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Abstract. In this paper, thermo-mechanical elastic stress and deformation analysis of a functionally graded
(FG) cylindrical shell, under complex loading states such as angular rotation, thermal load with heat generation,
body force, and mechanical loads, are analyzed. FG materials are advanced and futuristic composite materials
with gradually varying properties across different surfaces. In this paper, a power law is used for the variation
of material properties such as elastic modulus, density, thermal conduction coefficient, and thermal expansion
coefficient, offering a better strength-to-weight ratio, better thermal resistance, and durability in critical harsh
environments. To increase the lifecycle of a structure, the stresses induced should be minimal. Navier’s method
is used to solve Euler’s governing differential equations with a plane stress condition that reduces the
complexity of the second-order. The main aim of this study is to investigate the combined effect of material
non-homogeneity with various types of complex loading states on the displacement and stress distribution
within the cylinder. This analysis provides valuable insight to enhance the performance, reliability, and
integrity of structures in the fields of aerospace, defense, Mechanical, and Civil Engineering.
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1. Introduction

Functionally graded materials are advanced materials whose mechanical and physical properties
are graded in a specific direction. The structure includes beams, shafts, cylinders, and plates with
many industrial applications (Birman and Kardomateas 2018, Bouakkaz et al. 2024, Namayandeh
et al. 2020, Nikbakht et al. 2019). The smooth variation of material properties can be tailored as per
the requirements that can meet the needs of various industrial applications (Adiga et al. 2022, Boss
and Ganesh 2006). This gradual change in microstructure across the interface does not mismatch the
mechanical properties across the multiple interfaces as other composite materials, such as laminated

*Corresponding author, Ph.D., E-mail: royalmadan.me@geu.ac.in; royalmadan6293@gmail.com

Copyright © 2025 Techno-Press, Ltd.
http://www.techno-press.org/?journal=amr&subpage=5 ISSN: 2234-0912 (Print), 2234-179X (Online)



250 Sanjay Kumar Singh et al.

reinforced, do (Nakamura et al. 2000). Such changes in stepwise or continuous gradation in the
material are a result of the fabrication process. The step-wise layered FGM can be developed using
powder metallurgy or additive manufacturing while a continuous variation in properties can be
achieved using the centrifugal casting method (Madan and Bhowmick 2020, Suresh and Mortensen
1997). Unlike laminated composites, which may exhibit abrupt changes in mechanical properties at
the interface.

FGMs provide a gradual variation in microstructure, reducing property mismatches across the
interface (Daneshmand et al. 2023, Raad et al. 2024). Non-linear free vibration analysis of simply
supported FGM plate was performed, and the partial differential equations (PDE) were determined
according to first-order shear deformation theory (FSDT) (Hashemi and Jafari 2020). Employed
first-order shear deformation theory to examine the free vibration behavior of eccentrically stiffened
functionally graded materials (ES-FGM) of simply supported shallow shells subject to thermo-
mechanical loads (Kumar and Kumar 2021). Adopted an analytical method by using the Rayleigh-
Ritz technique and sinusoidal shear deformation theory to analyze the performance of free vibration
of porous functionally graded circular cylindrical shells with different boundary conditions (Wang
and Wu 2017). Improved Donnell nonlinear shell theory to investigate the free vibration of metal
foam circular shells strengthened with graphene platelets (Wang and Zhao 2019). A problem of
thermal buckling of FG porous rectangular plate using Navier’s method was solved and the influence
of critical buckling temperature was investigated (Ellali e al. 2024). A semi-analytical solution to
study the bending that occurs in the rotating disks formed of the functionally graded material (FGM)
under different boundary conditions was carried out. They found stresses induced in an isotropic
material to be higher than stresses induced in an FG disk (Bayat et al. 2009). In (Wang et al. 2015),
discussed the thermo-mechanical stress analysis of FGM pressure vessels for a steady-state thermo-
elastic theory by considering power law material gradation. Bending analysis of FG curved sandwich
beams under uniform mechanical load was performed using higher-order shear deformation theory
(HSDT) (Draiche et al. 2021). Furthermore, a static and dynamic analysis of the FG doubly curved
shell structure was performed for a power law variation of material properties under a simply
supported boundary condition (Draiche et al. 2024). Performed bending and free vibration analysis
on FG sandwich plate and shells by employing HSDT and refined HSDT (Allam et al. 2020, Zine
et al. 2018). A free vibration analysis of functionally graded CNTRC beams using variational
methods and a 3-9-1 ANN model was carried out using Eringen's nonlocal theory, and ANN
(Madenci Emrah et al. 2024)

A problem of stresses induced in an FG hollow cylinder, disk, and sphere under internal pressure
is solved using the complementary functions method (Tutuncu and Temel 2009). Furthermore, for
an FG cylinder under different loading conditions problem, an analytical solution is presented
(Rahimi et al. 2011). For a short hollow cylinder under a steady-state thermal load stresses are
identified analytically (Jabbari et al. 2009). Elastic analysis of a thick hollow cylinder of variable
thickness under arbitrary pressure at the inner surface was performed using finite element analysis
(Nejad et al. 2015). Material modeling of composites and FGMs can be carried out by methods such
as rule of mixture, modified rule of mixture, Mori-Tanaka and Halpin-Tsai, (Hadji et al. 2021,
Kadum Njim ef al. 2024, Sondhi et al. 2023) etc. The models consider the individual composition
of two phases, which can be a combination of metal-ceramic, ceramic-ceramic, metal-metal, or
polymers, etc. The other approach considers the direct variation of material properties by varying it
exponentially (Garg et al. 2024), power law (Madan et al. 2020, Rabia et al. 2024), trigonometric
laws (Madan and Bhowmick 2022), etc. Based on these theories, in one of the studies, a Mori-
Tanaka-based material model was utilized to study a 2D FG thick hollow cylinder (Najibi and
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Shojacefard 2016). Apart from these different methodologies have been adopted by many
researchers in solving the problem of thick cylinders which are a mesh-free method (Mahmoud
Hosseini 2014), shear deformation theory (Rahimi et al. 2012), Navier’s method (Dai and Fu 2006,
Safari et al. 2011), elasticity method (Tutuncu and Temel 2009) and analytical methods (Alhous et
al. 2025, Al-Shablle et al. 2023, Kadum Njim et al. 2024, Abbas et al. 2025) etc.

The present study contributes to the analytical modeling and analysis of FG cylindrical vessels
under complex loading conditions. Despite extensive literature, no research has been conducted that
proposes an analytical approach to the thermo-mechanical deformation and stress analysis of FGM
cylindrical vessels subjected to various angular rotations, body forces, mechanical loads (internal
and external pressure), and thermal load with heat generation. Additionally, the present study
examines stress and deformation behavior under real-life complex loading conditions, analyzing the
effects of material parameters following a power-law variation, as well as thermal and mechanical
loading parameters along with body force. Navier’s method is employed to solve the second-order
governing differential equation, demonstrating its robustness in handling such a combination of
loads. Importantly, this work uniquely considers the combined effect of various realistic complex
loading conditions. Such a multi-physics and multi-parameter analytical approach is rarely
addressed in existing literature, especially for a closed-form solution. Additionally, parametric
studies presented in this paper offer insights into the influence of the material gradation parameter
and thermo-mechanical loading variables on stress and displacement distributions, which are crucial
for the design optimization of critical components of aerospace, defense, mechanical, and civil
engineering systems.

2. Mathematical formulation

Considering a hollow cylindrical geometry made of FG material with inner radius ‘a’, and outer
radius ‘b’ as shown in Fig. 1. Let the displacement ‘U’ be the function of the radius of a cylinder.
The radial strain, tangential strain, and displacement are related to Eq. 1 (Jabbari et al. 2002)

du 1 . u 1 i .
& =0 = Y. loyr — 0yl + &0t™ ) €00 = = Yo [oce = 9orr] + &0c™ s €0t = @ T (1)

The plane stress state is considered for reducing the complexity of the analysis, in the plane stress
condition the thickness of the cylinder wall is very thin as compared to the radius due to this
assumption plane stress components are neglected.

For elastic materials, the thermo-mechanical stress-strain relations for non-homogeneous and
isotropic materials under the influence of temperature are given by Hooke’s law (Jabbari ez al. 2002).

Orr = YrAlerr (1 = 9) + 9epe — (L + 9)ery "], 0 = Ver A9 + (1 — 9y — (L + )& "] (2)

where, o, g; represents the radial and tangential stress and ¢,,., & represents the radial and
tangential strain respectively. The a,.., T, represents the coefficient of thermal expansion (CTE)
and change in temperature profile along the radius of the cylinder and 9 is considered as the
constant Poisson’s ratio.

Eq. 3 shows the governing equilibrium equation expressed by Navier’s equation for the plane
stress including the body force and the inertia term in the radial direction. The basic unknown
parameter is the displacement at each discretised point along the thickness of the cylinder.
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Fig. 1 FGM cylinder

d

g
raarr + (O-rr - O-tt) + Prr (wz - E) r2=0 (3)

where, w, g and p,, denotes the rotation and gravity and density of a material,

The material gradation is controlled and established using chemical vapour deposition, powder
metallurgy, or centrifugal casting. The material properties vary according to power-law was
considered as (Jabbari et al. 2002). Young’s modulus Y,.., CTE, a,.-, thermal conductivity k.,
density p,, and heat flux q,,- are assumed to vary as follows:

Yrr :YO(r)m1 ;arr :aﬂ(r)mz ;prr :po(r)mA pT'T = po(r)m4m’ qTT‘ = qo(r)ms (4)

where Yy, @g, ko, po. qo are Young’s modulus, CTE, thermal conductivity, density, and heat
flux properties for the homogeneous cylinder or the same at the inner surface for all FG profiles
respectively. And m,,m,,m,,m,,m. are the material inhomogeneity constant on the basis of
which a cylinder is functionally graded radially.

To solve the governing equation, the first strains that are a function of displacement as in Eq. 1
are substituted in the stress-strain relation as in Eq. 2 which illustrates the stress as the function of
displacement. The obtained results are then substituted in governing differential Eq. 3. Finally, the
Navier equation in the form of displacement is attained as:

d[y /1{19”+1 N (149 *}]+Y /1[19“+1 N _ 1+,
rdT rr v ( ) )dT ( )Err rr v ( )dT ( )grr (5)
_ _ u_ . 2_ 92 _

Y. A [(1 19)r+19dr (1+19)err]+prr((u a)r 0

where A defines the material parameter and is given by:
1
A= AT oa =20 (6)
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For ease of the calculation, Eq. (5) can be rewritten and converted into standard differential
equation form and introducing some arbitrary constants as,

d*u du
Al_rZ (ﬁ) +A27" (E) +A3(u) — A4Tm2+P4+1 +A57'm2_m3+m5+3 +A6rm2+1 +A7rm4_m1+3 (7)

where arbitrary constants are given by,
A =YoA1 - 9), A; = YoAlm(1—9) + (1 —9)]

1
A =Y A(Im +9-1); A, =—(1_28)YO%Q4[P4+ml+m2] ®
Y, Y,
s = EE s = my 4y g 421, 4 = 20 4 o), 4 = —po [o? - (9)

3. Temperature formulation

Assuming FG materials under high-temperature application and a combination of material
properties will be chosen based on temperature. Temperature distribution of one-dimensional
steady-state heat conduction equation with constant heat flux is governed by (Jabbari et al. 2002)
with varying heat conductivity.

d dT,
St}

The thermal boundary conditions employed at the inner and outer radius of a cylinder are given
by,
T lr=a=T, and T,..lr =b =T, (10)

where, T, is the instantaneous temperature, the temperature at the inner and outer radius was
defined by T, & Typ.
Differentiating the above Eq. (9), the Navier equation for temperature can be rewritten as

d2T, dT,
M,r? ( dr?) + Mzr( d;r) + M3(T) = M,r™Ms—ma+2 (11)

where M;, i =1 to 4 are the arbitrary thermal constants as follows,
My =ko , My =ko(1+m3), M3 =0, My = —qq,

Ml - M2 12
P3=O'P4=<T1)=_m3 (12)
where, P3 and Psare the thermal parameters
dT,
d;r = PyQqr™ 7 + By (ms —mg + 2)rMsTmatt (13)
Trr = Q3 + QurPs + Byrms—mat+2 (14)

Solving for Q; and Q, Yyields
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Q3 =T, — pra™s ™s*2 — Q,a’s

To—Tp  Bu(a™s™Ms*2 — pMms~ms*2) (15)
Qs = aPs — pPs aPs — pPa

4. Solution of displacement Navier Equation

The Navier’s equation for radial displacement ‘u’ is given in Eq. 7, the aforementioned equation
is a non-homogeneous Euler differential equation which is solved in 2 sections: (a) general solution
(ug) using homogeneous parts and, (b) particular solution using non-homogeneous part:

ug = Qrf (16)
Substitute the above Eq. (16) In the homogeneous eq. (7)
AP?+ (A, —A)DP+A4A5=0 (17)

The above Eq. (17) has 2 real roots P, and P, which are given by

(A — A7) £/(A; — A))? — 44, A,

p,, = (18)
1.2 24,
Thus, the general solution is
ug(r) = Qurfr + Qrf2 (19)
up — Blrm2+P4+1 + Bzrmz—m3+m5+3 + B3T‘m2+1 + B4rm4—m1+3 (20)

Now particular part of solution u, is assuming to have the form Substitute above Eq. (20) in eq.
(7) then rearrange, we get,

[Al(mz + P4_ + 1)(m2 + P4) +] B T'm2+P4+1
Ay(my + P, +1) + Aq 1

[Al(mz + mg —m3 + 3)(my + mg —mg + 2)
+[A;(my, + Dmy + Ay (my + 1) + A]Byr™e*t +
[A1(m4 —my +3)(my —my +2) +] B, rMa—mi+3
A,(my —my +3) + A5 4
=A4Tm2+P4+1 _|_A5rm2—m3+m5+3 +A6T'm2+1 +A7rm4—m1+3

] BzT‘mz —-m3z+ms+3

Equating the coefficient of identical power, we have general solution and particular solution
together is the complete solution of displacement,

uU=ug+u, (23)
Thus,

u= erPl + QZrPZ + Blrm2+P4+1 + Bzrm2+m5_m3+3
+B3rm2+1 + B4rm2—m1+3

Substituting Eq. (24) in Eq. (1) & (2), the strains and stresses distributions are obtained as,

(24)
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gTT - Q1P1T'P1_1 + QZPZT'PZ_l + Bl(mz + P4 + 1)Tm2+P4+1
+B,(m, — mg + mg + 3)rM2Mstms+2 4
B3 (mz + 1)T'm2 + B4(m4 - m1 + 3)7‘m4_m1+2

Ay
B, =
L7 A lmy + Py + 1) (my + P)] + Ay[my + P, + 1] + A
B, = 4s
2= [Al{(mz + m5 - m3 + 3)(m2 + m5 - m3 + 2)}] (25)
+A,(m, —mg +ms + 3) + A
B, = A
3T A [mg + D(m)] + Ay[(my + 1] + A;
A
B4_ =
[A1[(m4 —my +3)(my —my + 2)]]
+A2 [(m4 - ml + 3)] + A3
gep = QurPrt 4+ QurPel 4 B y™M2tPe 4 B yMa~MstMs+2 | B yM2 4 B, pMa~M1+2 (26)

[anlrm1+P1—1 + anzrm1+P2—1
+B1Tm1+m2+P4_n3 + Bzrm1+m2+m5—m3+2n4

Opp = YoA|+Bgr™1t M2y 4 B, rMatly —

1 Q3rm1+m2 +Q4rm1+m2+P4 +
(1 +9)ao Blrm1+m2+m5—m3+2

where
n = {(1-9)P, + 9} (27)
n2 ={(1 —-9)P, + I}
ns ={(1—-9)(my + P, +1) + 9}
s ={(1 = 9)(m; + mg —m3 + 3) + I}
ns = {1 -9)(m; + 1) + 9}
ne = {(1 —9)(my, —my +3) +9}

Q; and Q, are determined using the mechanical free-free boundary conditions, considering the
internal pressure p, and external pressure py,

Jrrlr:a = —Pa and Grr|r=b = Db (28)
substituting boundary condition Eq. (28) in Eq. (27), the constants Q; and @, are found as,
Ql _ ¢22X - ¢12Y Qz _ ¢11Y - ¢21X (29)

B ¢11¢22 - ¢12¢21, - ¢11¢22 - ¢12¢21

where,
$11 = YoA[PL(1 —v) + v]a™+Pt (30)
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P12 = YoA[P,(1 —v) + v]a™tFe1
$21 = YoA[PL(1 —v) + v]p™th~1
$22 = YoA[P,(1 —v) +v]p™ P71

X=-Z(a)—pa , Y=-Z(b)—pp €2))

[Qinia™ Pt 4+ Qpnpa™itet 1
_|_Blam1+m2+P4n3 + Bzam1+m2+m5—m3+2n4
Z(a) = Yoll +B3am1+m27]5 + B4am4+2776 — (32)

(1 + 19) Q3am1+m2 + Q4am1+m2+P4 +
| Qo Blam1+m2+m5—m3+2 |

Q™ Pt 4 Qampb™a e ]
+Blbm1+m2+P47’)3 +szm1+m2+m5—m3+2n4
Z(b) = Yoﬂ. +B3bm1+m2n5 + B4_bm4+2n6 - (33)

Q3bm1+m2 + Q4bm1+m2+P4 +
_(1 +9)ag {Blbm1+m2+ms_m3+2 } _

5. Result and discussion

Thermo-mechanical stress analysis was carried out on functionally graded hollow cylindrical
vessels subjected to varying thermal distribution. FGM-composed results are presented and assumed
to be temperature-independent isotropic elastic material properties. The geometrical and mechanical
properties are given in Table 1. Displacement, stress, and material properties along the radial
direction of the cylinder are represented as dimensionless values to demonstrate the effect of FG
material. The following dimensionless values were used for the presentation of numerical results:

_ Prr * _ Orr __ 096 x _ U
P—P—O, 0, —0_—0, 09*—0—0,11—; (34)

where, P is normalized load, o, is normalized radial stress, gg * is normalized tangential stress,
u” is normalized displacement.

Fig. 2 represents the dimensionless elastic modulus, thermal expansion coefficient, thermal
conduction coefficient, and density, wherem; = m, = my = my =n and mg = 0 for constant
heat flux along the radius. The inhomogeneity constant shows the stiffness variation along the radius
i.e., n > 0 means increasing the stiffness, and n < 0 means decreasing the stiffness in the radial
direction. Whereas n = 0 shows the isotropic material properties.

Table 1 Material properties and boundary conditions

Geometrical
properties
a b Y, oy ko Po To 9 Pa P Ta To
m m GPa  per°C  Wmk  kg/m®  kj/m® MPa MPa °C °C
1 1.2 200 1.2*10° 15 7800 50*10° 0.3 50 0 10 0

Material properties Boundary condition
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Fig. 2 Variation of material properties along the cylinder thickness with respect to the material parameter
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Fig. 3 Validation plot

5.1 Validation of the present study

Present results were validated with Reference (Jabbari ef al. 2002) to check the feasibility of the
methodology, which is illustrated in Fig. 3(a-d). Illustrated figures show excellent agreement with
the published literature. For the effective stress analysis, the von Mises stress distribution ¢ *=

V2|0, — 04| is analyzed for all cases.
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Fig. 4 Effect of various rotations on displacement and stresses for internal pressure case

5.2 Effect of various rotations (internal pressure)

Fig. 4(a-d) illustrates the effect of various rotations (100, 300, 500 rps) on displacement, radial
stress, tangential stress, and von Mises stress, respectively, for an internally pressurized (50 MPa)
cylinder. The magnitude of displacement, radial stress, and tangential stress is proportional to the
rotation for both n = 1 & 2 throughout the thickness of the cylinder because angular rotation is
proportional to the centrifugal force. But the magnitude of radial stress is inverse to the rotation
throughout the thickness of the cylinder, which follows the boundary condition as shown, because
the inner region resists internal pressure, experiencing compressive radial stress, while at the outer
region, tensile stress is generated, which is the dominating stress. The variation in von Mises stress
is primarily influenced by tangential stress, as evident from the results. Additionally, the effect of n
is clearly observed in the figure. However, the critical value of # concerning the cylinder's radius is
distinctly noticeable only in the tangential stress and von Mises stress distribution graphs, which
shift toward the inner radius as the angular speed increases. For accurate prediction of failure, it is
essential to thoroughly understand the stress variation with varying angular rotation & material
properties.

5.3 Effect of various temperature (internal pressure)

Fig. 5(a-d) shows the effect of various temperatures (100, 200, 400) on displacement, radial
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Fig. 5 Effect of temperature on displacement and stresses for internal pressure case

stress, tangential stress, and von Mises stress, respectively, for an internally pressurized (50 MPa)
cylinder. The magnitude of displacement and radial stress is inversely related to the temperature, as
shown in the figure for both n = 1 & 2 because increasing the temperature softens the material,
which influences and reduces the radial stress and increases radial deformation. But in the case
oftangential stress and von Mises stress, the magnitude of both is inverse concerning to temperature
up to ¥/b = 1.09, then this relation is proportional onwards because up to the critical value of the
radius, the temperature is less pronounced, due to this, the dominant effect is less. Beyond the critical
radius, the tangential stress is more influenced by temperature, resulting in higher tangential and von
Mises stress.

5.4 Effect of various pressure (internal pressure)

Fig. 6(a-d) shows the effect of various pressures (50, 100, 200) on displacement, radial stress,
tangential stress, and von Mises stress, respectively, for an internally pressurized cylinder. The
magnitude of displacement, radial stress, and von Mises stress is proportionally related to the
pressure that represents the linear elastic behavior where stress is directly proportional to the strain,
but tangential stress is inversely related to pressure, as shown in the figure because increasing
pressure leads to radial expansion that decreases the tangential stress, this critical response is
important to understand the failure modes under various pressures. The critical value of n with
respect to the radius is shifting outward when increasing the internal pressure.



260

Sanjay Kumar Singh et al.

60.00 1.00 —
(b) — o
50.00 0.80
40.00 0.60 | 100
« 4 A
% L 50 ;,200
30.00 100 0.40 |- !
20.00 C 50 0.20 |
10.00 L L L . 0.00 L L . . .
1.00 1.05 1.10 1.15 1.20 1.00 1.05 1.10 1.15 1.20
b /b
n=1 . — =1
= n=2 (C) (d) L - a2
8.00 - -7
7.00 F — 0 == _
% S -] € 120
4 - =120 F
© 00 _ _ - b
6.00 = ——= - ° 100
—___--- 200
S00F 060k _ SO -
4.00 - L : ! L . 0.30 L L 1
1.00 1.05 1.10 1.15 1.20 1.00 1.0 110 115 120

*
=

oy

b

/b

Fig. 6 Effect of various pressure on displacement and stresses for internal pressure case
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Fig. 7 Effect of various rotations on displacement and stresses for external pressure case
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Fig. 8 Effect of various temperatures on displacement and stresses for external pressure case

5.5 Effect of various rotations (external pressure)

Fig. 7(a-d) shows the effect of various rotations (100, 300, 500) on displacement, radial stress,
tangential stress, and von-Mises stress respectively for externally pressurized (100 MPa) cylinder.
The magnitude of displacement and tangential stress is proportionally related to rotation forn =1 &
2. However, radial stress is inversely related to rotation because centrifugal force increases with an
increase in rotation that reduces the net compressive force due to the external pressure. This conflict
of opposite radial and tangential stress relation with rotation results in von Mises stress distribution
is clearly shown.

5.6 Effect of various temperature (external pressure)

Fig. 8(a-d) shows the effect of various temperatures (100, 200, 400) on displacement, radial
stress, tangential stress, and von Mises stress, respectively, for an externally pressurized (100 MPa)
cylinder. In the case of an externally pressurized cylinder, the displacement is inversely proportional
to the temperature because increasing the temperature, the material generally expands, but external
pressure exhibits compression. The material exhibits reduced resistance to displacement due to the
combined effects making it more easily deformable. The influence of n is clearly observed in the
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Fig. 9 Effect of various pressure on displacement and stresses for external pressure case

figure. The magnitude of radial stress is directly proportional to temperature across the thickness, as
it depends on the material’s ability to resist radial pressure. Similarly, tangential stress and von Mises
stress also show a direct relationship with temperature, converging up to approximately r/b=1.10.
Beyond this point, the relationship becomes inversely proportional, causing the stresses to diverge
toward the outer radius.

5.7 Effect of various pressure (external pressure)

Fig. 9(a-d) shows the effect of various pressures (50, 100, 200 MPa) on displacement, radial
stress, tangential stress, and von Mises stress for an externally pressurized cylinder. The magnitude
of displacement and stresses increases with the increase of external pressure for both n =1 & 2
because the increase in external pressure imposes higher compressive forces. This proportional
relation is also justified by the classical mechanics principles that material behaves elastically under
a specified pressure range. The critical value of the converging-diverging point in tangential stress
shifts towards the inner surface as the external pressure increases, whereas in von Mises stress, this
critical value shifts towards the right when the external pressure increases because the dominant
stress components are changing at this critical point. The material yielding is more pronounced in
the case of increasing external pressure.
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Fig. 10 Effect of various rotations on displacement and stresses for combined internal and external
pressure case

5.8 Effect of various rotations (internal and external pressure)

Fig. 10(a-d) shows the effect of various rotations (100, 200, 300) on displacement, radial stress,
tangential stress, and von Mises stress, respectively, for both internally (50 MPa) and externally (100
MPa) pressurized cylinders. The magnitude of displacement and tangential stress is directly
proportional to the rotation for both n =1 & 2, because a higher value of angular rotation generates
higher centrifugal forces, and the magnitude for #» = 2 is higher than the magnitude of n = 1. In the
case of radial stress, the magnitude of radial stress is inversely proportional to rotation because the
compressive force of external and internal pressures is reduced due to the increase in centrifugal
force and is higher for n = 1 as compared to n = 2. Because of the opposite relation of radial stress
and tangential stress with rotation, the effect of this conflict is shown in von Mises stress distribution
for w =100 & 200.

5.9 Effect of various temperatures (internal and external pressure)

Fig. 11(a-d) shows the effect of various temperatures (50, 100, 300) on displacement, radial
stress, tangential stress, and von Mises stress, respectively, for both internally (50 MPa) and
externally (100 MPa) pressurized cylinders. Displacement is reduced with the increase of
temperature, whereas radial stress is directly proportional to the temperature because the ability of
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Fig. 11 Effect of various temperatures on displacement and stresses for combined internal and
external pressure case

material to withstand radial stress is increased with temperature rise, as is the material’s ability to
resist compressive force due to pressure better at higher temperatures. Tangential and von Mises
stress are first converging up to #/b=1.10 (approx.), then diverging because the material’s response
is more uniform near the inner region, whereas the outer region may experience different responses
as compared to the inner region. The converging to diverging behavior could be due to softer
material at outer layers at alleviated temperature. The magnitude of tangential stress and von Mises
stress increases from T = 50 to T = 100 but decreases for T = 300 in the converging region, but the
trend is reversed in the diverging region.

5.10 Effect of various pressure (internal and external pressure)

Fig. 12(a-d) shows the effect of various pressures (100, 200, 300 MPa) on displacement, radial
stress, tangential stress, and von Mises stress, respectively, for both internally and externally
pressurized cylinders. The magnitude of displacement, tangential stress, and von Mises stress is
increased with pressure because of an increase in elastic deformation leading to higher noticeable
responses, but the magnitude of radial stress is decreased with pressure because outward centrifugal
force is balanced by compression force. When increasing the pressure, the convergence point in the
case of tangential stress is shifting outward, indicating that the dominating tensile effect is due to
higher pressure, but shifting inward in von Mises stress due to the complex condition between radial
and tangential stresses.
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Fig. 12 Effect of various pressure on displacement and stresses for combined internal and external
pressure case

6. Conclusions

This study presents an exact thermo-mechanical analytical solution for a functionally graded
(FG) cylindrical pressure vessel subjected to complex loading conditions. The analysis considered
for varying material properties governed by power law distribution, while assuming a constant
Poisson’s ratio. Thermo-mechanical elastic stresses were obtained for free-free boundary conditions
by employing the Navier’s method to solve the governing differential equation under plane stress
conditions. The influence of the non-homogeneity constant, angular rotation, temperature variation,
and internal and external pressures on displacement and stress distribution was investigated. The
key findings from this study are summarized as follows:

* Radial Stress Behavior: Under internal pressure, the radial stress becomes zero at the outer
surface, under external pressure, it is zero at the inner surface. When both internal and external
pressures are applied simultaneously, the radial stress is nonzero on both boundaries. In all scenarios,
the radial stress remains tensile throughout the vessel wall, confirming the critical influence of
pressure boundary conditions.

* Impact of Material Gradation: The variation of material properties across the radial direction
significantly influences both displacement and stress distribution. This demonstrates the importance
of selecting appropriate gradation parameters to optimize structural performance, especially in
environments involving thermal and mechanical coupling.
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* Design Implications: The insights gained from this analytical investigation serve as a valuable
reference for engineers and designers working with cylindrical FG structures. The results facilitate
informed decision-making regarding the selection of gradation profiles and loading configurations
to enhance structural integrity, reliability, and service life under multi-physics environments.

Overall, this work contributes a robust analytical framework for evaluating FG cylindrical
vessels, offering both theoretical insight and practical relevance in advanced structural applications
across aerospace, mechanical, civil, and energy systems.
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