short horizontal rods are introduced on the free 

end of the upper arm of the delamination crack as can be seen in Fig. 7. In this way the beam is  
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Fig. 6 Variation of the normalized J integral with normalized time (curve 1 – for beam without additional 

support, curve 2 – for beam with additional support) 
 

 

 

Fig. 7 Beam structure with additional support introduced in the free end of the delamination crack upper 

arm 
 

 

transformed in a statically indeterminate structure. The delamination is studied by the integral J 

along the contour, 𝐷. The integral J solution is presented by the equation given below.   
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321 DDDD JJJJ ++=                           (48) 

Where 
1DJ  and 

2DJ  are expressed by using Eqs. (10) and (11), respectively. The subscript, 

2D , refers to part, 
2D , of the integration contour.  

3DJ  is written as given below.     

3
3

3
3

3330
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            (49) 

where 
updm  is the number of layers in the upper arm of the delamination crack (the thickness of 

this arm is 
2h ). 

The quantities involved in (49) are defined by Eqs. (50)-(55).  

                              = updupdiiD du 30
                            (50) 

                                  1cos 3 −=D                               (51) 

                                updiixJDp −=3                             (52) 

                                  upd

J

D

x

u
=



 3                              (53) 

                                  03 =iyJDp                               (54) 

                                   33 dzds =                                (55) 

where  

                                  
22

2
3

2 h
z

h
−                            (56) 

Here, updi  and upd  are the stress and strain in a layer of the upper arm of the delamination 

crack, 3z  is the vertical axis of the cross-section of the upper arm.  

For analyzing the quantities involved in Eqs. (50)-(55), the mechanical response of the beam in 

Fig. 7 is studied. In order to account for the short horizontal rods introduced in the free end of the 

upper arm of the delamination crack, two additional equations are composed as follows: 

                                     0=updu                              (57) 

                                     0=upd                              (58) 

where updu  and upd  are the axial displacement and the angle of rotation of the free end of the 

upper arm, respectively.  

The quantities, updu  and upd , are presented by Eqs. (59) and (60), i.e. 
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2

41 BB
upd

uu
u

+
=                            (59) 

                                  
2

41

h

uu BB
upd

−
=                           (60) 

where 1Bu  and 4Bu  are the longitudinal displacements of points, 
1B  and 4B , respectively. 

These displacements are expressed by the equations given below, i.e.  

( )alau upupB −+= 23121                        (61) 

( )alau grlwH −+= 23122                       (62) 

where 12up  and 23up  are the strains at the upper surface of the upper arm of the delamination 

crack and the upper surface of the beam in its intact portion, 12lw  is the strain at the lower 

surface of the upper arm of the delamination crack.   

The change of the strains, 12up , 23up  and 12lw  with time can be expressed by the next 

three equations 

tvupup 1212 =                            (63) 

tvupup 1212 =                            (64) 

tvlwlw 1212 =                           (65) 

The velocities, 12upv , 23upv  and 12lwv , are unknown. For determining these velocities, first, 

we compose equilibrium Eqs. (66) and (67) for section, 
2B , of the beam.  

032 =+ BBupd NN                          (66) 

032 =++ BBupdlwd MMM                     (67) 

where 
updN  and 

32BBN  are the axial forces in the upper arm of the delamination crack and the 

intact portion of the beam, 
updM  is the bending moment in the upper arm of the delamination 

crack.  

The axial forces and the bending moments in Eqs. (66) and (67) are expressed via the stresses, 

updi , 
lwdi  and 

i , in the layers of the two delamination crack arms and the intact portion of the 

beam. In this way, Eqs. (66) and (67) are re-written as given below.   
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The stresses, 
updi , 

lwdi  and 
i , are related to the strains, upd , lwd  and  , via the law 

(2).    

The strain, upd , in the upper arm of the delamination crack is distributed along 
2h  as 

                     ( ) tvz
h

h

tvtv
z lw

lwup

upd 123
2

2

1212

3
2

−







−

+
=                    (70) 

where 

                            
22

2
3

2 h
z

h
−                             (71) 

The distributions of lwd  and   along 1h  and h  are described by Eqs. (38) and (39), 

respectively.  

Eqs. (25), (35), (67), (58), (68) and (69) are used for determining 12grv , 12dlv , 12upv , 12dlv , 

23upv  and 12lwv  by the MatLab. Then Eqs. (10), (11) and (48) are be applied for solving 1DJ , 

2DJ  and 3DJ  by the MatLab. Finally, the integral J is found by (48).    

The J integral is verified by deriving the SERR for the delamination crack in the beam in Fig. 7. 

Eq. (42) is applied. The complementary strain energy is determined by the equation given below. 

                             
**

32

**

updBBlwd UUUU ++=                         (72) 

The quantities, *

lwdU  and *

32BBU , are obtained by (44) and (45), respectively. The 

complementary strain energy, *

updU , in the upper arm of the delamination crack is found by Eq. 

(73). 
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where  

                           −= updupdiupdiupdiupdi
du 

*

0
.                     (74) 

The so derived SERR matches the value of the integral J which proves the correctness of the 

current analysis.  

The normalized J integral for the beam structure with additional support (refer to Fig. 7) is 

presented as a function the normalized time in Fig. 6 (the corresponding graph is drawn in red) for 

comparison with the graph for the beam structure without additional support (refer to Fig. 1). It is 

seen form Fig. 6 that the value of time, 2t , after passing of which the delamination crack in the 

beam with additional support would begin to grow is bigger than 1t  (the value of 2t  is shown in 

Table 1). This finding indicates that by introducing additional supports, the time of safe 

functioning of the beam can be prolonged.                           
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4. Conclusions 
 

It is demonstrated that the approach developed here can be applied for answering important 

questions about further safe functioning of a beam structure in which a delamination crack is 

observed through routine inspections. For instance, it is shown that the approach can be used for 

determining the maximum safe velocity of the angle of rotation of the free end of the lower arm of 

the delamination crack. The safe length of the delamination crack also is determined by the 

approach. Besides, the time of safe functioning of the beam is determined too (the time of safe 

functioning is defined as the interval of time after passing of which the delamination crack would 

begin to grow). Finally, an analysis of the effect of introducing an additional support in the beam 

on the time of safe functioning is carried-out. The additional support represents two short 

horizontal rods introduced at the free end of the upper arm of the delamination crack during 

lifetime. It is found that the additional support prolongs the time of safe functioning of the 

structure. The approach can be applied for treating various multilayered beam configurations with 

delamination crack (the beam configuration studied here serves mainly as an illustrative example 

for application of the approach). This work contributes for reducing the cost of repairs and 

increasing the serviceability of multilayered beam structures with delamination cracks. 
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