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1. Introduction 
 

As the structural performance and mechanical properties 

of materials improve, buckling issues may become more 

significant (Lee 2004, Hawileh et al. 2012, Lee et al. 2022, 

Seo et al. 2022, Leblouba et al. 2024). Since column 

buckling can lead to catastrophic failure of the entire 

structural system, it is essential to minimize the likelihood 

of buckling during the design process. The Intermediate-

point braces enhance the resistance of the column to 

buckling by controlling the movement at specific middle 

locations without interacting with neighboring braces, as 

shown in Fig. 1. Klemperer and Gibbons (1933) analyzed 

the buckling load of columns with one or two elastic lateral 

supports, as well as with continuous support using 

differential equations. Dunn (1941) approximated the 

buckling load for columns with one or two elastic lateral 

supports using work-energy methods; Timoshenko (1961) 

calculated the critical load on a column with continuous 

elastic support using work-energy methods; and Green 

(1948) determined the buckling loads of columns with three 

and four flexible intermediate supports using a work-energy 

approach with a Fourier series. Green and Winter (1947) 

proposed an approximate equation for evaluating the axial  
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Fig. 1 Intermediate point braces 

 

 

force-lateral deflection relationships of columns with initial 

crookedness and verified its accuracy through experiments. 

Further, Zuk (1956) performed buckling analyses to 

investigate the axial force generated in point braces while 

accounting for initial deflection. Winter (1960) initially 

noted a relationship between the strength and stiffness of 

point braces. 

Lutz and Fisher (1985) outlined stiffness requirements 

for intermediate-point braces based on a relationship 

between buckling load and continuous bracing stiffness for 

continuously braced columns, which considers effective 

length and column inelasticity. They suggested doubling the 

ideal stiffness for full bracing to prevent excessive brace 

force. Building on Winter's findings (1960), Yura (1994) 

demonstrated that the brace stiffness should be twice the 

ideal stiffness to prevent excessive axial force in point 

braces near the buckling load. Plaut and Yang (1993) and  
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Abstract.  This study explores the potential for using smaller braces by increasing strength requirements and reducing stiffness, 

thereby challenging traditional stiffness-governed design approaches. The buckling load equivalence method (BEM), which 

assumes that the buckling load of an imperfect column at infinite lateral displacement equals that of a perfectly straight column, 

was evaluated alongside the Castigliano model (CM) and the Winter model (WM). For fully braced systems, CM and WM 

produced nonconservative estimates, while BEM yielded more conservative results than finite element analysis (FEA). In 

partially braced systems, all three models gave conservative estimates compared to FEA, with CM being the least conservative 

and WM the most. FEA results showed that bracing forces in full bracing scenarios exceeded 1% of column strength and 

increased with more braces, even when critical stiffness was doubled. This indicates that stiffness alone does not govern brace 

force requirements. The study highlights the importance of balanced brace optimization, which emphasizes reduced stiffness and 

increased strength to achieve more efficient designs. By applying an optimal varying amplification factor, smaller brace sizes 

can meet strength demands per AISC specifications while remaining below linearized stiffness limits. The proposed BEM 

approach effectively balances strength, stiffness, and efficiency in brace design.  
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(a) (b) 

Fig. 2 Free-body diagrams for the buckled shapes of 

imperfect columns with 𝑛𝑏 = 2. (a) First, and (b) second 

buckling modes. 

 

 

Yura (1995) examined the stiffness and strength of unevenly 

spaced point braces. The design equations for point braces 

in the American Institute of Steel Construction (AISC) 

design specifications (AISC 2022) are based on Yura's 

strength and stiffness criteria (Yura 1995, Galambos 1998). 

Gil and Yura (1999) demonstrated through experimental and 

analytical research that Winter's simplified method for 

determining the full bracing requirements applies to both 

inelastic and elastic members. Recent studies (Medland and 

Segedin 1979, Geng-Shu and Shao-Fan 1987, Zhang et al. 

2008, Ziemian 2010, Ziemian and Ziemian 2017) 

investigated the stiffness and strength requirements of point 

braces for interbraced multicolumn structures. Al-Shawi 

(Al-Shawi 1998, Al-Shawi 2001) presented an equation for 

defining the bracing force as a function of the buckling load 

and bracing stiffness for a single-point brace attached to an 

arbitrary point on a column under various end conditions. 

Tran (2009) and Bishop and White (2013) determined the 

AISC design specification stiffness requirement for point 

braces to be conservative using a buckling analysis 

software. Kim and Han (2024) proposed a new procedure to 

address the limitation of the AISC stiffness equation for 

end-point braces and Kim et al. (2024) suggested new 

stiffness and strength requirements for intermediate-point 

braces considering column inelasticity. 

Although the strength of single-point braces has been 

widely studied, no research addressed multiple-point braces 

because of the lack of a design or analytical equation to 

determine their strength. Some researchers (AISC 2019, 

Kim et al. 2024) reported that the design of intermediate-

point braces in columns with multiple braces is governed by 

stiffness requirements as per AISC equations rather than by 

strength requirements. Smaller braces can be used if the 

strength requirement is increased; further, a factor of two is 

used in AISC stiffness requirements to limit bracing forces 

is reduced Kim et al. (2024). However, to the best of our 

knowledge, no studies explored whether more efficient 

bracing designs can arise when strength requirements, 

which lead to considerably lower stiffness and higher 

strength demands, dominate the design. Bracing forces in 

initially crooked columns under buckling loads are analyzed 

using analytical methods and compared with finite element 

analysis (FEA) results to investigate this issue. Based on 

these findings, practical design requirements and an 

analytical equation for multiple-point brace strength are 

proposed. 

 

 

2. Approximate methods for determining brace 
forces 

 

The lateral deflection of the column at the point bracing 

location can be determined by applying Castigliano's 

theorem to a free-body diagram of the buckling shape of the 

column when buckling occurs in a column with an initial 

crookedness (Green 1948). The buckling load (𝑃𝑐𝑟 ) and 

bracing force (𝐹𝑏𝑟) for the first and second buckling modes 

of imperfect columns with 𝑛𝑏 = 2 (Fig. 2) can be defined 

using Castigliano's theorem via Eqs. (1) and (2), 

respectively.  

𝑃𝑐𝑟 (1 +
∆0
∆
) = (1 +

5𝜋2𝛽

162
) (1a) 

𝐹𝑏𝑟 =
1

1500

𝛽𝑃𝑐𝑟

1 +
5𝜋2𝛽
162

− 𝑃𝑐𝑟

 (1b) 

𝑃𝑐𝑟 (1 +
∆0
∆
) = (4 +

𝛽

12.31
) (2a) 

𝐹𝑏𝑟 =
1

1500

𝛽𝑃𝑐𝑟

4.619 +
𝛽

10.661
−

𝑃𝑐𝑟
0.866

 (2b) 

𝑃𝑐𝑟 (1 +
∆0
∆
) = (1 +

𝜋2𝛽

48
) (3a) 

𝐹𝑏𝑟 =
1

1000

𝛽𝑃𝑐𝑟

1 +
𝜋2𝛽
48

− 𝑃𝑐𝑟

 (3b) 

Sine functions shown in Fig. 2 define the buckling 

modes of the imperfect columns. In Fig. 2 and Eqs. (1) and 

(2),  𝐿𝑏𝑟  is  𝐿𝑐 /(𝑛𝑏+1),  𝛽 represents the stiffness of point 

braces, and 𝑛𝑏 represents the number of point braces. In 

Eqs. (1) and (2) , 𝛽 and  𝑃𝑐𝑟  are expressed as fractions 

of  
𝑃𝐸

𝐿𝑐
 and  𝑃𝐸 , respectively, where  𝑃𝐸  represents the Euler 

elastic buckling load. Similarly, the 𝑃𝑐𝑟  and 𝐹𝑏𝑟 values of an 

imperfect column with 𝑛𝑏 = 1 can be defined by Eq. (3). 

Substituting the values of 13.2𝑃𝐸/𝐿𝑐 , 81𝑃𝐸/𝐿𝑐 , and 

16 𝑃𝐸/𝐿𝑐  corresponding to the buckling mode strengths of 

4.973𝑃𝐸 , 9𝑃𝐸 , and 4𝑃𝐸  for 𝛽 in Eqs. (1a), (2a), and (3a), 

respectively, with ∆= ∞, yields buckling loads of 5.02𝑃𝐸 , 

10.58𝑃𝐸 , and 4.29𝑃𝐸 . These buckling loads are ~1.23, 

17.55, and 7.25 % higher than the target values of 4.973𝑃𝐸 , 

9𝑃𝐸 , and 4𝑃𝐸 , respectively. This characteristic causes brace 

forces to be determined by varying the stiffness of point 

braces for a given unsafe buckling load. The tendency of 

Castigliano's theorem to yield unsafe results when buckling 

shape is defined as a sine function can be improved by 

defining it as a Fourier series. 
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(a) (b) 

Fig. 3 Winter’s rigid-link model for imperfect columns 

with 𝑛𝑏 = 2. (a) First, and (b) second buckling modes 

 

 

Bracing forces for the full (Winter 1960, Yura and 

Phillips 1992, Yura 1994) and partial bracing strengths 

(Kim et al. 2024) of columns with initial crookedness can 

be approximately determined by applying Winter’s rigid 

link model. The 𝑃𝑐𝑟  and 𝐹𝑏𝑟 can be defined using Eqs. (4) 

and (5) for the first and second buckling modes of imperfect 

columns with  𝑛𝑏 = 2 (Fig. 3) using Winter’s rigid-link 

model. The 𝑃𝑐𝑟  and 𝐹𝑏𝑟 values for each buckling mode of 

the imperfect column with any given 𝑛𝑏 can be defined by 

Eq. (6) using Yura’s approach. The  𝑁𝑖  values for each 

buckling mode in Eq. (6) are determined via FEA using an 

initial imperfection shape associated with each buckling 

mode until the full bracing column strength is achieved. 

The 𝑁𝑖  values are listed in Appendix A. 

𝑃𝑐𝑟 (1 +
∆0
∆
) =

𝛽

3
 (4a) 

𝐹𝑏𝑟 =
1

1500

𝛽𝑃𝑐𝑟
𝛽
3
− 𝑃𝑐𝑟

 (4b) 

𝑃𝑐𝑟 (1 +
∆0
∆
) =

𝛽

9
 (5a) 

𝐹𝑏𝑟 =
1

1500

𝛽𝑃𝑐𝑟
𝛽
9
− 𝑃𝑐𝑟

 (5b) 

𝑃𝑐𝑟 (1 +
∆0
∆
) =

𝛽

𝑁𝑖(𝑛𝑏 + 1)
 (6a) 

𝐹𝑏𝑟 =
1

500(𝑛𝑏 + 1)

𝛽𝑃𝑐𝑟
𝛽

𝑁𝑖(𝑛𝑏 + 1)
− 𝑃𝑐𝑟

 
(6b) 

Fig. 4 shows the  𝛽 − 𝑃𝑐𝑟  relationships of perfect 

columns with three-point braces obtained by the buckling 

analysis (BA) using the energy method with Fourier series 

(Kim et al. 2024). Fig. 4 also shows the  𝛽 −
𝑃𝑐𝑟  relationships of imperfect columns with three-point 

braces obtained using ABAQUS. In the finite element 

buckling analysis, columns with a length of 48 m and a 

cross-sectional area of 0.25 m² are modeled using general 

beam elements (B31 beam elements). The B31 element is a 

 

Fig. 4 Comparison of 𝛽−𝑃𝑐𝑟  relationships for perfect and 

imperfect columns with three-point braces. 

 

 

linear beam element with two nodes and six degrees of 

freedom, suitable for simulating simple beam and column 

behaviors. Geometrically nonlinear analysis with initial 

imperfections was conducted to capture the nonlinear 

column buckling behavior. The column models were 

assigned a Young’s modulus of 205,000 MPa and a 

Poisson’s ratio of 0.3, which represent typical material 

properties of structural steel. Simply supported boundary 

conditions were applied, and lateral bending about the 

strong axis was restrained to focus on the buckling behavior 

about weak axis bending. The point braces are modeled 

using spring elements (Spring1) with an elastic axial 

stiffness of 𝛽. For a column model with a slenderness ratio 

of 
𝐿𝑐

𝑟𝑦
 = 332.554, where 𝑟𝑦  represents the radius of gyration 

about the weak axis, and the mesh refinement indicates that 

a maximum of 192 beam elements are used. The shapes of 

the initial imperfections for each buckling mode of the 

column used in the FEA are presented in Fig. 4. The initial 

imperfection shape associated with each buckling mode is 

used for generating the maximum possible bracing force. 

The zigzag shape of the initial imperfection used for all but 

the first buckling mode produces the maximum possible 

bracing force (Winter 1960, Wang and Helwig 2005). 

Fig. 4 indicates that the 
𝛽𝐿𝑐

𝑃𝐸
− 

𝑃𝑐𝑟

𝑃𝐸
 relationships for the 

column have the same tendency regardless of the presence 

of initial crookedness. The lateral deflection (∆) of the 

crooked column and  𝐹𝑏𝑟 must be infinite to obtain the 

buckling load (𝑃𝑐𝑟
𝑝

) of a perfect column for a given 𝛽 from a 

crooked column. The buckling load of a crooked column is 

zero when ∆ is 0 and becomes 𝑃𝑐𝑟
𝑝
 when ∆ is ∞. As shown 

in Eq. (7), the buckling load 𝑃𝑐𝑟  of a crooked column can be 

defined as a function of 𝑃𝑐𝑟
𝑝
 and ∆ using this relationship. 

The same equation as Eq. (7) has been proposed by several 

researchers (Southwell 1932, Green et al. 1947, Yura and 

Phillips 1992, Yura 1994). 

𝑃𝑐𝑟 (1 +
∆0
∆
) = 𝑃𝑐𝑟

𝑝
 (7) 

As shown in Fig. 4, the buckling load (𝑃𝑐𝑟
𝑝

) of a perfect 

column for each buckling mode can be approximated as a 

linear function, as expressed in Eq. (8).  

461



 

Kee Dong Kim, Jeonghwa Lee, Kyoung Yong Park and Young-Goo Choi  

 

 

Further,  𝑐1 and  𝑐2 represent straight-line constants 

determined from the coordinates of the two points 

(linearized model). The values of  𝑐1 and  𝑐2 for various 

buckling modes for 𝑛𝑏=1–5 are listed in Appendix A.  

𝑃𝑐𝑟
𝑝
= (𝑐1 + 𝑐2𝛽) (8) 

The buckling load equivalence model (BEM), which 

assumes that the buckling load of an imperfect column at 

infinite lateral deflection matches that of a perfectly straight 

column, provides reasonable predictions for column-point 

brace forces. Rearranging Eq. (7) with respect to ∆ yields 

Eq. (9). The 𝐹𝑏𝑟 is defined as the product of the stiffness of 

point braces and the lateral deflection (∆) of the column, as 

indicated in Eq. (10) derived from BEM. 

∆=
𝑃𝑐𝑟

𝑃𝑐𝑟
𝑝
− 𝑃𝑐𝑟

∆0=
𝑃𝑐𝑟

𝑐1 + 𝑐2𝛽 − 𝑃𝑐𝑟
∆0 (9) 

𝐹𝑏𝑟 = 𝛽∆=
𝛽𝑃𝑐𝑟

𝑐1 + 𝑐2𝛽 − 𝑃𝑐𝑟
∆0 

                 =
𝛽𝑃𝑐𝑟

𝑐1 + 𝑐2𝛽 − 𝑃𝑐𝑟

𝐿𝑐
500(𝑛𝑏 + 1)

 

(10) 

Fig. 5 shows  
𝑃

𝑃𝐸
−

𝐹𝑏𝑟

𝑃𝐸
 relationships for the initially 

crooked columns with  𝑛𝑏 = 3 obtained using Winter’s 

model (WM) and the BEM along with those determined by 

FEA. The 
𝑃

𝑃𝐸
−

𝐹𝑏𝑟

𝑃𝐸
 relationships shown in Fig. 5(a) describe 

the connection between the axial force (𝑃) and bracing 

force ( 𝐹𝑏𝑟 ) by varying the axial force (𝑃 ) for  𝛽 =
121.31𝑃𝐸/𝐿𝑐 and  218.432𝑃𝐸/𝐿𝑐 . Here,  𝛽 = 218.432𝑃𝐸/
𝐿𝑐  represents the ideal bracing stiffness. The equations for 

BEM and WM corresponding to this mode are used to 

determine the  
𝑃

𝑃𝐸
−

𝐹𝑏𝑟

𝑃𝐸
 relationships because the values 

of  𝛽 fall within the range of the third buckling mode. 

Further, FEA shows that the fastest asymptotic increase to 

16𝑃𝐸  and 13.51 𝑃𝐸  correspond𝑠 to each 𝛽. Both WM and 

BEM are more conservative than FEA, regardless of 𝛽. In 

addition, WM and BEM have the same 
𝑃

𝑃𝐸
−

𝐹𝑏𝑟

𝑃𝐸
 relationship 

for ideal bracing stiffness. However, WM was significantly 

more conservative than BEM when the bracing stiffness 

was less than the ideal value. 

The 
𝑃

𝑃𝐸
−

𝐹𝑏𝑟

𝑃𝐸
 relationships shown in Fig. 5(b) describe 

the connection between the axial force (𝑃) and bracing 

force (𝐹𝑏𝑟) obtained by varying the axial force (𝑃) for 𝛽 =
88.91𝑃𝐸/𝐿𝑐  and 49.39 𝑃𝐸/𝐿𝑐. The equations for BEM and 

WM corresponding to this mode were used to determine 

the 
𝑃

𝑃𝐸
−

𝐹𝑏𝑟

𝑃𝐸
 relationships because the values of 𝛽 fall within 

the range of the second buckling mode. FEA shows the 

fastest asymptotic increase to 12.2 𝑃𝐸  and 

8.57𝑃𝐸 , 𝑤ℎ𝑖𝑐ℎ correspond𝑠 to each 𝛽. Both WM and BEM 

are more conservative than FEA regardless of 𝛽. The WM is 

significantly more conservative than the BEM when the 

bracing stiffness is less than ideal. The  
𝑃

𝑃𝐸
−

𝐹𝑏𝑟

𝑃𝐸
 relationships obtained by BEM and FEA are closer in 

the second mode than that in the third mode. 

The 
𝑃

𝑃𝐸
−

𝐹𝑏𝑟

𝑃𝐸
 relationships shown in Fig. 5(c) describe 

the connection between the axial force (𝑃) and bracing 

force (𝐹𝑏𝑟) obtained by varying the axial force (𝑃) for 𝛽 =
9.88𝑃𝐸/𝐿𝑐  and 4.94 𝑃𝐸/𝐿𝑐 . The equations for BEM and 

WM corresponding to this mode were used to determine 

the 
𝑃

𝑃𝐸
−

𝐹𝑏𝑟

𝑃𝐸
 relationships because the values of 𝛽 fall within 

the range of the first buckling mode. Further, FEA shows 

the fastest asymptotic increase to 5.0 𝑃𝐸  and 

2.88𝑃𝐸 , 𝑤ℎ𝑖𝑐ℎ correspond𝑠 to each 𝛽. Both WM and BEM 

are more conservative than that of the FEA, regardless of 𝛽. 

The WM was significantly more conservative than the BEM 

when the bracing stiffness was less than ideal. The 
𝑃

𝑃𝐸
−

𝐹𝑏𝑟

𝑃𝐸
 relationships obtained by BEM and FEA were closer in 

the first mode than that in the second mode.  

The BEM and WM are more conservative than that of 

the FEA, with the WM being particularly conservative for 

less-than-ideal bracing stiffness. The BEM aligned more 

closely with the FEA, particularly in the lower buckling 

modes. 

Fig. 6 shows 
𝛽𝐿𝑐

𝑃𝐸
 − 

𝐹𝑏𝑟

𝑃𝑐𝑟
𝑓  relationships for initially  

 

(a) 

 

(b) 

 

(c) 

Fig. 5 Relationships between  
𝐹𝑏𝑟

𝑃𝐸
 and  

𝑃𝑐𝑟

𝑃𝐸
 for imperfect 

columns with 𝑛𝑏 = 3. (a) Third, (b) second, and (c) first 

modes. 
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(a) 

 

(b) 

 

(c) 

Fig. 6 Relationships between  
𝛽𝐿𝑐

𝑃𝐸
 and  

𝐹𝑏𝑟

𝑃𝑐𝑟
𝑓  for imperfect 

columns. (a) First mode for  𝑛𝑏 = 1 , (b) first mode 

for 𝑛𝑏 = 2, and (c) second mode for 𝑛𝑏 = 2. 

 

 

crooked columns with 𝑛𝑏 = 1 and 2 obtained by various 

approximate methods along with the FEA results. The full 

bracing column strength 𝑃𝑐𝑟
𝑓
 was expressed as 𝑃𝐸(𝑛𝑏 + 1)2. 

The relationships  
𝛽𝐿𝑐

𝑃𝐸
 -  

𝐹𝑏𝑟

𝑃𝑐𝑟
𝑓  describe the connection 

between 𝛽 and 𝐹𝑏𝑟 determined by varying 𝛽 for a given 𝑃𝑐𝑟. 

The Castigliano model (CM) and WM for full bracing 

corresponding to the  𝑛𝑏
𝑡ℎ buckling mode were less 

conservative than those of the FEA (Figs. 6(a) and 6(c)). 

The CM requires significantly less 𝛽 than that of the FEA to 

achieve the same 𝐹𝑏𝑟 for the full bracing column strength. 

Although the WM requires more 𝛽 than that of the CM, it 

demands considerably less stiffness than that of the FEA. In 

contrast, the BEM requires a greater 𝛽 than that of the FEA, 

which makes it more conservative. For the partial bracing 

column strength (Fig. 6(b)), the CM, BEM, and WM were 

more conservative than the FEA, with the CM being the 

least conservative and the WM the most conservative. 

For 𝛽 values exceeding the value at which the 𝐹𝑏𝑟 becomes 

infinite to achieve the full bracing column strength, the WM 

and CM produce an unconservative 𝐹𝑏𝑟 at that buckling 

strength. The BEM is more reasonable than the WM and 

CM because it is more conservative than FEA, regardless of 

the buckling load. 

 

 

3. Brace forces in columns with multiple point 
braces undergoing elastic buckling 

 

Fig. 7 shows the relationships between 
𝛽𝐿𝑐

𝑃𝐸
 and 

𝐹𝑏𝑟

𝑃𝑐𝑟
𝑓  for 

two buckling loads of initially crooked columns with 𝑛𝑏 =
1, 2, and 3 obtained using FEA and the BEM. The mode 

changes at larger values of the two buckling loads, while 

the mode remains unchanged at a smaller buckling load. 

The shape of the initial imperfection for each buckling 

mode of the column used in both FEA and BEM was 

identical to that shown in Fig. 4. 

Fig. 7(a) shows the relationship 

between  𝛽 and  𝐹𝑏𝑟 determined by varying  𝛽 for 

the 𝑃𝑐𝑟  values of 16𝑃𝐸  and 14𝑃𝐸  for an initially crooked 

column with  𝑛𝑏 = 3. In Fig. 7(a),  𝛽𝑟𝑞
16 and  𝛽𝑟𝑞

14 represent 

brace stiffnesses required to achieve buckling strengths of 

16 𝑃𝐸  and 14 𝑃𝐸 , respectively, under the condition 

that  𝐹𝑏𝑟 becomes infinite. The equations for the BEM 

corresponding to this mode were used to determine the 
𝛽

𝑃𝐸
−

𝐹𝑏𝑟

𝑃𝑐𝑟
𝑓  relationships because the values of 𝑃𝑐𝑟  fall within the 

range of the third buckling mode. Even for a buckling load 

of 16𝑃𝐸 , where the buckling mode changed, the BEM 

equations for the third mode were applied because the 

buckling mode could not transition to a higher mode 

without an increase in the buckling load. Buckling strengths 

of 16𝑃𝐸  and 14𝑃𝐸  (100 and 87.5 % of the full bracing 

strength) are developed for initially crooked columns 

with 𝛽 values of 2𝛽𝑟𝑞
16 and 2𝛽𝑟𝑞

14, and the 𝐹𝑏𝑟 values obtained 

using FEA are 0.0315𝑃𝑐𝑟
𝑓
 and 0.0224 𝑃𝑐𝑟

𝑓
. These 𝐹𝑏𝑟 values 

are more than two or three times larger than the expected 

0.01𝑃𝑐𝑟
𝑓

, which is calculated by multiplying the 𝛽 by an 

amplification factor of two to ensure that these forces are 

not excessively large (Winter 1960, Lutz and Fisher 1985, 

Plaut 1993, Plaut and Yang 1993, Yura 1994, Yura 1995, 

Galambos 1998, AISC 2022). However, 𝐹𝑏𝑟 values obtained 

using the BEM approach are  0.0381𝑃𝑐𝑟
𝑓
 and  0.0334𝑃𝑐𝑟

𝑓
, 

which are larger than those determined by the FEA. 

Fig. 7(b) shows the relationship between 𝛽 and 𝐹𝑏𝑟, as 

determined by varying the 𝛽 for 𝑃𝑐𝑟  values of 9𝑃𝐸  and 

6𝑃𝐸  of an initially crooked column with 𝑛𝑏 = 2. The values 

of 𝑃𝑐𝑟  fall within the range of the second buckling mode, 

and therefore, the equations for the BEM corresponding to 

th i s  mode  were  u sed  for  de termin ing  th e  
𝛽

𝑃𝐸
−

𝐹𝑏𝑟

𝑃𝑐𝑟
𝑓  relat ionships.  For  ini t ia l ly  crooked columns 

with 𝛽 values of 2𝛽𝑟𝑞
9  and 2𝛽𝑟𝑞

6 ,when buckling strengths of 

9𝑃𝐸  and 6𝑃𝐸  (100 and 67 % of the full bracing strength) are 

developed. For the full bracing column strength 

(9𝑃𝐸), 𝐹𝑏𝑟 was greater than 0.01𝑃𝑐𝑟
𝑓

, whereas for ~ 67 % of 

the full bracing strength, 𝐹𝑏𝑟  was less than 0.01𝑃𝑐𝑟
𝑓

. 

However, the 𝐹𝑏𝑟 values obtained using the BEM approach  
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were  0.0224𝑃𝑐𝑟
𝑓
 and  0.0150𝑃𝑐𝑟

𝑓
, which were larger than 

those determined by the FEA. 

F i g .  7 ( c )  s h o w s  t h e  r e l a t i o n s h i p 

between  𝛽 and  𝐹𝑏𝑟 values determined  by varying 

the 𝛽 for 𝑃𝑐𝑟  values of 4𝑃𝐸  and 2𝑃𝐸  of an initially crooked 

column with 𝑛𝑏 = 1. The values of 𝑃𝑐𝑟  fall within the range 

of the first buckling mode, and therefore, the equations for 

the BEM corresponding to this mode are used to determine 

the 
𝛽

𝑃𝐸
−

𝐹𝑏𝑟

𝑃𝑐𝑟
𝑓  relationships. For initially crooked columns  

 

 

with 𝛽 values of 2𝛽𝑟𝑞
4  and 2𝛽𝑟𝑞

2 , when buckling strengths of 

4𝑃𝐸  and 2𝑃𝐸  (100 and 50 % of the full bracing strength) are 

developed. For the full bracing strength (4𝑃𝐸 ),  𝐹𝑏𝑟 was 

greater than 0.01𝑃𝑐𝑟
𝑓

, whereas for the 50 % full bracing 

strength, 𝐹𝑏𝑟 was less than 0.01𝑃𝑐𝑟
𝑓

. Meanwhile, the BEM 

approach yielded almost the same  𝐹𝑏𝑟 values as those 

determined using FEA. 

Fig. 7(d) shows the relationship between 𝛽 and 𝐹𝑏𝑟 

determined by varying 𝛽 for 𝑃𝑐𝑟  values of 12.6𝑃𝐸  and 8𝑃𝐸  of 

  
(a)  (b)  

  
(c) (d) 

  
(e) (f) 

Fig. 7 Relationships between 
𝛽𝐿𝑐

𝑃𝐸
 and 

𝐹𝑏𝑟

𝑃𝑐𝑟
𝑓  for imperfect elastic columns. (a) Third mode for nb = 3, (b) second

  mode for nb = 2, (c) first  mode for nb = 1, (d) second mode for nb = 3, (e) first mode for nb = 3, and (f) first mo

de for nb = 2. 
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an initially crooked column with 𝑛𝑏 = 3. Since the values 

of 𝑃𝑐𝑟  fall within the range of the second buckling mode, the 

equations for the BEM corresponding to this mode were 

used to determine the 
𝛽

𝑃𝐸
−

𝐹𝑏𝑟

𝑃𝑐𝑟
𝑓  relationships. For initially 

crooked columns with 𝛽 values of  2𝛽𝑟𝑞
12.6 and  2𝛽𝑟𝑞

8 , when 

buckling strengths of 12.6𝑃𝐸  and 8𝑃𝐸  (79 and 50 % of the 

full bracing strength) were developed, the  𝐹𝑏𝑟 values 

obtained using FEA were 0.0082𝑃𝑐𝑟
𝑓
 and  0.0053𝑃𝑐𝑟

𝑓
, both 

less than 0.01𝑃𝑐𝑟
𝑓

. Practically, the BEM approach produced 

the same 𝐹𝑏𝑟 values as those in that of the FEA. 

Figs. 7(e) and 7(f) show the relationship 

between  𝛽 and  𝐹𝑏𝑟 determined by varying 

the  𝛽 for  𝑃𝑐𝑟  values of 4.993𝑃𝐸  and 2𝑃𝐸  for an initially 

crooked column with 𝑛𝑏 = 3, and 4.972𝑃𝐸  and 2𝑃𝐸  for an 

initially crooked column with  𝑛𝑏 = 2 . Since the values 

of 𝑃𝑐𝑟  fall within the range of the first buckling mode, the 

equations for the BEM corresponding to this mode were 

used to determine the 
𝛽

𝑃𝐸
−

𝐹𝑏𝑟

𝑃𝑐𝑟
𝑓  relationships. For initially 

crooked columns with  𝑛𝑏 = 3 and  𝛽 values 

of  2𝛽𝑟𝑞
4.993 and  2𝛽𝑟𝑞

2 , the  𝐹𝑏𝑟 values obtained using FEA 

are 0.000762𝑃𝑐𝑟
𝑓
 and 0.000309𝑃𝑐𝑟

𝑓
, which are both less than 

 

 

0.01𝑃𝑐𝑟
𝑓

, when buckling strengths of 4.993𝑃𝐸  and 2𝑃𝐸  (31.2 

and 12.5 % of the full bracing strength) are developed.  

Similarly, for  𝑛𝑏 = 2 and  𝛽 values 

of  2𝛽𝑟𝑞
4.972 and  2𝛽𝑟𝑞

2 , when buckling strengths of 

4.972𝑃𝐸  and 2𝑃𝐸  (55.2 and 22.5 % of the full bracing 

strength) are developed, the  𝐹𝑏𝑟 obtained using FEA 

are 0.000762𝑃𝑐𝑟
𝑓

 and 0.000309𝑃𝑐𝑟
𝑓

, which are also less than 

0.01 𝑃𝑐𝑟
𝑓

. Practically, the BEM approach produces the 

same 𝐹𝑏𝑟 values as those in FEA. 

Even if the critical 𝛽 that causes 𝐹𝑏𝑟 to become infinite 

in achieving the buckling strength of the elastic columns is 

doubled, the resulting bracing forces for the full or nearly 

full bracing strength remain significantly greater than that 

of 0.01𝑃𝑐𝑟
𝑓

. This tendency increased with the number of 

braces. The BEM predicted slightly greater bracing forces 

than the FEA for full bracing strengths, where the buckling 

modes changed, except for 𝑛𝑏 = 1. This difference is more 

pronounced for buckling loads below the full bracing 

strength (associated with the 𝑛𝑏
𝑡ℎ  mode), where the buckling 

modes do not change, except for  𝑛𝑏 = 1 because the 

linearized model (Eq. (8)) underestimates the exact 

theoretical buckling load for a given 𝛽, thereby causing the 

BEM (Eq. (10)) to predict larger bracing forces. 

  
(a)  (b)  

  
(c) (d) 

Fig. 8 Relationships between 
𝛽𝐿𝑐

𝑃𝐸
 and 

𝑃𝑐𝑟

𝑃𝐸
 for imperfect columns by BA and LM. (a) nb=1, (b) nb = 2, (c) nb = 3, and 

(d) nb = 4. 
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4. Brace forces in columns with multiple point 
braces undergoing inelastic buckling 

 

Fig. 8 shows the relationship between 
𝛽𝐿𝑐

𝑃𝐸
 and 

𝑃𝑐𝑟

𝑃𝐸
 for 

both elastic and inelastic perfect columns with varying 

numbers of point braces. These relationships were 

determined using a linearized model (LM; Eq. (8)) of 𝛽 −
𝑃𝑐𝑟  relationships, as well as the BA employing the energy 

method and Fourier series (Kim et al. 2024). The LM 

demonstrated 
𝛽𝐿𝑐

𝑃𝐸
−

𝑃𝑐𝑟

𝑃𝐸
 relationships closely matching those 

obtained from the BA, irrespective of whether the buckling 

was elastic or inelastic. The linear constants 𝑐1 and 𝑐2 for 

the buckling load (𝑃𝑐𝑟
𝑝

, as defined in Eq. (8)) for a perfect 

column in each buckling mode should be based on the 

inelastic coordinates of the start and end points of the mode 

when using the LM to define the 𝛽 − 𝑃𝑐𝑟  relationship for 

columns undergoing inelastic buckling. The inelastic 

coordinates can be derived using Eq. (11) (Kim et al. 2024), 

which is formulated from the BA, or by scaling the elastic 

coordinates of the starting and ending points of each 

buckling mode by the corresponding stiffness reduction 

factor  𝜏. The stiffness reduction factor 𝜏 can be defined 

using Eq. (12), which was derived from the ratio of the 

inelastic buckling stress to the elastic buckling stress, as 

specified in the AISC design specification. In Eq. (11), 𝑖, 𝛼, 

and 𝛾 represent the 𝑖𝑡ℎ buckling mode, 2(𝑛𝑏 + 1), and 𝛼 −
2 × 𝑖, respectively. The stiffness reduction factors at the 

start and end points of each buckling mode can be 

determined iteratively using Eqs. (13) and (12), 

respectively, which helps ensure that the assumed 𝑃𝑐𝑟  is 

equal to the calculated 𝑃𝑐𝑟. In Eq. 13, 𝑣𝑒𝑝  is a constant that 

defines the elastic buckling load (𝑣𝑒𝑝𝑃𝐸) at the start and end 

points of each buckling mode. For a full bracing 

column, 𝑣𝑒𝑝  = (𝑛𝑏 + 1)2.  

𝛽𝐿𝑐
𝑃𝐸

=

𝜏 𝜋2

(𝑛𝑏 + 1) 

∑
1

𝑛2 (
𝑃𝑐𝑟
𝜏 𝑃𝐸

− 𝑛2)

∞

𝑛=𝑖, 𝑖+𝛾, 𝑖+𝛼, 𝑖+𝛾+𝛼, 𝑖+2𝛼,𝑖+𝛾+2𝛼, 𝑖+3𝛼,⋯

 
(11) 

𝜏 = 1.0 if  0 ≤ 𝑝 ≤ 0.39  where  𝑝 =
𝑃𝑐𝑟

𝑃𝑦
 (12a) 

𝜏 = −2.724 𝑝(ln 𝑝)  if  0.39 < 𝑝 ≤ 1.0 (12b) 

𝑃𝑐𝑟 = 𝜏𝑣𝑒𝑝𝑃𝐸 (13) 

The relationship between the buckling loads of the 

crooked and perfect columns with identical 𝛽 values differ 

between elastic and inelastic buckling. For inelastic 

buckling, Eq. (8), which defines the relationship for elastic 

buckling, was modified to Eq. (14). This change reflects the 

phenomenon in which the ratio of initial crookedness to 

lateral displacement decreases sharply compared to that 

with elastic buckling when the yielding progresses. In Eq. 

(14), 𝑓(𝜏) represents an empirically determined function 

of 𝜏. Solving Eq. (14) for ∆ results in Eq. (15). The 𝐹𝑏𝑟 

is defined by Eq. (16) as the product of 𝛽 and Eq. (15). In 

Eq. 16(b), 𝑖 represents the 𝑖𝑡ℎ buckling mode. 

𝑃𝑐𝑟[1 + 𝑓(𝜏)
∆0
∆
] = 𝑃𝑐𝑟

𝑝
 (14) 

∆=
𝑃𝑐𝑟

𝑃𝑐𝑟
𝑝
− 𝑃𝑐𝑟

𝑓(𝜏)∆0=
𝑃𝑐𝑟

𝑐1 + 𝑐2𝛽 − 𝑃𝑐𝑟
𝑓(𝜏) ∆0 (15) 

𝐹𝑏𝑟 = 𝛽∆=
𝛽𝑃𝑐𝑟

𝑐1 + 𝑐2𝛽 − 𝑃𝑐𝑟
𝑓(𝜏) ∆0 

                =
𝛽𝑃𝑐𝑟

𝑐1 + 𝑐2𝛽 − 𝑃𝑐𝑟

1

500(𝑛𝑏 + 1)
𝑓(𝜏) 

(16a) 

𝑓(𝜏) = 1 for the first buckling mode 

𝑓(𝜏)= 𝜏
2

𝑛𝑏
𝑖−𝜏 1

√(𝑖+0.3)𝜏
 for the other buckling modes 

(16b) 

Fig. 9 shows the relationships between 
𝛽𝐿𝑐

𝑃𝐸
 and 

𝐹𝑏𝑟

𝜏𝑃𝑐𝑟
𝑓  for 

two buckling loads of initially crooked inelastic columns 

with  𝑛𝑏 = 1, 2, and 3 obtained using FEA and BEM. 

For 𝑛𝑏 = 1 and 𝑛𝑏 = 2 (Figs. 9(b)-9(d)), the mode changes 

at larger buckling loads, whereas it remains unchanged at 

smaller buckling loads. For 𝑛𝑏 = 3 (Fig. 9(a)), the mode 

changes at both buckling loads; the larger value corresponds 

to the full bracing strength, and the smaller value 

corresponds to the partial bracing strength. The shape of the 

initial imperfection for each buckling mode of the column 

used in both FEA and BEM was identical to that shown in 

Fig. 4. An inelastic buckling analysis using FEA was 

conducted by performing an elastic buckling analysis with 

the tangent modulus. The relationship between the point 

brace stiffness and buckling load for a column undergoing 

inelastic buckling directly corresponds to that of a column 

undergoing elastic buckling, which is adjusted by a stiffness 

reduction factor corresponding to the inelastic buckling 

load. A critical brace stiffness exists at which the bracing 

force becomes infinite for a given buckling load associated 

with a specific stiffness reduction factor. Consequently, if 

an elastic buckling analysis is performed using FEA with 

the same tangent modulus and critical brace stiffness, it will 

yield the target buckling load at which the bracing force 

becomes infinite. At this target buckling load, an elastic 

FEA using the same tangent modulus and varying brace 

stiffness can predict the bracing forces for each brace 

stiffness identical to those obtained from an inelastic 

buckling analysis. Pcr=5.68PE 

F i g .  9 ( a )  i l l u s t r a t e s  t h e  r e l a t i o n s h i p 

between 𝛽 and 𝐹𝑏𝑟 obtained by varying 𝛽 for buckling loads 

Pcr=5.68PE and Pcr=5.48PE of an initially crooked column 

with 𝑛𝑏 = 3. The BEM equations for the associated modes 

were used to determine the 
𝛽

𝑃𝐸
−

𝐹𝑏𝑟

𝜏𝑃𝑐𝑟
𝑓  relationships because 

these 𝑃𝑐𝑟  values fall within the range of the third and second 

buckling modes, respectively. For initially crooked columns 

with 𝛽 values of 2𝛽𝑟𝑞
5.68 and 2𝛽𝑟𝑞

5.48, when buckling strengths 

of 5.68PE and 5.48PE (100 and 96.5 % of the full bracing 

strength) are developed. For the full bracing strength 

(5.68𝑃𝐸), 𝐹𝑏𝑟 is more than three times greater than 0.01𝜏𝑃𝑐𝑟
𝑓

, 

while for 96.5 % full bracing strength, 𝐹𝑏𝑟 is less than 

0.01𝜏𝑃𝑐𝑟
𝑓

. On the other hand, 𝐹𝑏𝑟  values obtained using the 
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BEM approach are  and 0.0078 𝜏𝑃𝑐𝑟
𝑓

 (0.0114 𝑃𝑐𝑟
𝑓

 and 

0.0034𝑃𝑐𝑟
𝑓

) which are larger than those determined by FEA, 

respectively. 

Fig. 9(b) illustrates the relationship between β and Fbr 

obtained by varying 𝛽 for buckling loads Pcr=6.00PE and 

Pcr=5.50PE of an initially crooked column with 𝑛𝑏 = 2. 

These  𝑃𝑐𝑟  values fall within the range of the second 

buckling mode, and therefore, the equations for the BEM 

corresponding to this mode were used to determine the 
𝛽

𝑃𝐸
−

𝐹𝑏𝑟

𝜏𝑃𝑐𝑟
𝑓  relationships. For initially crooked columns with β 

values of 2𝛽𝑟𝑞
6.00 and 2𝛽𝑟𝑞

5.50 the Fbr values obtained using 

FEA are 0.0181 𝜏𝑃𝑐𝑟
𝑓

 and 0.0123 𝜏𝑃𝑐𝑟
𝑓
 (0.0121 𝑃𝑐𝑟

𝑓
 and 

0.0094 𝑃𝑐𝑟
𝑓

) which are both significantly larger than 

0.01 𝜏𝑃𝑐𝑟
𝑓
 when buckling strengths of 

6.00𝑃𝐸  and 5.50 𝑃𝐸  (100 and 91.7 % of the full bracing 

strength) are developed. The 𝐹𝑏𝑟 values obtained using the 

BEM approach are 0.0181𝜏𝑃𝑐𝑟
𝑓

and 0.016𝜏𝑃𝑐𝑟
𝑓

 0.0121𝑃𝑐𝑟
𝑓

 

and 0.0128𝑃𝑐𝑟
𝑓

 which are larger than those determined by 

FEA, respectively. 

Fig. 9(c) illustrates the relationship between β and Fbr  
obtained by varying β for buckling loads Pcr=4.56PE and 

Pcr=3.31Pe of an initially crooked column with 𝑛𝑏 = 2. 

Since these Pcr values fall within the range of the first  

 

 

buckling mode, the equations for the BEM corresponding to 

this mode were used to determine the  
𝛽

𝑃𝐸
−

𝐹𝑏𝑟

𝜏𝑃𝑐𝑟
𝑓  relationships. For initially crooked columns with β 

values of 2𝛽𝑟𝑞
4.56 and 2𝛽𝑟𝑞

3.31  when buckling strengths of 

4.56PE and 3.31PE (75.9 and 55.2 % of the full bracing 

strength) are developed. 𝐹𝑏𝑟 values obtained using the BEM 

approach are 0.00250𝜏𝑃𝑐𝑟
𝑓

 and 0.00167 𝜏𝑃𝑐𝑟
𝑓
 (0.00229𝑃𝑐𝑟

𝑓
 

and 0.00167𝑃𝑐𝑟
𝑓

), which are larger than those determined by 

that using FEA. 

Fig. 9(d) illustrates the relationship between β and Fbr 

obtained by varying β for buckling loads Pcr=2.94PE and 

Pcr=2.45Pe of an initially crooked column with nb=1. Since 

these Pcr values fall within the range of the first buckling 

mode, the equations for the BEM corresponding to this 

mode were used to determine the 
𝛽

𝑃𝐸
−

𝐹𝑏𝑟

𝜏𝑃𝑐𝑟
𝑓  relationships. 

For initially crooked columns with β values of 2𝛽𝑟𝑞
2.94 and 

2𝛽𝑟𝑞
2.45 when buckling strengths of 2.94PE and 2.45PE (100 

and 83.3 % of the full bracing strength) are developed. 
For the full bracing strength (2.94PE), Fbr is larger than 

0.01𝜏𝑃𝑐𝑟
𝑓

, while for the 83.3 % full bracing strength, Fbr is 

less than 0.01𝜏𝑃𝑐𝑟
𝑓

. Meanwhile, the Fbr values obtained 

using the BEM approach are which are 0.0121𝜏𝑃𝑐𝑟
𝑓

 and 

 
 

(a)  (b)  

 
 

(c) (d) 

Fig. 9 Relationships between 
𝛽𝐿𝑐

𝑃𝐸
 and 

𝐹𝑏𝑟

𝜏𝑃𝑐𝑟
𝑓  for the imperfect inelastic columns. (a) Third and second modes for nb =

3, (b) second mode for nb = 2, (c) first mode for nb = 2, and (d) first mode for nb = 1 
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(a) (b) 

Fig. 10 Point braces for W-shaped columns. (a) Four-point 

braces, and (b) five-point braces 

 

 

0.0083𝜏𝑃𝑐𝑟
𝑓
 (0.0089𝑃𝑐𝑟

𝑓
 and 0.0074𝑃𝑐𝑟

𝑓
), larger than those 

determined by FEA, respectively. 

Even if the critical 𝛽 that causes 𝐹𝑏𝑟 to become infinite 
for achieving the buckling strength of inelastic columns is 

doubled, the resulting  𝐹𝑏𝑟 values for full or nearly full 

bracing column strength still significantly exceed 0.01𝜏𝑃𝑐𝑟
𝑓

. 

Similar to elastic buckling, this tendency increases with the 

number of braces. Similar to elastic buckling, the BEM 

approach for inelastic buckling tends to predict slightly 

higher bracing forces than that of the FEA for buckling 

loads where the buckling modes change. This disparity 

becomes even more pronounced for buckling loads without 

mode changes because the linearized model (Eq. (8)) 

underestimates the exact theoretical buckling load for a 

given 𝛽, thereby leading to BEM (Eq. (16)) for predicting 

significantly higher 𝐹𝑏𝑟 values. 
 

 

5. Design of intermediate point braces for columns 
 

The design of column point braces involves satisfying 

stiffness requirements for achieving a specific buckling load 

and ensuring that braces satisfy strength requirements to 

withstand forces generated by this buckling load. The 

stiffness requirements are defined using Eq. (11), which 

describes the exact 𝛽- 𝑃𝑐𝑟  relationships. In this study, a 

linearized model (Eq. (8)) is used because it facilitates the 

definition of the 𝛽- 𝑃𝑐𝑟  relationships for each buckling 

mode, defined by Eq. (11), to establish the stiffness 

requirements. Eq. (17) provides stiffness requirements 

based on a linearized model. In Eq. (17), 𝑙𝑏𝑓  can be 

selected to be greater than or equal to 1 through trial and 

error in the bracing design process for ensuring that the 

smallest possible bracing size is achieved. This parameter 

serves as an amplification factor for limiting excessive 

bracing forces. In addition, in Eq. (17), 𝜙 can be set to 

0.75. The strength requirements (𝑃𝑏𝑟) from the buckling 

load equivalence model are the same as 𝐹𝑏𝑟 defined by Eq. 

(16). 

𝛽 =
𝑙𝑏𝑓

𝜙

𝑃𝑐𝑟 − 𝑐1
𝑐2

 (17) 

 

 

A design study was conducted to apply one to five 

equally spaced point braces to 18.29 m columns undergoing 

elastic and inelastic buckling. Fig. 10 shows W-shaped 

columns with four- and five-point braces. All columns had a 

yield stress of 344.7 MPa, a Young’s modulus of 205,000 

MPa, and a Poisson’s ratio of 0.3. For elastic buckling, the 

point braces were designed for buckling loads of 4𝑃𝐸 , 9𝑃𝐸 , 

16 𝑃𝐸 , and 25 𝑃𝐸  in the W14 × 90 columns, which 

correspond to the number of braces. For inelastic buckling, 

braces were designed for the buckling loads of 3.60𝑃𝐸 , 

5.05 𝑃𝐸 , 5.68 𝑃𝐸 , and 6.00 𝑃𝐸 , thereby matching the 

maximum inelastic buckling strength of columns with one-

to-four-point braces, respectively. The W-shaped beams 

shown in Fig. 10 served as point braces. The required 

moment of inertia was calculated by equating the brace 

stiffness with the ratio of the central load to the vertical 

deflection of the beam. The required plastic sectional 

modulus was determined by equating 90 % of the plastic 

moment to the maximum moment caused by 𝑃𝑏𝑟  (AISC 

2019).  

Table B-1 in Appendix B presents the stiffness, forces, 

and member sizes of point braces for elastic columns with 

one- to five-point braces under various buckling loads. The 

required brace stiffness and strength for each buckling load 

decreases with an increase in the number of point braces, 

regardless of the buckling strength. If availability is not a 

constraint, increasing the number of braces reduces their 

member size. The stiffness requirement rises with an  

 

 

(a) (b) 

 
 

(c) (d) 

Fig. 11 Comparison of buckling loads from FEA and the 

AISC column strength curve. (a) Initial imperfection, (b) 

residual stress pattern (Galambos and Ketter 1959), (c) 

FEA model, and (d) verification of FEA results with the 

AISC column strength curve. 
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increase in 𝑙𝑏𝑓, while decreasing the strength requirement. 

The 𝑙𝑏𝑓 values in Table B-1, which minimize point brace 

member size, were found to be 1 for all but two buckling 

loads, with the largest value being 1.196. These values are 

significantly lower than the commonly used factor of 2, 

which is intended to prevent large bracing forces. The 

increase in 𝑛𝑏 and 𝑃𝑐𝑟
𝑓

 from 1 and 4𝑃𝐸  to 4 and 25𝑃𝐸  

causes the optimal amplification factor (𝑙𝑏𝑓 ) which 

minimizes the weight of a W-shaped cross-section to rise 

from 1–1.196. In addition, the design shifts from being 

dominated by stiffness requirements to being governed by 

strength requirements. The strength requirement 𝑃𝑏𝑟  for 

fully braced columns with 𝑛𝑏 = 1 to 𝑛𝑏 = 4 determined 

using these 𝑙𝑏𝑓  values ranges from 0.0213 𝑃𝑐𝑟
𝑓

 to 

0.0823𝑃𝑐𝑟
𝑓

, which is approximately 2.1–8.2 times higher 

than that of the strength requirement of the AISC of 

0.01 𝑃𝑐𝑟
𝑓

. Although using these optimal 𝑙𝑏𝑓 values increase 

the strength requirement, they reduce the stiffness 

requirement and enables smaller  member sizes. 

Table B-2 in Appendix B presents similar data for  

inelastic columns. Similar to elastic columns, the required 

brace stiffness and strength decrease with an increase in the 

number of point braces, which reduces the member size 

when availability is not constrained. For inelastic columns, 

increasing 𝑙𝑏𝑓  raises the stiffness requirement and 

decreases the strength requirement. The 𝑙𝑏𝑓 values in Table 

B-2, which minimize the point brace member size, were 1 

for all buckling loads, regardless of the number of braces.  

These values are half of the commonly used factor of 2. 

The increase in 𝑛𝑏 and 𝜏𝑃𝑐𝑟
𝑓

, from 1 and 3.6𝑃𝐸 to 4 and 

6.0𝑃𝐸  does not alter the optimal amplification factor (𝑙𝑏𝑓) 

of 1, which minimizes the weight of a W-shaped cross-

section. However, the design shifts from being dominated 

by stiffness requirements to being governed by strength 

requirements. The strength requirement 𝑃𝑏𝑟  for fully 

braced columns with 𝑛𝑏 = 1 to 𝑛𝑏 = 4, determined using 

these 𝑙𝑏𝑓 values, ranges from 0.0221𝜏𝑃𝑐𝑟
𝑓

 to 0.0791𝜏𝑃𝑐𝑟
𝑓

, 

approximately 2.2–7.9 times higher than the requirement of 

the AISC. 

The required brace stiffness 𝛽 (or the second moment  

 

 

of inertia 𝐼𝑟𝑒𝑞) increases linearly with a steep slope (Eq. 

(17)) with an increase in 𝑙𝑏𝑓, while bracing forces (Eq. 

(16)) decrease nonlinearly. For 𝑙𝑏𝑓 ≥ 1 (𝑙𝑏𝑓/𝜙 = 1.33), 

the bracing force (or required plastic section modulus 𝑍𝑟𝑒𝑞) 

decreases nearly linearly with a gentle slope. At 𝑙𝑏𝑓 = 1, 

the combination of the smallest 𝐼 and moderately low 𝑍 

resulted in a balance between the stiffness and strength 

requirements, which supports its use as an optimal value for 

efficient bracing design.  

For W-shaped sections, increasing the weight per unit 

length results in a simultaneous increase in 𝐼  and 𝑍 . 

However, 𝐼𝑟𝑒𝑞  increases as with an increase in 𝑙𝑏𝑓, while 

𝑍𝑟𝑒𝑞  decreases, creating opposing trends. In the range 

0.75 < 𝑙𝑏𝑓 < 𝑡𝑐𝑓  (1 < 𝑙𝑏𝑓/𝜙 < 1.33𝑡𝑐𝑓 ), the weight per 

unit length of the lightest W-shaped section that satisfies 

both 𝑍𝑟𝑒𝑞  and 𝐼𝑟𝑒𝑞  decreases with an increase in 𝑙𝑏𝑓 

because the strength requirement (𝑍𝑟𝑒𝑞) governs the design. 

For 𝑙𝑏𝑓 ≥ 𝑡𝑐𝑓  ( 𝑙𝑏𝑓/𝜙 ≥ 1.33𝑡𝑐𝑓 ), the weight per unit 

length of the lightest section increases with an increase in 

𝑙𝑏𝑓  because the stiffness requirement ( 𝐼𝑟𝑒𝑞 ) becomes 

dominant. The transition coefficient 𝑡𝑐𝑓  is typically 

defined as 1; however, it can increase substantially beyond 

1 as both 𝑛𝑏 and 𝑃𝑐𝑟
𝑓

 increase significantly, particularly in 

elastic buckling. The dominant state of the bracing design 

transitioned from strength to stiffness when 𝑙𝑏𝑓 = 𝑡𝑐𝑓.  

Applying a fixed 𝑙𝑏𝑓 value of 1 to the bracing design 

for inelastic buckling produces brace member sizes 

equivalent to those determined by optimally varying 𝑙𝑏𝑓, 

which identifies the smallest brace sizes. Although it can 

lead to slightly larger brace sizes for certain buckling loads, 

using a fixed 𝑙𝑏𝑓  value of 1 increases computational 

efficiency. However, this approach produces the smallest 

brace size. Smaller member sizes for point braces and more 

efficient designs were achieved across all buckling loads by 

applying an optimal varying 𝑙𝑏𝑓, which allows strength to 

exceed AISC specification values and stiffness to fall below 

them for elastic and inelastic buckling (or 𝑙𝑏𝑓 = 1 for 

inelastic buckling), to linearized stiffness requirements from 

Eq. (17) and the strength requirement from Eqs. (16), which 

reasonably predict the bracing forces. This approach is  

 

  
 

(a)  (b) (c)  (d) 

Fig. 12 FEA-modeled columns and their initial and final geometries. (a) Initial imperfections, (b) elastic buckling, (c) 

inelastic buckling, and (d) final buckled shapes 

 . ∆ 
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− .    ∆ 

− . ∆ 

 . ∆ 
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more efficient than the AISC method, where a fixed 𝑙𝑏𝑓 of 

the two results in unnecessarily high stiffness and low 

strength requirements. The linearized stiffness and proposed 

strength requirements, whether using a fixed 𝑙𝑏𝑓 = 1 or an 

optimally varying 𝑙𝑏𝑓, lead to a lower bracing stiffness, 

higher strength, and smaller member size for point braces, 

which optimizes both stiffness and strength. 

FEA was performed on the columns shown in Fig. 10 

with 𝑛𝑏 = 3 and 𝑛𝑏 = 4 to validate the bracing design 

for columns with point braces. The FEA models are 

calibrated by comparing the buckling loads obtained 

through the FEA with AISC column strength curves, as 

shown in Fig. 11. 

The initial imperfections and residual stress distributions 

for columns with slenderness ratios ranging from 39.3–

196.3, as shown in Fig. 11, are incorporated into the FEA. 

Flanges and webs are modeled as shell elements (S4R 

elements) to consider both geometrical and material 

nonlinearities, and residual stresses. Through mesh 

refinement, the number of analytical elements increased  

from 640 to 3184 with an increase in the slenderness ratio 

from 39.3 to 196.3 with a constant mesh size of 46 × 46 mm 

used across all models. The load and boundary conditions 

of the FEA models were same as those provided in Section 

2. In addition, the point braces were modeled using spring 

elements (Spring) with an elastic axial stiffness of β. These 

spring elements were attached to the designated brace 

points, and each brace point was connected to the web 

section using the multi-point constraints (MPC) option  

 

 

 

provided in the ABAQUS program. The ratio of buckling 

loads from the FEA to those from the AISC column strength 

curves for six different configurations was found to range 

from 0.972 to 0.999, which confirms that the FEA closely 

aligns with the AISC column strength curves. 

Among the bracing designs in Tables B-1 and B-2 in 

Appendix B, those for the full bracing of columns with 

𝑛𝑏 = 3  and 𝑛𝑏 = 4  subjected to elastic and inelastic 

buckling were selected for FEA verification, as shown in 

Fig. 12. The residual-stress distribution and initial 

imperfections applied to FEA models are shown in Figs. 

11(b) and 12(a), respectively. The initial imperfections in 

Fig. 12(a) represent the zigzag-type third and fourth 

eigenmodes for columns with 𝑛𝑏 = 3 and 𝑛𝑏 = 4, which 

are expected to produce the largest bracing forces. The 

point braces were modeled using spring elements for 

minimizing the restraint of column deformation, thereby 

enabling the maximum possible bracing force to occur. A 

multipoint constraint (MPC) option was applied to the 

cross-section at the installation location to mitigate stress 

concentrations in the column web caused by spring element 

installation. Table 1 compares bracing forces determined 

from the FEA with the strength requirements of the 

buckling load equivalence model for point braces. 

For braces with 𝑛𝑏 = 3  and 𝑛𝑏 = 4  subjected to 

elastic buckling, bracing forces determined by FEA were 

respectively −20.5 and 30.6 % smaller than those calculated 

using the strength requirements from BEM. For inelastic 

buckling, the discrepancies were significantly larger, with 

the FEA-determined bracing forces being 218.7 and 812.7 

Table 2 Bracing forces from beam-element FEA and shell-element FEA 

Type 𝑛𝑏 𝜏𝑃𝑐𝑟
𝑓

 

Beam-element FEA Shell-element FEA 

𝜏 (
𝑃𝑏𝑟
𝑃𝐸

)
𝐹𝐸𝐴

 (
𝑃𝑏𝑟

𝜏𝑃𝑐𝑟
𝑓
)

𝐹𝐸𝐴.

 
Difference 

(%) 
(
𝑃𝑏𝑟
𝑃𝐸

)
𝐹𝐸𝐴

 (
𝑃𝑏𝑟

𝜏𝑃𝑐𝑟
𝑓
)

𝐹𝐸𝐴.

 
Difference 

(%) 

Elastic 

buckling 

3 16𝑃𝐸 1 1.046 0.065 −8.9 1.046 0.065 −8.9 

4 25𝑃𝐸 1 1.003 0.04 105.1 1.733 0.069 18.7 

Inelastic 

buckling 

3 5.68𝑃𝐸 
𝜏𝑎 

𝜏𝑏 

0.35522 

0.48396 

0.471 

0.132 

0.083 

0.023 

-30.3 

148.7 
0.128 0.023 156.5 

4 6.0𝑃𝐸 
𝜏𝑎 

𝜏𝑏 

0.24011 

0.336 

0.146 

0.090 

0.024 

0.015 

225.1 

427.3 
0.123 0.021 285.9 

Table 1 Comparison of bracing forces from FEA and the buckling load equivalence model 

Type 𝑛𝑏 𝜏𝑃𝑐𝑟
𝑓

 
𝛽𝐿𝑐
𝑃𝐸

 (
𝑃𝑏𝑟
𝑃𝐸

)
𝐵𝐸𝑀.

 (
𝑃𝑏𝑟

𝜏𝑃𝑐𝑟
𝑓
)

𝐵𝐸𝑀.

 (
𝑃𝑏𝑟
𝑃𝐸

)
𝐹𝐸𝐴

 (
𝑃𝑏𝑟

𝜏𝑃𝑐𝑟
𝑓
)

𝐹𝐸𝐴.

 
Difference 

(%) 

Elastic 

buckling 

3 16𝑃𝐸 
321.24 

(147.1 %) 
0.9528 0.0595 1.199 0.075 −20.5 

4 25𝑃𝐸 
722.22 

(159.5 %) 
2.0573 0.0823 1.575 0.063 30.6 

Inelastic 

buckling 

3 5.68𝑃𝐸 
103.46 

(133.3 %) 
0.3283 0.0578 0.103 0.018 218.7 

4 6.0𝑃𝐸 
144.99 

(133.3 %) 
0.4746 0.0791 0.052 0.009 812.7 
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% smaller at 𝑛𝑏 = 3  and 𝑛𝑏 = 4 , respectively. These 

results indicate that differences between FEA and BEM 

predictions increase with an increasing 𝑛𝑏  in elastic 

buckling and are further magnified in inelastic buckling. A 

negative percentage difference indicated that FEA predicted 

a higher bracing force than that of the BEM. However, the 

difference was not sufficiently significant to exceed the 

margin provided by the safety factor. 

In inelastic buckling, the bracing force predicted by FEA 

was substantially smaller than that predicted by the BEM 

because the bracing stiffness in inelastic buckling is closer 

to the critical stiffness (refer to the numbers in parentheses 

in the 𝛽𝐿𝑐/𝑃𝐸-related column of Table 1). Near the critical 

stiffness, the relationship between bracing stiffness and 

bracing force becomes highly nonlinear (see Figs. 7 and 9), 

thereby causing small changes in the stiffness and resulting 

in substantial differences in bracing forces. Consequently, 

the bracing stiffness required by FEA and BEM to produce 

the same bracing force in this region differs significantly, 

and this can lead to pronounced differences in bracing 

forces predicted by FEA and BEM when the stiffness is 

held constant.  
Inelastic buckling analyses (Beam-Element FEA) using 

the tangent modulus, similar to the inelastic analysis in 

Section 4, were conducted using two types of stiffness 

reduction factors 𝜏𝑎  and 𝜏𝑏  to further investigate the 

bracing forces determined by FEA and BEM in inelastic 

buckling. Further, the analyses incorporated the initial 

deformation pattern shown in Fig. 12(a) and utilized beam 

elements. Further, inelastic buckling analyses (shell element 

FEA) were performed to consider the residual stress 

distribution shown in Fig. 11(b). These analyses utilized 

shell elements and accounted for a combined initial 

deformation, which incorporates modes from the first to the 

𝑛𝑏
𝑡ℎ  mode. This deformation comprises zig-zag patterns 

similar to those in Fig. 12(a) and a half-sine curve with an 

amplitude of ∆0 =  L/1470 shown in Fig. 11(a). The 

stiffness reduction factor 𝜏𝑎 defined by Eq. 12 was used 

for calibrating the BEM. In contrast, 𝜏𝑏, which is a higher 

stiffness reduction factor determined using the CRC column 

curve was defined as 𝜏 = 4 𝑝(1 −𝑝)  for 𝑝 > 0.5  and 

𝜏 = 1 for 𝑝 ≤ 0.5.  

Table 2 compares bracing forces determined from the 

shell element and beam element FEA. Since the BEM was 

calibrated to beam-element FEA with 𝜏𝑎 , the difference 

between beam-element FEA with 𝜏𝑎 and BEM is smaller 

than the difference between beam-element FEA with 𝜏𝑏 

and BEM. The beam-element FEA with 𝜏𝑎, which accounts 

for the effect of the initial deformation and reflects the 

progression of column yielding more rapidly, produced 

greater bracing forces than that of the beam-element FEA 

with 𝜏𝑏.  

The shell-element FEA, which incorporates a combined 

initial imperfection, predicts higher bracing forces than the 

shell-element FEA with only zigzag deformation, except in 

the case of elastic buckling for 𝑛𝑏 = 3 . However, for 

inelastic buckling at 𝑛𝑏 = 3 , it yields smaller bracing 

forces compared to that of the beam-element FEA with 𝜏𝑏. 

This outcome can be attributed to the fact that the shell-

element FEA tends to predict smaller bracing forces than 

that of beam-element FEA with 𝜏𝑏  because yielding is 

concentrated at locations where the zig-zag pattern is 

prominent, thereby causing the target buckling load to be 

reached without the significant lateral displacement of the 

column. These analyses indicate that the shape of the initial 

deformation has a significant effect on the magnitude of the 

bracing forces.  

These findings indicate that the shape of the initial 

deformation significantly affects the magnitude of the 

predicted bracing forces, particularly under inelastic 

buckling, where localized yielding can dominate. BEM 

produced the largest bracing force among the analyzed 

methods; however, BEM is limited in accurately defining 

bracing forces for multiple-point braces because it relies on 

the simplified assumption that the buckling load of a 

column with an initial imperfection at an infinite lateral 

displacement is equivalent to that of a perfectly straight 

column. This assumption does not account for the complex 

effects of elastic and inelastic buckling, which includes the 

sensitivity to initial imperfections and the progression of 

yielding. Although a lower strength requirement is unlikely 

to affect the size of the bracing member as the stiffness 

requirement dominates the design, more accurate bracing 

forces can be obtained by calibrating BEM with the shell-

element FEA or beam-element FEA with 𝜏𝑏 . Such a 

calibration allows the BEM to better reflect the actual 

behavior of braces under these conditions, thereby 

providing a more precise basis for design decisions. 

 
 

6. Conclusions 
 

For the economical design of column braces, by 

achieving a balance between stiffness and strength 

requirements of the column bracing systems, this study 

investigated the improved strength requirements for 

multiple-point braces in column members, which has 

remained insufficiently addressed due to the lack of 

appropriate design or analytical equations. To enable 

practical and rational design approaches, a rational brace 

strength design method for multiple-point braces is 

proposed. A summary of this study is provided below. 

• This study proposed BEM method to establish the 

relationships between the buckling load and the 

corresponding bracing forces. Based on the relationships 

between 
𝐹𝑏𝑟

𝑃𝐸
 and 

𝑃𝑐𝑟

𝑃𝐸
 obtained from the BEM, the bracing 

forces of the multiple-point braces in columns were 

evaluated and compared with the results from the 

Castigliano method (CM), winter method (WM) and finite 

element analysis (FEA) results.  

• By comparing the bracing forces obtained from the 

BEM and other analytical approaches, it was found that the 

BEM requires greater bracing stiffness than the FEA, 

making it more conservative. In contrast, the WM and CM 

tend to yield non-conservative bracing forces under full 

bracing conditions. For partial bracing, the CM, BEM, and 

WM provide more conservative results than the FEA, with 

the CM being the least conservative and the WM the most 

conservative.  

• Even when critical bracing stiffness, which causes the 
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bracing force to become infinite to reach a target buckling 

load, is doubled, the forces calculated by FEA for full or 

nearly full bracing still significantly exceed 1% of the full 

bracing column strength (0.01𝑃𝑐𝑟
𝑓

), which is the basis of 

bracing design provision specified in AISC design 

specification, for elastic buckling of columns. This trend 

intensifies with an increase in the number of braces. Similar 

trends were also observed during the inelastic buckling of 

columns with multiple-point braces. 

• The BEM approach for both elastic and inelastic 

buckling tends to predict slightly higher bracing forces than 

those obtained from the FEA, particularly at buckling loads 

associated with mode changes. This disparity becomes more 

pronounced at buckling loads without mode changes 

because the linearized model underestimates the exact 

theoretical buckling load for a given 𝛽, thereby leading to 

BEM for predicting significantly higher 𝐹𝑏𝑟 values. 

• Applying an optimal varying amplification factor that 

enables the strength to exceed the AISC specification values 

and stiffness to fall below them to the linearized stiffness 

and strength requirements from the buckling load 

equivalence model leads to smaller member sizes and more 

efficient designs. This method outperforms the AISC 

approach, in which a fixed amplification factor of two 

results in excessively high stiffness and unnecessarily low 

strength requirements. The proposed approach effectively 

reduces bracing stiffness, increases strength, and optimizes 

member sizes for point braces, thereby achieving a more 

balanced and economical design. 
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Table A-1 Constants for the linearized and Winter models for 𝑛𝑏 = 1 to 5 

𝑛𝑏 Mode 
Linearized model Winter model 

𝑐1 𝑐2 𝑁𝑖 𝑁𝑖 ∙ (𝑛𝑏+1) 

1 First 1.000 0.188 2 4 

2 First 1.000 0.301 1.000 3.000 

 Second 4.189 0.059 3 9.000 

3 First 1.000 0.404 0.586 2.344 

 Second 4.042 0.096 2.000 8.000 

 Third 10.269 0.026 3.413 13.652 

4 First 1.000 0.506 0.380 1.898 

 Second 4.016 0.124 1.374 6.868 

 Third 9.413 0.049 2.602 13.010 

 Fourth 19.097 0.013 3.623 18.116 

5 First 1.000 0.608 0.266 1.594 

 Second 4.006 0.151 0.991 5.947 

 Third 9.147 0.065 1.982 11.894 

 Fourth 17.623 0.029 2.974 17.841 

 Fifth 30.254 0.007 3.731 22.388 
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Table B-1 Stiffness and strength of point braces for elastic columns 

𝑛𝑏 = 5 (𝑃𝐸 = 891.0 𝑘𝑁 ; 𝑃𝑐𝑟
𝑓
= 36𝑃𝐸) 

𝑃𝑢 Buckling mode 
𝛽𝐿𝑐
𝑃𝐸

 
𝑙𝑏𝑓𝛽𝐿𝑐

𝜙𝑃𝐸
 

𝐹𝑏𝑟

𝑃𝑐𝑟
𝑓

 
𝐼𝑟𝑒𝑞 

𝑐𝑚4 

𝑍𝑟𝑒𝑞  

𝑐𝑚3 

Brace 

member 
𝑙𝑏𝑓 

4𝑃𝐸  1 4.94  6.58  0.0002  6056  77  W14X22 1.000  

9𝑃𝐸  2 33.06  44.08  0.0022  40554  695  W21X50 1.000  

16𝑃𝐸  3 106.14  141.51  0.0092  130188  2892  W30X90 1.000  

25𝑃𝐸  4 254.55  339.40  0.0320  312239  10068  W36X160 1.000  

𝑛𝑏 = 4 (𝑃𝐸 = 891.0 𝑘𝑁 ; 𝑃𝑐𝑟
𝑓
= 25𝑃𝐸  ) 

𝑃𝑢 Buckling mode 
𝛽𝐿𝑐
𝑃𝐸

 
𝑙𝑏𝑓𝛽𝐿𝑐

𝜙𝑃𝐸
 

𝐹𝑏𝑟

𝑃𝑐𝑟
𝑓

 
𝐼𝑟𝑒𝑞 

𝑐𝑚4 

𝑍𝑟𝑒𝑞  

𝑐𝑚3 

Brace 

member 
𝑙𝑏𝑓 

4𝑃𝐸  1 5.93  7.90  0.0005  7272  111  W14X22 1.000  

9𝑃𝐸  2 40.06  53.42  0.0046  49141  1013  W24X55 1.000  

16𝑃𝐸  3 134.42  179.23  0.0209  164883  4573  W30X99 1.000  

25𝑃𝐸  4 452.90  722.22  0.0823  664416  18008  W44X230 1.196  

𝑛𝑏 = 3 (𝑃𝐸 = 891.0 𝑘𝑁 ;  𝑃𝑐𝑟
𝑓
= 16𝑃𝐸) 

𝑃𝑢 Buckling mode 
𝛽𝐿𝑐
𝑃𝐸

 
𝑙𝑏𝑓𝛽𝐿𝑐

𝜙𝑃𝐸
 

𝐹𝑏𝑟

𝑃𝑐𝑟
𝑓

 
𝐼𝑟𝑒𝑞 

𝑐𝑚4 

𝑍𝑟𝑒𝑞  

𝑐𝑚3 

Brace 

member 
𝑙𝑏𝑓 

4𝑃𝐸  1 7.42  9.89  0.0012  9101  173  W16X26 1.000  

9𝑃𝐸  2 51.50  68.66  0.0117  63165  1637  W24X62 1.000  

16𝑃𝐸  3 218.43  321.24  0.0595  295526  8340  W36X135 1.103  

𝑛𝑏 = 2 (𝑃𝐸 = 891.0 𝑘𝑁 ;  𝑃𝑐𝑟
𝑓
= 9𝑃𝐸) 

𝑃𝑢 Buckling mode 
𝛽𝐿𝑐
𝑃𝐸

 
𝑙𝑏𝑓𝛽𝐿𝑐

𝜙𝑃𝐸
 

𝐹𝑏𝑟

𝑃𝑐𝑟
𝑓

 
𝐼𝑟𝑒𝑞 

𝑐𝑚4 

𝑍𝑟𝑒𝑞  

𝑐𝑚3 

Brace 

member 
𝑙𝑏𝑓 

4𝑃𝐸  1 9.96  13.28  0.0039  12216  310  W16X26 1.000  

9𝑃𝐸  2 81.00  108.00  0.0449  99356  3537  W27X84 1.000  

𝑛𝑏 = 1 (𝑃𝐸 = 891.0 𝑘𝑁 ;  𝑃𝑐𝑟
𝑓
= 4𝑃𝐸) 

𝑃𝑢 Buckling mode 
𝛽𝐿𝑐
𝑃𝐸

 
𝑙𝑏𝑓𝛽𝐿𝑐

𝜙𝑃𝐸
 

𝐹𝑏𝑟

𝑃𝑐𝑟
𝑓

 
𝐼𝑟𝑒𝑞 

𝑐𝑚4 

𝑍𝑟𝑒𝑞  

𝑐𝑚3 

Brace 

member 
𝑙𝑏𝑓 

4𝑃𝐸  1 16.00  21.33  0.0213  19626 747  W18X35 1.000  
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