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Abstract.  This study investigates the deformations in a two-dimensional transversely isotropic thermoelastic medium with diffusion under the effect of two-temperature in frequency domain. The analysis is carried out using the Green and Naghdi theory of thermoelasticity with and without energy dissipation. Fourier transformation technique is used to solve the problem and then numerical inversion technique is applied to obtain the results in physical domain. Concentrated and uniformly distributed loads are considered to illustrate the model. Graphical representation of variation in the field variables with distance is depicted by taking the effect of two-temperature and frequency.
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1. Introduction

[bookmark: _Hlk125936599]Diffusion, the process by which migration of particles from regions of higher concentration to that of lower concentration occurs, is governed by second law of thermodynamics. This law dictates that entropy in any system must invariably increase over time. Diffusion is of significant interest as it is having numerous applications in geophysics and diverse industrial sectors. Oil companies, in particular, are keenly interested in exploring the phenomenon of thermoelastic diffusion to optimize the extraction process.
[bookmark: _Hlk189081631]Biot (1956) formulated the coupled theory of thermoelasticity in order to handle the limitations of uncoupled theory of thermoelasticity. Lord and Shulman (1967) and Green and Lindsay (1972) extended the coupled theory of thermoelasticity by introducing the concept of thermal and relaxation times into the constitutive relations. Later on, Dhaliwal and Sherief (1980) extended it for anisotropic body. Later, Green and Naghdi (1992, 1993) introduced three types of thermoelastic models, of which type-III permits the heat flow with finite speed and without energy dissipation. Chen and Gurtin (1968) and Chen and Williams (1968) suggested the two-temperature theory, distinguishing between the conductive temperature  and the thermodynamic temperature . Chen et al. (1969) showed that the difference between the two is directly proportional to the het supply, and they coincide in the absence of heat supply. Later, Youssef (2006) introduced a new generalized thermoelastic theory within this framework, introducing a positive material parameter (), which retrieves the classical theory when it tends to zero. 
[bookmark: _Hlk189081658]Thermodiffusion in solids is a transport process with significant practical implications. The majority of studies focusing on interaction of concentration and temperature gradients is concentrated on alloys and metals.
Nowacki (1974-1976) formulated the theory of thermoelastic diffusion employing the coupled thermoelastic model. Sherief et al. (2004) and Sherief and Saleh (2005) expanded on this by developing a generalized theory of thermoelastic diffusion with a single relaxation time and examined half-space problem. Abbas et al. (2009) discussed the thermal dispersion effects in porous medium. Othman et al. (2009) investigated the impact of diffusion in two-dimensional generalized thermoelasticity utilizing the Green-Naghdi model with FEM. Marin (2010) studied total energy distribution in thermoelasticity of microstretch bodies. Abbas an Othman (2012) studied plane waves in generalized thermo-microstretch elastic solids with thermal relaxation and also Abbas et al. (2012) examined the thermoelastic response of a transversely isotropic half-space with mass diffusion. Later, Abbas (2013) investigated fractional-order thermoelastic plane deformation problems. Marin and Florea (2014) discussed the temporal nature of solutions in mixed system of equations i.e., parabolic, hyperbolic and elliptic in thermoelastic porous medium. Functional graded thermoelastic models under fractional order theory, two-temperature generalized thermoelastic theory with spherical cavity, microscale beam are studied by Abbas (2014, 2015). Further, Abbas and Youssef (2015) studied thermoelastic interactions in porous medium. Sur and Kanoria (2016) studied the impact of two-temperature theory in a three-dimensional thermoelastic medium imposed to time-dependent thermal loading on its surface. Atwa et al. (2017) explored the two-temperature thermoelastic diffusion with three phase lag model. Ezzat et al. (2018) discussed the effect of two temperature and fractional order parameters within GN theory. Alzahrani and Abbas (2020) and Abbas et al. (2020) studied photo-thermal interactions in semiconductors with cavities using hyperbolic two-temperature models. Sharma et al. (2021) analyzed harmonic waves in an anisotropic viscoelastic solid containing voids, while Kaur et al. (2021) examined damping in transversely isotropic nanobeams via GN-III with two-temperature effects. Zenkour (2022), Lata and Singh (2022) investigated thermoelasticity with phase-lag and nonlocal theories. Recent works include Aouadi et al. (2023) on thermoelastic diffusion in multiple dimensions, Abouelregal et al. (2023) on memory-dependent material, Zeeshan et al. (2023), Abbas (2024) on new hyperbolic two-temperature model, Lata and Heena (2024) on inclined load problem of thermoelastic diffusion.
The aim of this paper is to examine the two temperature effect in transversely isotropic thermoelastic medium with diffusion under Green Naghdi model of type-III in the frequency domain. To the best of our knowledge, this formulation has not been studied previously.   


2. Basic equations

Following Youssef (2006), Chawla and Kamboj (2020), the basic governing equations with dissipation of energy in the absence of body forces, heat sources and mass diffusion sources are given by
• Constitutive relations
	,
	(1)


• Equations of motion
	,
	(2)


• Equation of heat conduction with and without energy dissipation
	
	(3)


• Equation of mass diffusion
	
	(4)


where    .
The superposed dot (“.”) the differentiation w.r.t. time and the symbol (“,”) followed by a suffix denotes differentiation w.r.t. the spatial coordinate and the notation of rest of symbols is in nomenclature section.
The symmetries of elasticity tensor  follow directly from basic principles of linear elasticity. First, since the Cauchy stress tensor is symmetric, we obtain the minor symmetry . Second, if the material admits strain energy function, then the stiffness tensor must also satisfy the major symmetry . With the constitutive relation between stress and strain, these imply general relations:
	.
	(5)


Applying the transformation
	
	(6)


where  is angle of rotation in  plane. Thus, the basic equations for homogeneous transversely isotropic thermoelastic solid with diffusion in component form are:
	
	(7)

	
	(8)

	
	(9)

	
	(10)

	
	(11)


where , , ( is not continued), , 


3. Formulation and solution of the problem

We consider a homogeneous transversely isotropic thermoelastic solid with diffusion in its undeformed phase at temperature . 
Formulation of the problem is done by considering it as two-dimensional problem in the x-z plane where axis points vertically into the material therefore the displacement vector, temperature change and mass concentration respectively of the following form
	 , .
	(12)


The initial conditions are given as:



	


 for ,
 for 
	(13)


Assuming the field variables varying harmonically with time,
	
	(14)


where  is angular frequency.
Making use of Eq. (12) in Eqs.(7-11), we obtain
	,
	(15)

	 ,
	(16)

	,
	(17)

	  
 .
	(18)


The following dimensionless quantities are being used to simplify the solution process
	
	(19)


where .
After making use of the dimensionless quantities defined by Eq. (19) in the Eqs. (15-18), and then after suppressing the primes we obtain
	u ,
	(20)

	w ,
	(21)

	
	(22)

	
	(23)


where , ,  , (, ,  ,  .
Applying Fourier transformation defined as
	
	(24)


to the Eqs. (20-23), system of four homogeneous equations have been obtained with non trivial solutions if the determinant of coefficients  vanishes, leading to the formation of following polynomial characteristic equation:
	
	(25)


where  are given in appendix A. The roots of the Eq. (25) are  The assumption of radiation condition states that  as  the solutions of the Eq. (25) can be written as 
	
	(26)

	 
	(27)

	
	(28)

	
	(29)


where the values of coupling constants  are given in appendix B and  are arbitrary constants.


4. Boundary conditions

We consider normal force and thermal source in frequence domain as:
	1) 2)  3)  4)  at .
	(30)


,  are the magnitudes of forces and  specify the vertical and horizontal load distribution along x-axis.
After using Eq. (1) in the boundary conditions given by Eq. (30) and thereafter by using Fourier transformation as defined by Eq. (24) and then upon substituting the values of ,  and , which are mentioned in Eqs. (26-29), into the obtained equations, we get the components of the displacement, conductive temperature and concentration distribution as
	
	(31)

	
	(32)

	
	(32)

	
	(34)


The values of , , , , , , , ,  are given in appendix C.
5. Applications

5.1 Case I: Concentrated Force

The solution as of concentrated force on the half space is derived by setting
	
	(35)


where  is the dirac delta function as it mathematically captures the instantaneous and localized nature of the load.
With 
	
	(36)


Using Eq. (35) in Eqs. (30-33), we obtain the components of displacement, conductive temperature distribution and mass concentration due to concentrated force.

5.2 Case II: Uniformly distributed force

The solution due to the uniformly distributed force on the half space is derived by setting
	.
	(36)


Applying Fourier transformations defined by Eqs. (23) on Eq. (36), we obtain
	
	(37)


2a is the non dimensional width of uniform strip load which has been applied at the origin of coordinate system(x=z=0). Using Eq. (38) in Eqs. (31-34), we obtain the components of displacement, conductive temperature distribution and mass concentration due to uniformly distributed load.


6. Particular case 

a) If we take  , we obtain the corresponding expressions for displacement, conductive temperature for transversely isotropic thermoelastic solid with two-temperature, the results are obtained by Lata et al. (2019).
b) If we take  in Eqs. (31-34), we obtain the corresponding expressions for displacement, temperature and concentration for transversely isotropic thermodiffusive elastic solid with energy dissipation, the results of which are shown in this paper.


7. Inversion of the transform

The inverse of Fourier transform has been employed to get the solution back in the physical domain. 
	 
	(38)


where  and  are, respectively, the even and odd parts of the function . The Romberg's integration with adaptive step size as described in Press et al. (1986) has been used to solve the integral of Eq. (39) This approach leverages results derived through iterative refinements of the extended trapezoidal rule followed by extrapolation of the findings towards the theoretical limit when the step size approaches zero.


8. Numerical results and discussions

Following Dhaliwal and Singh (1980) and Sharma et al. (2010) copper material is taken for graphical representation,

A comparison of values of transverse displacement u, normal displacement w, temperature T and mass concentration C for transversely isotropic thermoelastic with diffusion with distance x has been made in case of three different frequencies  with and without two temperature effect. The solid line is used to represent the material’s behaviour under two temperature effect while the dashed line shows the material’s behaviour without two temperature effect.
• The green line shows the variation of material in case of .
• The blue line represents the variation of material in case of .
• The red line predicts the variation of material in case of .

8.1 Concentrated force

In Fig. 1 near the loading surface the values of u are higher for all the values of (considered for graphical representation) with and without the two temperature effect. The oscillatory behaviour of  can be seen with or without considering two temperature effect. At , the value of  is higher with higher value of  but lower with lower value of . The order remains consistent over a longer distance under the influence of two-tempertaure effect. In the range  the deformation in the material is more uniform with . The component of   becomes higher in magnitude for  than that for  but before reaching the point , the component of  attains highest value for  and lowest for  while considering the two temperature effect. The order remains same with or without the two temperature effect till reaching the point  and after this point shows higher magnitude for .
It is clearly seen from the Fig 2. that variations in  follows oscillatory pattern for all the considered values of with or without two temperature effect. But the two temperature effect is clearly noticeable as the deviation between dotted and solid line of same colour is clearly visible in the figure. Near the loading surface the magnitude of w with lower frequency is higher comparatively.
	[image: ]

	Fig. 1 Variation of transverse displacement u with distance x (concentrated force)



	[image: ]

	Fig. 2 Variation of normal displacement w with distance x (concentrated force)
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	Fig. 3 Variation of temperature T with distance x (Concentrated load)



	[image: ]

	Fig. 4 Variation of Concentration C with distance x (Concentrated load)
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	Fig. 5 Variation of transverse displacement u with distance x (uniformly distributed load)




Also, the two temperature effect is not altering the order but increasing the magnitude of  corresponding to same frequency. After crossing the stage , the magnitude of  with  becomes lesser and with . In the range  the order gets reversed and thereafter the order keeps changing.
In Fig 3. we can clearly see the variations in temperature component are more in case of lower frequency with or without two temperature effect. The variation in temperature follows the same pattern with or without considering the two temperature effect but with different magnitude at most of the points so the material’s behaviour differs when the two temperature effect is considered. In Fig 4. the variation of mass concentration with distance x can be seen. C shows more variations in case of higher frequency comparatively. Also, In case of  there comes a point near such that the effect of two temperature ceases but then before reaching the point  the effect of two temperature becomes visible and this time it is more dominating than the other two cases of . Also, the two temperature effect is less dominating in case of .

8.2 Uniformly distributed force

In Fig 5. the variation of u w.r.t distance x is seen. The graph almost follows the same pattern as in case of concentrated load but the difference in magnitude is quite notable due to different load nature. But in this case it is clearly observed that deformation is more uniform as compared to concentrated load. It is also observed that the effect of two temperature is less as compared to the case of concentrated load.
	[image: ]

	Fig. 6 Variation of normal displacement w with distance x (uniformly distributed load)
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	Fig. 7 Variation of temperature T with distance x (uniformly distributed load
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	Fig. 8 Variation of Concentration C with distance x (uniformly distributed load)




In Fig. 6, it is clearly seen that  shows oscillatory behaviour w.r.t. distance x as in case of concentrated load but in the opposite direction and also the difference in magnitude is clearly observed due to different load conditions.
It is clear from Fig. 7 that the temperature distribution w.r.t distance x in case of uniformly distributed load is of oscillatory behaviour. The temperature distribution with  follows slightly different pattern from the other two cases of frequencies while in the other two cases the oscillations are exactly of same type with difference in magnitude. In case of  only negative values of temperature are observed with or without two temperature effect. In case of uniformly distributed load, the more uniform distribution of mass concentration is observed, due to different load nature as compared to concentrated load as it is clearly visible in Fig. 8.


9. Conclusions

In order to study the effect of two-temperature in thermoelastic material with diffusion, copper is taken as transversely isotropic material. Clearly, the distinction is evident between solid and dotted line in each case of  , hence the effect of two -temperature is justified. Concentrated and uniformly distributed loads are considered to show the utility of problem. The variation of field variables w.r.t. distance is shown in figures (Figs. 1-8.) The agreement is observed at some points over the values of field variables with or without considering two -temperature effect. The results highlight the significant role of two-temperature parameter in capturing realistic responses, with potential applications in aerospace, geophysics and nuclear materials. This study extends generalized thermoelasticity by coupling diffusion and two-temperature effects within GN-III framework for transversely isotropic solids.
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Appendix A

The values of P, Q, R, S, T are given as:
 ,
 
 ,
 .


Appendix B

The values of coupling constants are given as:



Where,
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Appendix C

,
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where,




,
,




Nomenclature

  Mass density
  Constant of elasticity tensor
 Stress tensor
 Displacement vector
 Strain tensor
 Absolute temperature
 Temperature of medium in undeformed state so that 
 Mass concentration 
 Specific heat at constant strain
 Two temperature parameter
 Thermal conductivity
 Materialistic constant
 Tensor of thermal moduli
 Tensor of diffusion moduli 
 Diffusion tensor 
  Measure of thermodiffusion effect
 Measure of mass diffusion effect
 Coefficient of linear thermal expansion
 Coefficient diffusion expansion
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