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Abstract.  In the present study, free vibration analysis of an FG plate has been performed by employing 
trigonometric shear deformation plate theory. The selection of an appropriate homogenization model is 
important as it could significantly influence the material behavior. Therefore, well-known micromechanical 
models such as Voigt, Reuss, and representative volume element method have been studied and their results 
are compared. The effect of various boundary conditions was also seen by changing the boundary conditions 
as SSSS, CCCC, CSCS, and FCFC. The mechanical properties change uni-directionally across the thickness 
according to a simple power law. Hamilton’s principle is applied to derive the governing equations of 
motion, and Navier-type analytical solutions are formulated for vibration analysis. The study examined the 
impact of the power-law index, length-to-thickness ratio, micromechanical models, and boundary conditions 
on the natural frequencies of the FG plate.  
 

Keywords:  boundary conditions; FG plate; free vibration; functionally graded material; micromechanical 
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1. Introduction 

 
Functionally graded materials (FGMs) are special composites in which the material properties 

change along specific directions. The changes in the properties arise because of a change in 

composition, microstructure, or porosity Almasi et al. (2016). Usually, the fabrication involves the 

mixing of two or more materials to obtain functional requirements. Additionally, based on the 

application, the gradation variation can be unidirectional, bidirectional, or multidirectional Hadji et 

al. (2024). This smooth transition in material properties can be customized to meet the 

requirements of various industries and engineering applications (Bakar et al. 2018, Birman and 
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Kardomateas 2018, Ermakova et al. 2019). FGMs provide a gradual variation in microstructure, 

reducing property mismatches across the interface (Suresh and Mortensen, 1997). Bending 

analysis of FG rotating disks under different boundary conditions was carried out using a semi-

analytical solution. They found that stress induced in an FG disk was lower compared to disks 

made up of isotropic material (full-metal and full-ceramics) were higher than stresses induced in 

an FG disk Bayat et al. (2008). Presented an analytical solution of sound transmission loss 

corrugated core FGM plates filled with a porous material, wherein two modes of FGM sandwich 

plates were considered, which contain one with homogeneous face sheets, metal or ceramic, and 

FGM core, and the other with FGM face sheets and homogeneous metal or ceramic core Wang et 

al. (2024). 

A 3D vibration analysis of layered FG cylindrical sandwich shells was performed analytically 

Arefi et al. (2018). The most important result they obtained was that the frequency decreases when 

the index of non-homogeneous (FGP) layers increases, while the frequency rises significantly 

when the ratio of the thickness of the middle layer to the length of the cylinder increases. A first-

order shear deformation theory was used to study the behavior of vibration of FGM truncated 

conical shells surrounded by Winkler and Pasternak foundation. The shear strains lead to a 

reduction of the value of the frequency parameters from 2.71% to 0.58%. The dynamic stability of 

a functionally graded orthotropic cylindrical shell resting on an elastic foundation under a linearly 

increasing load, with the influence of damping, was investigated by Gao et al. (2018). Further, the 

third-order shear deformation theory is used to analyze the free vibration of a 2D-FGM beam 

under different boundary conditions Karamanlı, (2018). They found that increasing the gradient 

index in the direction of the thickness leads to a reduction in natural frequencies of clamped-

clamped 2D-FGB. Investigated free and forced vibrations of both FG and homogeneous thick 

plates by employing the meshless local Petrov-Galerkin approach with higher-order and normal 

deformable shear deformation plate theory Qian et al. (2003). 

Vibration and buckling analysis were performed on a circular cylindrical shell using higher-

order shear deformation theory and Hamilton’s principle Lang and Xuewu (2013). The free 

vibration of stiffened FGM cylindrical shells resting on the Pasternak elastic foundation using a 

semi-analytical finite strip approach with various shell theories was performed Kim (2015). The 

porosity influence on the free vibration of FGM nanoplates resting on a Winkler and Pasternak 

foundation was studied Mechab et al. (2016). Examined free vibrations of porous FGM 

rectangular plates under uniform elastic boundary conditions by applying an improved Fourier 

series approach Zhao et al. (2019). The nonlinear vibration response of functionally graded thick 

plates under thermal stress, supported by an elastic foundation, was analyzed using the third-order 

shear deformation plate theory Duc et al. (2016), which found that the foundation helps reduce 

vibration amplitude in a thermal environment. The vibration response of sandwich structures under 

varying boundary conditions, and geometrical and material parameters with and without porosity 

effects, was performed analytically (Hadji et al. 2019, Zouatnia et al. 2024). 

Dynamic analysis of homogeneous FG thick plates was performed using the meshless local 

Petrov-Galerkin approach with higher-order and normal deformable shear deformation plate 

theory Qian et al. (2003). In another study, von-Karman non-linearity and Kriging interpolation 

were employed to study the free vibration of FG circular plates under a thermal environment Zhu 

and Liew (2012). Free and forced vibration of FG thin circular plates in terms of von Karman's 

nonlinear dynamic equations with the Kantorovich time averaging method was performed 

Alibeigloo and Liew (2014). An axisymmetric bending of two-directional functionally graded 

circular and annular plates with material properties varying exponentially in thickness and radial 
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directions was performed using a semi-analytical method. The method shows high accuracy and 

computational efficiency compared to the finite element method Nie and Zhong (2007). A dynamic 

stiffness matrix method for vibration analysis of porous power-law functionally graded Levy-type 

plates was performed using Kirchhoff-Love plate theory and Hamilton’s principle. The effect of 

various parameters on eigenvalues demonstrates high accuracy and computational efficiency Ali 

and Azam (2021). The dynamic analysis of the FG plate has been thoroughly examined under 

different loading conditions using methods like simple quasi-3D hyperbolic theory Addou et al. 

(2019), integral refined plate theory (Balubaid et al. 2019) high-order shear deformation plate 

theory (Ding et al. 2023), a radial basis function-based meshless collocation Srivastava et al. 

(2025), First shear deformation theory (Bendenia et al. 2020). Hamilton’s principle along with the 

extended Kantorovich method for laminated panels, was employed and solved numerically Singh 

and Kumari (2020), a modified bulge test with FEM for MEMS diaphragms Altabey (2017), 

Higher-order shear deformation theory with Monte Carlo simulations for functionally graded 

plates (Achchhe et al. (2017). To analyze nonlocal thermoelastic nanobeams a Laplace 

transformation method was utilized Zenkour and Abouelregal (2018), while a semi-analytical 

approach is used to study magneto-thermo-elastic effects in piezoelectric hollow spheres by Allam 

et al. (2018). These findings offer valuable insights into material behavior under complex 

conditions, contributing to advancements in engineering design and analysis. 

Recently, many articles have been published on the subject of vibration of FGM structures. For 

exaples, Hadji et al. (2019) used an analytical solution for bending and free vibration responses of 

functionally graded beams with porosities: Effect of the micromechanical models. Djebbour et al. 

(2024) used an enhanced quasi-3D HSDT for free vibration analysis of porous FG-CNT beams on 

a new concept of orthotropic VE-foundations. Nebab et al. (2024) investigated the fundamental 

frequencies of cracked FGM beams with influence of porosity and Winkler/Pasternak/Kerr 

foundation support using a new quasi-3D HSDT. Hadji et al. (2025) developed dynamic behavior 

of imperfect FGM beams with various porosity distribution rates: analysis and modeling. Lakal et 

al. (2024) investigated the natural frequency analysis of FG-GNPR nanoplates under different 

boundary conditions. Ghazwani et al. (2024) examinated the high-frequency behavior of 

functionally graded porous nanobeams using nonlocal simple higher-order shear deformation 

theory. Alnujaie et al. (2025) studied Damped vibration characteristics of functionally graded 

sandwich beams resting on an advanced viscoelastic foundation model. 

The mechanical properties of composites/ FGMs can be estimated analytically or numerically. 

Analytically, there are well-known methods like the Voigt model Voigt (1889), the Reuss model 

Reuss (1929), and the Mori-Tanaka model Affdl and Kardos (1976) to name a few. The rule of 

mixture, the Voigt and Reuss models yield the upper and lower bounds because they assume that 

the binding between the phases (fiber and matrix) is perfect. Therefore, these models can be 

utilized to test newly developed models because all the developed model results must fall between 

these two bounds. However, literature reveals that these models are not effective when the 

reinforcement is of a particulate type (Madan and Bhowmick, 2021). Therefore, a modified rule of 

mixture was proposed, which consists of an empirical parameter, a stress-strain transfer ratio 

Nakamura et al. (2000). Later, the value of this parameter was identified for the Al-SiC composite 

Kapuria et al. (2008). They found that the parameter does not vary much with the composition 

change, and hence, a constant value can be considered for analysis purposes Madan et al. (2020). 

As the parameter is different for different materials so investigating the parameter experimentally 

for several composite combinations is not feasible as it incurs a huge cost and time. Therefore, 

other analytical approaches have been identified to identify the parameters for a combination of 
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metal-ceramic, metal-metal, and ceramic-ceramic materials. In one such study, an RVE-based 

technique to estimate the mechanical properties of a hybrid composite is proposed. The study was 

first validated for two-phase composites, which was later extended to three-phase composites 

Madan et al. (2025).    

This study aims to develop a trigonometric shear deformation plate theory for analyzing the 

free vibration behavior of functionally graded (FG) plates. The key innovation of this theory lies in 

the introduction of a novel shear strain shape function, which ensures a realistic distribution of 

transverse shear strains through the plate thickness. Additionally, it naturally satisfies the 

tangential stress-free boundary conditions on the plate surface without requiring a shear correction 

factor. The free vibration problem for the FG plate was solved for various micromechanical 

models. A continuous power law variation of the material property was considered along the 

thickness. The equations of motion of FG plates are obtained from Hamilton's principle and solved 

via Navier's procedure. Analytical solutions for free vibration are obtained. To validate the efficacy 

of the proposed theory, the study conducts numerous numerical validations that explore the 

influence of various geometrical parameters, boundary conditions, and grading indices.  

Moreover, the analysis was extended for different boundary conditions that have not been explored 

before. The effects of various variables, such as span-to-depth ratio, gradient index, boundary 

conditions, and micromechanical models on the free vibration of FG plates are all discussed. The 

study thus provides valuable guidance to design engineers in selecting the desired geometry and 

material parameters for different engineering applications. 

 

 

2. Effective properties of FGMs 
 

FGMs differ from conventional microstructures due to their spatially varying material 

properties, making micromechanical modeling more complex Yu and Kidane (2014). Several 

micromechanics models have been developed to determine the effective properties of FGMs. The 

following section outlines some of these models for determining the effective properties of an FG 

plate. 

 

2.1 Voigt model  
 

The Voigt model, originally proposed by Voigt (1889), is based on the assumption of uniform 

strain across all constituent phases (iso-strain condition), implying that all phases undergo the 

same deformation. Under this model, the following assumptions are made: 

✓ Uniform strain distribution across all phases 

✓ Perfect interfacial bonding between the matrix and the reinforcement 

✓ The model yields an upper bound estimate for the effective stiffness (Young’s modulus) 

of the composite. 

𝐸(𝑧) = 𝐸𝑐𝑉𝑐  + 𝐸𝑚(1 − 𝑉𝑐) (1) 

 

2.2 Reuss model 
 
The Reuss model, proposed by Reuss (1929), assumes uniform stress across all constituent 

phases (iso-stress condition), which results in different strains in each phase. Under this model, the 
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following assumptions are made: 

✓ Uniform stress distribution across all phases 

✓ Perfect bonding between the matrix and the reinforcement 

✓ The model provides a lower bound estimate for the effective stiffness (Young’s 

modulus) of the composite. 

𝐸(𝑧) =
𝐸𝑐𝐸𝑚

𝐸𝑐(1 − 𝑉𝑐) + 𝐸𝑚𝑉𝑐
 (2) 

 
2.3 Tamura model 
 
The Tamura model applies a linear rule of mixtures and incorporates an empirical fitting 

parameter called the stress-to-strain transfer(q) Benveniste, (1987), with the present assumptions: 

✓ Linear rule of mixtures with an empirical parameter q (stress-to-strain transfer ratio). 

✓ q = 0 reduces to the Reuss model, q→∞ reduces to the Voigt model. 

✓ Requires experimental calibration for q. 

The Tamura model (Benveniste 1987) extends the linear rule of mixtures by introducing an 

empirical fitting parameter, q, referred to as the stress-to-strain transfer ratio. Its underlying 

premises are as follows: 

✓ A linear rule of mixtures augmented by the parameter q. 

✓ When q = 0, the model degenerates to the Reuss lower bound approximation, whereas 

q→∞ recovers the Voigt upper-bound limit. 

✓ The value of q must be calibrated experimentally for each composite system. 

𝑞 =
𝜎1 − 𝜎2
𝜀1 − 𝜀2

 (3) 

Where when 𝑞 = 0 correspond to the Reuss rule while 𝑞 = 100 gives the Voigt rule. The 

parameter (q) can only be computed experimentally, which restricts its employability in estimating 

material properties effectively. Later, in one of the studies, the authors identified an alternative to 

estimate q numerically. The effective Young’s modulus is found as 

𝐸(𝑧) =
(1 − 𝑉𝑐)𝐸𝑚(𝑞 − 𝐸𝑐) + 𝑉𝑐𝐸𝑐(𝑞 − 𝐸𝑚)

(1 − 𝑉𝑐)(𝑞 − 𝐸𝑐) + 𝑉𝑐𝐸𝑐(𝑞 − 𝐸𝑚)
 (4) 

 

2.4 Description by a representative volume element (LRVE) 
 
The Local Representative Volume Element (LRVE) is defined at the mesoscopic scale—

significantly larger than the characteristic length of individual particles (inhomogeneities), yet 

smaller than the overall dimensions of the macroscopic specimen (Blanco et al. 2016). This 

approach is formulated under the assumption that the microstructure of the heterogeneous material 

is known. Within the deterministic micromechanical framework, the LRVE commonly employs 

volume or ensemble averages of microstructural descriptors as input. 

Using the LRVE approach, Young’s modulus can be determined as described by Akbarzadeh et 

al. (2015), based on the following assumptions: 

✓ The microstructure is statistically homogeneous at the mesoscale, 

✓ Volume averaging is applicable for homogenization, 
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✓ The size of the LRVE is much greater than that of the inhomogeneities but smaller than 

the macroscopic specimen. 

𝐸(𝑧) = 𝐸𝑚 (1 +
𝑉𝑐

𝐹𝐸 − √𝑉𝑐
3

) , 𝐹𝐸 =
1

1 −
𝐸𝑚
𝐸𝑐

 (5) 

 
2.5 Mori-Tanaka model 
 
Micromechanical models, such as the Mori–Tanaka scheme, are commonly employed to 

estimate the locally effective material properties of composite systems. This approach considers a 

two-phase composite comprising a matrix reinforced with randomly distributed spherical 

inclusions. Based on the previously outlined assumptions, Young’s modulus can be derived under 

the following conditions: 

✓ Spherical inclusions are randomly dispersed within the matrix 

✓ A dilute concentration of inclusions is assumed, allowing the use of Eshelby’s solution 

to account for interaction effects 

The effective elastic properties are influenced by the volume fraction and geometric 

characteristics (e.g., shape) of the inclusions 

𝐸(𝑧) = 𝐸𝑚 + (𝐸𝑐 − 𝐸𝑚) (
𝑉𝑐

1 + (1 − 𝑉𝑐)(𝐸𝑐/𝐸𝑚 − 1)(1 + 𝜈)/(3 − 3𝜈)
) (6) 

where 𝑉𝑐 = (
1

2
+

𝑧

ℎ
)
𝑝

is the volume fraction of the ceramic and where 𝑝 is the power law index. 

Since the effects of the variation of Poisson’s ratio (𝜈) on the response of FGM plates are very 

small Kitipornchai et al. (2006), this material parameter is assumed to be constant for 

convenience. 
 

 
3. Mathematical modeling 

 
3.1 Functionally graded plates 
 
Considered an FG plate made up of metal-ceramic phases, as shown in Fig.1. The variation of 

material properties through the plate’s thickness is modeled using a power-law distribution, as 

described by Eq. (7) (Thai and Choi 2014). This formulation is based on the following 

assumptions: 

Material properties vary smoothly and continuously through the thickness of the plate 

Poisson’s ratio is assumed to remain constant, as its variation is considered negligible 

𝑃(𝑧) = (𝑃𝑡 − 𝑃𝑏) (
𝑧

ℎ
+
1

2
)
𝑝

+ 𝑃𝑏 (7) 

where Pt and Pb denote values of the material properties at the top and bottom of the plate, 

respectively, and p is the power-law index. According to this distribution, the bottom surface (𝑧 =
−ℎ/2) of the functionally graded plate is pure metal, whereas the top surface (𝑧 = ℎ/2) is pure 

ceramics, and for different values of k, one can obtain different volume fractions of metal. 
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Fig. 1 Geometry of Rectangular FG Plate and Coordinates 

 
 
3.2 Kinematic, strain and stress relations 
 
The displacement fields can be defined by Touratier (1991): 

𝑈(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢0(𝑥, 𝑦, 𝑡) − 𝑧
𝜕𝑤𝑏
𝜕𝑥

− 𝑓(𝑧)
𝜕𝑤𝑠
𝜕𝑥

 

𝑉(𝑥, 𝑦, 𝑧, 𝑡) = 𝑣0(𝑥, 𝑦, 𝑡) − 𝑧
𝜕𝑤𝑏
𝜕𝑦

− 𝑓(𝑧)
𝜕𝑤𝑠
𝜕𝑦

 

𝑊(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤𝑏(𝑥, 𝑦, 𝑡) + 𝑤𝑠(𝑥, 𝑦, 𝑡) 

(8) 

In which t represents the time, u0 and v0 signify the displacement functions of the middle 

surfaces of the plate. Also, f(z) refers to the variation of the transverse shear strain along with the 

plate thickness. In this study, we use a sinusoidal-type shape function given by (Touratier 1991). 

𝑓(𝑧) = 𝑧 −
ℎ

𝜋
𝑠𝑖𝑛 (

𝜋𝑧

ℎ
) (9) 

It is worth mentioning that by considering f(z)=0 and f(z)=z, the presented theory will reduce to 

CPT and FSDT, respectively.  

The nonzero strains associated with the displacement field in Eq. (8) are: 

{

𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦

} = {

𝜀𝑥
0

𝜀𝑦
0

𝛾𝑥𝑦
0

} + 𝑧 {

𝑘𝑥
𝑏

𝑘𝑦
𝑏

𝑘𝑥𝑦
𝑏

} + 𝑓(𝑧) {

𝑘𝑥
𝑠

𝑘𝑦
𝑠

𝑘𝑥𝑦
𝑠
}, {

𝛾𝑦𝑧
𝛾𝑥𝑧
} = 𝑔(𝑧) {

𝛾𝑦𝑧
𝑠

𝛾𝑥𝑧
𝑠 } (10) 

where 

{

𝜀𝑥
0

𝜀𝑦
0

𝛾𝑥𝑦
0

} =

{
 
 

 
 

𝜕𝑢0

𝜕𝑥
𝜕𝑣0

𝜕𝑥
𝜕𝑢0

𝜕𝑦
+
𝜕𝑣0

𝜕𝑥}
 
 

 
 

,  {

𝑘𝑥
𝑏

𝑘𝑦
𝑏

𝑘𝑥𝑦
𝑏

} =

{
 
 

 
 −

𝜕2𝑤𝑏

𝜕𝑥2

−
𝜕2𝑤𝑏

𝜕𝑦2

−2
𝜕2𝑤𝑏

𝜕𝑥𝜕𝑦}
 
 

 
 

,  {

𝑘𝑥
𝑠

𝑘𝑦
𝑠

𝑘𝑥𝑦
𝑠
} =

{
 
 

 
 −

𝜕2𝑤𝑠

𝜕𝑥2

−
𝜕2𝑤𝑠

𝜕𝑦2

−2
𝜕2𝑤𝑠

𝜕𝑥𝜕𝑦}
 
 

 
 

, {
𝛾𝑦𝑧
𝑠

𝛾𝑥𝑧
𝑠 } = {

𝜕𝑤𝑠

𝜕𝑦

𝜕𝑤𝑠

𝜕𝑥

} (11a) 
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𝑔(𝑧) = 1 −
𝑑𝑓(𝑧)

𝑑𝑧
 (11b) 

The linear constitutive relations of an FG plate can be written as 

{

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦

} = [

𝐶11 𝐶12 0
𝐶12 𝐶22 0
0 0 𝐶66

] {

𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦

} (12a) 

{
𝜏𝑦𝑧
𝜏𝑧𝑥
} = [

𝐶44 0
0 𝐶55

] {
𝛾𝑦𝑧
𝛾𝑧𝑥
} (12b) 

in which, 

𝐶11 = 𝐶22 =
𝐸(𝑧)

1 − 𝜈2
 

𝐶12 =
𝜈 𝐸(𝑧)

1 − 𝜈2
 

𝐶44 = 𝐶55 = 𝐶66 =
𝐸(𝑧)

2(1 + 𝜈)
 

(13) 

 
3.3 Equations of motion 
 
Hamilton’s principle is employed to derive the equations of motion, following the formulation 

presented by Reddy (2002). The application of this principle is based on the following 

assumptions: 

✓ The system is conservative, with no energy dissipation 

✓ The principle of virtual work is applicable, assuming small deformations 

0 = ∫ (𝛿 𝑈 − 𝛿 𝐾) 𝑑𝑡
𝑡

0

 (11b) 

where 𝛿 𝑈 is the variation of strain energy, and 𝛿 𝐾 is the variation of kinetic energy. The 

variation of strain energy of the plate is given by  

𝛿 𝑈 = ∫[𝜎𝑥𝛿 𝜀𝑥 + 𝜎𝑦𝛿 𝜀𝑦 + 𝜏𝑥𝑦𝛿 𝛾𝑥𝑦 + 𝜏𝑦𝑧𝛿 𝛾𝑦𝑧 + 𝜏𝑥𝑧𝛿 𝛾𝑥𝑧]
𝑉

 𝑑𝑉 

       = ∫[𝑁𝑥𝛿 𝜀𝑥
0 +𝑁𝑦𝛿 𝜀𝑦

0 +𝑁𝑥𝑦𝛿 𝛾𝑥𝑦
0 +𝑀𝑥

𝑏𝛿 𝑘𝑥
𝑏 +𝑀𝑦

𝑏𝛿 𝑘𝑦
𝑏 +𝑀𝑥𝑦

𝑏 𝛿 𝑘𝑥𝑦
𝑏

𝐴

 

            +𝑀𝑥
𝑠𝛿 𝑘𝑥

𝑠 +𝑀𝑦
𝑠𝛿 𝑘𝑦

𝑠 +𝑀𝑥𝑦
𝑠 𝛿 𝑘𝑥𝑦

𝑠 + 𝑆𝑦𝑧
𝑠 𝛿 𝛾𝑦𝑧

𝑠 + 𝑆𝑥𝑧
𝑠 𝛿 𝛾𝑥𝑧

𝑠 ] 𝑑𝐴 = 0 

(15) 

where 𝐴 is the top surface and the stress resultants 𝑁, 𝑀, and 𝑆 are defined by 

(𝑁𝑖 , 𝑀𝑖
𝑏 , 𝑀𝑖

𝑠) = ∫ (1, 𝑧, 𝑓)𝜎𝑖𝑑𝑧
ℎ/2

−ℎ/2

 

(𝑖 = 𝑥, 𝑦, 𝑥𝑦) (16a) 

(𝑆𝑥𝑧
𝑠 , 𝑆𝑦𝑧

𝑠 ) = ∫ 𝑔(𝜏𝑥𝑧, 𝜏𝑦𝑧)𝑑𝑧
ℎ/2

−ℎ/2

 (16b) 
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Variation of the kinetic energy of the plate can be expressed as 

𝛿 𝐾 = ∫ ∫[𝑢̇𝛿 𝑢̇ + 𝑣̇𝛿 𝑣̇ + 𝑤̇𝛿 𝑤̇] 𝜌(𝑧) 
𝐴

ℎ
2

−
ℎ
2

𝑑𝐴 𝑑𝑧 

= ∫{𝐼0[𝑢̇0𝛿𝑢̇0 + 𝑣̇0𝛿𝑣̇0 + (𝑤̇𝑏 + 𝑤̇𝑠)(𝛿𝑤̇𝑏 + 𝛿𝑤̇𝑠)]
𝐴

 

−𝐼1 (𝑢̇0
𝜕𝛿𝑤̇𝑏
𝜕𝑥

+
𝜕𝑤̇𝑏
𝜕𝑥

𝛿 𝑢̇0 + 𝑣̇0
𝜕𝛿𝑤̇𝑏
𝜕𝑦

+
𝜕𝑤̇𝑏
𝜕𝑦

𝛿 𝑣̇0) 

−𝐼2 (𝑢̇0
𝜕𝛿𝑤̇𝑠
𝜕𝑥

+
𝜕𝑤̇𝑠
𝜕𝑥

𝛿 𝑢̇0 + 𝑣̇0
𝜕𝛿𝑤̇𝑠
𝜕𝑦

+
𝜕𝑤̇𝑠
𝜕𝑦

𝛿 𝑣̇0) 

+𝐽1 (
𝜕𝑤̇𝑏
𝜕𝑥

𝜕𝛿 𝑤̇𝑏
𝜕𝑥

+
𝜕𝑤̇𝑏
𝜕𝑦

𝜕𝛿 𝑤̇𝑏
𝜕𝑦

) + 𝐾2 (
𝜕𝑤̇𝑠
𝜕𝑥

𝜕𝛿 𝑤̇𝑠
𝜕𝑥

+
𝜕𝑤̇𝑠
𝜕𝑦

𝜕𝛿 𝑤̇𝑠
𝜕𝑦

) 

+𝐽2 (
𝜕𝑤̇𝑏
𝜕𝑥

𝜕𝛿 𝑤̇𝑠
𝜕𝑥

+
𝜕𝑤̇𝑠
𝜕𝑥

𝜕𝛿 𝑤̇𝑏
𝜕𝑥

+
𝜕𝑤̇𝑏
𝜕𝑦

𝜕𝛿 𝑤̇𝑠
𝜕𝑦

+
𝜕𝑤̇𝑠
𝜕𝑦

𝜕𝛿 𝑤̇𝑏
𝜕𝑦

)}𝑑𝐴 

(17) 

in which dot-superscript convention indicates the differentiation with respect to the time  𝑡, 𝜌(𝑧) 
is the mass density given by Eq. (7), and (𝐼𝑖, 𝐽𝑖, 𝐾𝑖) are mass inertias expressed by 

(𝐼0, 𝐼1, 𝐼2) = ∫ (1, 𝑧, 𝑧2)𝜌(𝑧)𝑑𝑧
ℎ/2

−ℎ/2

 (18a) 

(𝐽1, 𝐽2, 𝐾2) = ∫ (𝑓, 𝑧 𝑓, 𝑓2)𝜌(𝑧)𝑑𝑧
ℎ/2

−ℎ/2

 (18b) 

By substituting Eqs. (15) and (17) into Eq. (14), the following can be derived: 

𝛿 𝑢0:   
𝜕𝑁𝑥
𝜕𝑥

+
𝜕𝑁𝑥𝑦

𝜕𝑦
= 𝐼0𝑢̈0 − 𝐼1

𝜕𝑤̈𝑏
𝜕𝑥

− 𝐽1
𝜕𝑤̈𝑠
𝜕𝑥

 

𝛿 𝑣0:   
𝜕𝑁𝑥𝑦

𝜕𝑥
+
𝜕𝑁𝑦

𝜕𝑦
= 𝐼0𝑣̈0 − 𝐼1

𝜕𝑤̈𝑏
𝜕𝑦

− 𝐽1
𝜕𝑤̈𝑠
𝜕𝑦

 

𝛿 𝑤𝑏:   
𝜕2𝑀𝑥

𝑏

𝜕𝑥2
+ 2

𝜕2𝑀𝑥𝑦
𝑏

𝜕𝑥𝜕𝑦
+
𝜕2𝑀𝑦

𝑏

𝜕𝑦2
= 𝐼0(𝑤̈𝑏 + 𝑤̈𝑠) + 𝐼1 (

𝜕𝑢̈0
𝜕𝑥

+
𝜕𝑣̈0
𝜕𝑦
) − 𝐼2𝛻

2𝑤̈𝑏 − 𝐽2𝛻
2𝑤̈𝑠 

𝛿 𝑤𝑠:   
𝜕2𝑀𝑥

𝑠

𝜕𝑥2
+ 2

𝜕2𝑀𝑥𝑦
𝑠

𝜕𝑥𝜕𝑦
+
𝜕2𝑀𝑦

𝑠

𝜕𝑦2
+
𝜕𝑆𝑥𝑧

𝑠

𝜕𝑥
+
𝜕𝑆𝑦𝑧

𝑠

𝜕𝑦
 

= 𝐼0(𝑤̈𝑏 + 𝑤̈𝑠) + 𝐽1 (
𝜕𝑢̈0
𝜕𝑥

+
𝜕𝑣̈0
𝜕𝑦
) − 𝐽2𝛻

2𝑤̈𝑏 − 𝐾2𝛻
2𝑤̈𝑠 

(19) 

Substituting Eq. (10) into Eq. (12) and the subsequent results into Eqs. (16), the stress 

resultants are obtained in terms of strains as following compact form: 

{
𝑁
𝑀𝑏

𝑀𝑠
} = [

𝐴 𝐵 𝐵𝑠

𝐵 𝐷 𝐷𝑠

𝐵𝑠 𝐷𝑠 𝐻𝑠
] {
𝜀
𝑘𝑏

𝑘𝑠
},  𝑆 = 𝐴𝑠𝛾 (20) 

in which 

𝑁 = {𝑁𝑥 , 𝑁𝑦, 𝑁𝑥𝑦}
𝑡
, 𝑀𝑏 = {𝑀𝑥

𝑏, 𝑀𝑦
𝑏, 𝑀𝑥𝑦

𝑏 }
𝑡
,   𝑀𝑠 = {𝑀𝑥

𝑠, 𝑀𝑦
𝑠 , 𝑀𝑥𝑦

𝑠 }
𝑡
 (21a) 
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𝜀 = {𝜀𝑥
0, 𝜀𝑦

0, 𝛾𝑥𝑦
0 }

𝑡
,   𝑘𝑏 = {𝑘𝑥

𝑏, 𝑘𝑦
𝑏, 𝑘𝑥𝑦

𝑏 }
𝑡
,   𝑘𝑠 = {𝑘𝑥

𝑠 , 𝑘𝑦
𝑠 , 𝑘𝑥𝑦

𝑠 }
𝑡
 (21b) 

𝐴 = [

𝐴11 𝐴12 0
𝐴12 𝐴22 0
0 0 𝐴66

],  𝐵 = [

𝐵11 𝐵12 0
𝐵12 𝐵22 0
0 0 𝐵66

],  𝐷 = [

𝐷11 𝐷12 0
𝐷12 𝐷22 0
0 0 𝐷66

] (21c) 

𝐵𝑠 = [

𝐵11
𝑠 𝐵12

𝑠 0

𝐵12
𝑠 𝐵22

𝑠 0

0 0 𝐵66
𝑠
] , 𝐷𝑠 = [

𝐷11
𝑠 𝐷12

𝑠 0

𝐷12
𝑠 𝐷22

𝑠 0

0 0 𝐷66
𝑠
],  𝐻𝑠 = [

𝐻11
𝑠 𝐻12

𝑠 0

𝐻12
𝑠 𝐻22

𝑠 0

0 0 𝐻66
𝑠
] (21d) 

𝑆 = {𝑆𝑥𝑧
𝑠 , 𝑆𝑦𝑧

𝑠 }
𝑡
,  𝛾 = {𝛾𝑥𝑧

𝑠 , 𝛾𝑦𝑧
𝑠 }

𝑡
,  𝐴𝑠 = [

𝐴44
𝑠 0

0 𝐴55
𝑠 ] (21e) 

and stiffness components are given as: 

{

𝐴11 𝐵11 𝐷11 𝐵11
𝑠 𝐷11

𝑠 𝐻11
𝑠

𝐴12 𝐵12 𝐷12 𝐵12
𝑠 𝐷12

𝑠 𝐻12
𝑠

𝐴66 𝐵66 𝐷66 𝐵66
𝑠 𝐷66

𝑠 𝐻66
𝑠
} = ∫ 𝐶11(1, 𝑧, 𝑧

2, 𝑓(𝑧), 𝑧 𝑓(𝑧), 𝑓2(𝑧))
ℎ/2

−ℎ/2

{

1
𝜈

1 − 𝜈

2

}𝑑𝑧 (22) 

with 

(𝐴22, 𝐵22, 𝐷22, 𝐵22
𝑠 , 𝐷22

𝑠 , 𝐻22
𝑠 ) = (𝐴11, 𝐵11, 𝐷11, 𝐵11

𝑠 , 𝐷11
𝑠 , 𝐻11

𝑠 ) (23a) 

𝐴44
𝑠 = 𝐴55

𝑠 = ∫ 𝐶44[𝑔(𝑧)]
2𝑑𝑧

ℎ/2

−ℎ/2

 (23b) 

Introducing Eq. (20) into Eq. (21), the equations of motion can be expressed in terms of 

displacements (𝑢0, 𝑣0, 𝑤𝑏, 𝑤𝑠) and the appropriate equations take the form: 

𝐴11
𝜕2𝑢0
𝜕𝑥2

+ 𝐴66
𝜕2𝑢0
𝜕𝑦2

+ (𝐴12 + 𝐴66)
𝜕2𝑣0
𝜕𝑥𝜕𝑦

− 𝐵11
𝜕3𝑤𝑏
𝜕𝑥3

− (𝐵12 + 2𝐵66)
𝜕3𝑤𝑏
𝜕𝑥𝜕𝑦2

  

−𝐵11
𝑠
𝜕3𝑤𝑠
𝜕𝑥3

− (𝐵12
𝑠 + 2𝐵66

𝑠 )
𝜕3𝑤𝑠
𝜕𝑥𝜕𝑦2

= 𝐼0𝑢̈0 − 𝐼1
𝜕𝑤̈𝑏
𝜕𝑥

− 𝐽1
𝜕𝑤̈𝑠
𝜕𝑥

 

(24a) 

(𝐴12 + 𝐴66)
𝜕2𝑢0
𝜕𝑥𝜕𝑦

+ 𝐴66
𝜕2𝑣0
𝜕𝑥2

+ 𝐴22
𝜕2𝑣0
𝜕𝑦2

− (𝐵12 + 2𝐵66)
𝜕3𝑤𝑏
𝜕𝑥2𝜕𝑦

− 𝐵22
𝜕3𝑤𝑏
𝜕𝑦3

 

−𝐵22
𝑠
𝜕3𝑤𝑠
𝜕𝑦3

− (𝐵12
𝑠 + 2𝐵66

𝑠 )
𝜕3𝑤𝑠
𝜕𝑥2𝜕𝑦

= 𝐼0𝑣̈0 − 𝐼1
𝜕𝑤̈𝑏
𝜕𝑦

− 𝐽1
𝜕𝑤̈𝑠
𝜕𝑦

 

(24b) 

𝐵11
𝜕3𝑢0
𝜕𝑥3

+ (𝐵12 + 2𝐵66)
𝜕3𝑢0
𝜕𝑥𝜕𝑦2

+ (𝐵12 + 2𝐵66)
𝜕3𝑣0
𝜕𝑥2𝜕𝑦

+ 𝐵22
𝜕3𝑣0
𝜕𝑦3

−𝐷11
𝜕4𝑤𝑏
𝜕𝑥4

 

−2(𝐷12 + 2𝐷66)
𝜕4𝑤𝑏
𝜕𝑥2𝜕𝑦2

− 𝐷22
𝜕4𝑤𝑏
𝜕𝑦4

−𝐷11
𝑠
𝜕4𝑤𝑠
𝜕𝑥4

− 2(𝐷12
𝑠 + 2𝐷66

𝑠 )
𝜕4𝑤𝑠
𝜕𝑥2𝜕𝑦2

 

−𝐷22
𝑠
𝜕4𝑤𝑠
𝜕𝑦4

= 𝐼0(𝑤̈𝑏 + 𝑤̈𝑠) + 𝐼1 (
𝜕𝑢̈0
𝜕𝑥

+
𝜕𝑣̈0
𝜕𝑦
) − 𝐼2𝛻

2𝑤̈𝑏 − 𝐽2𝛻
2𝑤̈𝑠, 

(24c) 

𝐵11
𝑠
𝜕3𝑢

𝜕𝑥3
+ (𝐵12

𝑠 + 2𝐵66
𝑠 )

𝜕3𝑢

𝜕𝑥𝜕𝑦2
+ (𝐵12

𝑠 + 2𝐵66
𝑠 )

𝜕3𝑣

𝜕𝑥2𝜕𝑦
+ 𝐵22

𝑠
𝜕3𝑣

𝜕𝑦3
−𝐷11

𝑠
𝜕4𝑤𝑏
𝜕𝑥4

 (24d) 
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−2(𝐷12
𝑠 + 2𝐷66

𝑠 )
𝜕4𝑤𝑏
𝜕𝑥2𝜕𝑦2

 − 𝐷22
𝑠
𝜕4𝑤𝑏
𝜕𝑦4

−𝐻11
𝑠
𝜕4𝑤𝑠
𝜕𝑥4

− 2(𝐻12
𝑠 + 2𝐻66

𝑠 )
𝜕4𝑤𝑠
𝜕𝑥2𝜕𝑦2

−𝐻22
𝑠
𝜕4𝑤𝑠
𝜕𝑦4

 

+𝐴55
𝑠
𝜕2𝑤𝑠
𝜕𝑥2

+ 𝐴44
𝑠
𝜕2𝑤𝑠
𝜕𝑦2

= 𝐼0(𝑤̈𝑏 + 𝑤̈𝑠) + 𝐽1 (
𝜕𝑢̈0
𝜕𝑥

+
𝜕𝑣̈0
𝜕𝑦
) − 𝐽2𝛻

2𝑤̈𝑏 − 𝐾2𝛻
2𝑤̈𝑠 

 
3.4 Solution method 
 
In this section, an exact solution for the free vibration analysis of FG plates i.e., Eqs. (24) is 

presented. The boundary conditions for an arbitrary edge with simply supported and clamped 

conditions are: 

- Clamped (C)  

𝑢0 = 𝑣0 = 𝑤𝑏 = 𝜕𝑤𝑏/𝜕𝑥 = 𝜕𝑤𝑏/𝜕𝑦 = 𝑤𝑠 = 𝜕𝑤𝑠/𝜕𝑥 = 𝜕𝑤𝑠/𝜕𝑦

 at 

 

𝑥 = 0, 𝑎and

 

𝑦 = 0, 𝑏 
(25a) 

- Simply supported (S)  

𝑣0 = 𝑤𝑏 = 𝜕𝑤𝑏 𝜕𝑦 =⁄ 𝑤𝑠 = 𝜕𝑤𝑠 𝜕𝑦 = 0⁄
 
at

 
𝑥 = 0, 𝑎 (26a) 

𝑢0 = 𝑤𝑏 = 𝜕𝑤𝑏 𝜕𝑥 =⁄ 𝑤𝑠 = 𝜕𝑤𝑠 𝜕𝑥 = 0⁄
 
at 

 
𝑦 = 0, 𝑏 (26b) 

The following representation for the displacement quantities that satisfy the above boundary 

conditions, is appropriate in the case of this problem 

{

𝑢0
𝑣0
𝑤𝑏
𝑤𝑠

} =

{
  
 

  
 𝑈𝑚𝑛

𝜕𝑋𝑚(𝑥)

𝜕𝑥
𝑌𝑛(𝑦)𝑒

𝑖𝜔𝑡

𝑉𝑚𝑛𝑋𝑛(𝑥)
𝜕𝑌𝑛(𝑦)

𝜕𝑦
𝑒𝑖𝜔𝑡

𝑊𝑏𝑚𝑛𝑋𝑛(𝑥)𝑌𝑛(𝑦)𝑒
𝑖𝜔𝑡

𝑊𝑠𝑚𝑛𝑋𝑛(𝑥)𝑌𝑛(𝑦)𝑒
𝑖𝜔𝑡 }

  
 

  
 

 (27) 

where 𝑈𝑚𝑛 , 𝑉𝑚𝑛 , 𝑊𝑏𝑚𝑛 , and 𝑊𝑠𝑚𝑛  are arbitrary parameters and 𝜔 = 𝜔𝑚𝑛  denotes the 

eigenfrequency associated with (𝑚, 𝑛)𝑡ℎeigenmode. The functions 𝑋𝑚(𝑥) and 𝑌𝑛(𝑦) represent 

approximate shapes of the deflected surface of the plate which should satisfy geometric boundary 

conditions given in Eqs. (25) and (26). For the different cases of boundary conditions, these 

functions are listed in Table 1 noting that 𝜆 = 𝑚𝜋/𝑎 and 𝜇 = 𝑛𝜋/𝑏. 

By substituting expression (27) into the governing Eqs. (24), multiplying each equation by the 

corresponding eigenfunction, and integrating over the solution domain, the following equations are 

obtained after some mathematical manipulations: 

 (27) 

in which 

























=































































−



















0

0

0

0

0

0

44434241

34333231

242322

141311

2

44342414

34332313

24232212

14131211

mn

mn

mn

mn

X

W

V

U

mmmm

mmmm

mmm

mmm

aaaa

aaaa

aaaa

aaaa


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Table 1 The admissible functions for different boundary conditions Sobhy (2013) 

Boundary Conditions 𝑥 = 0 𝑦 = 0 𝑥 = 𝑎 𝑦 = 𝑏 𝑋𝑚(𝑥) 𝑌𝑛(𝑦) 

SSSS S S S S 𝑠𝑖𝑛(𝜆𝑥) 𝑠𝑖𝑛(𝜇𝑥) 

CSCS C S C S 𝑠𝑖𝑛2(𝜆𝑥) 𝑠𝑖𝑛(𝜇𝑥) 

CCCC C C C C 𝑠𝑖𝑛2(𝜆𝑥) 𝑠𝑖𝑛2(𝜇𝑥) 

FCFC F C F C 𝑐𝑜𝑠2(𝜆𝑥) [𝑠𝑖𝑛2(𝜆𝑥) + 1] 𝑠𝑖𝑛2(𝜇𝑥) 

 
 

𝑎11 = 𝐴11𝛼12 + 𝐴66𝛼8 

𝑎12 = (𝐴12 + 𝐴66)𝛼8 

𝑎13 = −𝐵11𝛼12 − (𝐵12 + 2𝐵66)𝛼8 

𝑎14 = −(𝐵12
𝑠 + 2𝐵66

𝑠 )𝛼8 − 𝐵11
𝑠 𝛼12 

𝑎21 = (𝐴12 + 𝐴66)𝛼10 

𝑎22 = 𝐴22𝛼4 + 𝐴66𝛼10 

𝑎23 = −𝐵22𝛼4 − (𝐵12 + 2𝐵66)𝛼10 

𝑎24 = −(𝐵12
𝑠 + 2𝐵66)𝛼10 − 𝐵22

𝑠 𝛼4 

𝑎31 = 𝐵11𝛼13 + (𝐵12 + 2𝐵66)𝛼11 

𝑎32 = (𝐵12 + 2𝐵66)𝛼11 +𝐵22𝛼5 

𝑎33 = −𝐷11𝛼13 − 2(𝐷12 + 2𝐷66)𝛼11 − 𝐷22𝛼5 

𝑎34 = −𝐷11
𝑠 𝛼13 − 2(𝐷12

𝑠 + 2𝐷66
𝑠 )𝛼11 − 𝐷66

𝑠 𝛼5 

𝑎41 = 𝐵11
𝑠 𝛼13 + (𝐵12

𝑠 + 2𝐵66
𝑠 )𝛼11 

𝑎42 = (𝐵12
𝑠 + 2𝐵66

𝑠 )𝛼11 +𝐵22
𝑠 𝛼5 

𝑎43 = −𝐷11
𝑠 𝛼13 − 2(𝐷12

𝑠 + 2𝐷66
𝑠 )𝛼11 − 𝐷22

𝑠 𝛼5 

𝑎44 = −𝐻11
𝑠 𝛼13 − 2(𝐻12

𝑠 + 2𝐻66
𝑠 )𝛼11 −𝐻22

𝑠 𝛼5 + 𝐴44
𝑠 𝛼9 + 𝐴55

𝑠 𝛼3 

(29a) 

𝑚11 = −𝐼0𝛼6 

𝑚13 = −𝐼1𝛼6 

𝑚32 = −𝐼1𝛼3 

𝑚14 = 𝐽1𝛼6 

𝑚33 = −𝐼0𝛼1 + 𝐼2(𝛼3 + 𝛼9) 
𝑚22 = −𝐼0𝛼2 

𝑚34 = −𝐼0𝛼1 + 𝐽2(𝛼3 + 𝛼9) 
𝑚23 = 𝐼1𝛼2   

, 
   

𝑚41 = −𝐽1𝛼9 

(29b) 
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𝑚24 = 𝐽1𝛼2  
,  𝑚42 = −𝐽1𝛼3 

𝑚31 = −𝐼1𝛼9   
, 𝑚44 = −𝐼0𝛼1 + 𝐾2(𝛼3 + 𝛼9) 

(𝛼1, 𝛼3, 𝛼5) = ∫ ∫ (𝑋𝑚𝑌𝑛 , 𝑋𝑚𝑌𝑛
′′, 𝑋𝑚𝑌𝑛

′′′′)
𝑎

0

𝑏

0

𝑋𝑚𝑌𝑛𝑑𝑥𝑑𝑦 

(𝛼2, 𝛼4, 𝛼10) = ∫ ∫ (𝑋𝑚𝑌𝑛
′ , 𝑋𝑚𝑌𝑛

′′, 𝑋𝑚
′′𝑌𝑛

′)
𝑎

0

𝑏

0

𝑋𝑚𝑌𝑛
′𝑑𝑥𝑑𝑦

 

(𝛼6, 𝛼8, 𝛼12) = ∫ ∫ (𝑋𝑚
′ 𝑌𝑛, 𝑋𝑚

′ 𝑌𝑛
′′, 𝑋𝑚

′′′𝑌𝑛)
𝑎

0

𝑏

0

𝑋𝑚
′ 𝑌𝑛𝑑𝑥𝑑𝑦 

(𝛼7, 𝛼9, 𝛼11, 𝛼13) = ∫ ∫ (𝑋𝑚
′ 𝑌𝑛

′ , 𝑋𝑚
′′𝑌𝑛, 𝑋𝑚

′ 𝑌𝑛
′′, 𝑋𝑚

′′′′𝑌𝑛)
𝑎

0

𝑏

0

𝑋𝑚𝑌𝑛𝑑𝑥𝑑𝑦

 
The nontrivial solution is obtained when the determinant of equation (25) equals zero. 

 
 
4. Numerical Results and discussion 

 
4.1 Validation 
 
In this study, the free vibration of FG plates using the present refined plate theory was studied. 

The FG plate is taken to be made of aluminum (Al) and alumina (Al2O3) with the following 

material properties: 

Ceramic (Alumina, Al2O3):𝐸𝑐 = 380𝐺𝑃𝑎, 𝜈 = 0.3, 𝜌𝑐 = 3800𝑘𝑔/𝑚
3. 

Metal (Aluminum, Al):𝐸𝑚 = 70𝐺𝑃𝑎, 𝜈 = 0.3, 𝜌𝑚 = 2707𝑘𝑔/𝑚3. 

Numerical results are presented in terms of non-dimensional frequency. The non-dimensional 

parameter used is: 

𝜔
∧
= 𝜔ℎ√

𝜌𝑐
𝐸𝑐

 

𝜔 =
𝜔𝑎

ℎ

2

√
𝜌𝑐
𝐸𝑐

 

(30) 

Table 2 highlights how material gradation, and thickness-to-length ratio (a/h) on the dynamic 

response of FG sandwich plates. The results confirm the accuracy of the present approach in 

predicting frequency behavior, making it a useful tool for structural analysis. The variation in 

fundamental frequency due to changes in material and geometry parameters was seen. A power-

law FG materials (P-FGM) were considered and the grading index (p) was changed to 0, 0.5, 1, 4, 

and 10. The results are evaluated for multiple grading parameters and compared against 

established theoretical models.  

The results are also presented for various vibration modes (m,n) of functionally graded plates 

under different power law indices (p). The results are compared using multiple higher-order and 

shear deformation theories, including Quasi-3D, Third-Order Shear Deformation Theory (TSDT),  
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Table 2 Comparison of the nondimensional frequencies 𝜔
∧

 of simply supported Al/Al2O3 square plates 

a/h 
Mode 

(m,n) 
Theory 

Power law index (p) 

0 0.5 1 4 10 

5 

1(1,1) 

Quasi-3D Matsunaga (2008) 0.2121 0.1819 0.1640 0.1383 0.1306 

TSDT (Hosseini-Hashemi et al. (2011) 0.2113 0.1807 0.1631 0.1378 0.1301 

FSDT (Hosseini-Hashemi et al. (2011) 0.2112 0.1805 0.1631 0.1397 0.1324 

HSDT Thai and Kim (2013) 0.2113 0.1807 0.1631 0.1378 0.1301 

Nguyen (2015) 0.2117 0.1810 0.1634 0.1378 0.1303 

Present 0.2112 0.1807 0.1631 0.1377 0.1300 

2(1,2) 

Quasi-3D Matsunaga (2008) 0.4658 0.4040 0.3644 0.3000 0.2790 

TSDT (Hosseini-Hashemi et al. (2011) 0.4623 0.3989 0.3607 0.2980 0.2771 

FSDT (Hosseini-Hashemi et al. (2011) 0.4618 0.3978 0.3604 0.3049 0.2856 

HSDT Thai and Kim (2013) 0.4623 0.3989 0.3607 0.2980 0.2771 

Nguyen (2015) 0.4645 0.4004 0.3622 0.2931 0.2783 

Present 0.4624 0.3990 0.3608 0.2977 0.2770 

3(2,2) 

TSDT (Hosseini-Hashemi et al. (2011) 0.6688 0.5803 0.5254 0.4284 0.3948 

FSDT (Hosseini-Hashemi et al. (2011) 0.6676 0.5779 0.5245 0.4405 0.4097 

HSDT Thai and Kim (2013) 0.6688 0.5803 0.5254 0.4284 0.3948 

Nguyen (2015) 0.6734 0.5836 0.5286 0.4291 0.3974 

Present 0.6693 0.5806 0.5257 0.4280 0.3948 

10 

1(1,1) 

Quasi-3D Matsunaga (2008) 0.0578 0.0492 0.0443 0.0381 0.0364 

TSD (Hosseini-Hashemi et al. (2011) 0.0577 0.0490 0.0442 0.0381 0.0364 

FSDT (Hosseini-Hashemi et al. (2011) 0.0577 0.0490 0.0442 0.0382 0.0364 

HSDT Thai and Kim (2013) 0.0577 0.0490 0.0442 0.0381 0.0364 

Nguyen (2015) 0.0577 0.0490 0.0442 0.0381 0.0364 

Present 0.0576 0.0490 0.0441 0.0380 0.0363 

2(1,2) 

Quasi-3D Matsunaga (2008) 0.1381 0.1180 0.1063 0.0905 0.0859 

TSDT (Hosseini-Hashemi et al. (2011) 0.1377 0.1174 0.1059 0.0903 0.0856 

FSDT (Hosseini-Hashemi et al. (2011) 0.1376 0.1173 0.1059 0.0911 0.0867 

HSDT Thai and Kim (2013) 0.1377 0.1174 0.1059 0.0903 0.0856 

Nguyen (2015) 0.1379 0.1175 0.1060 0.0902 0.0857 

Present 0.1376 0.1173 0.1059 0.0902 0.0856 

3(2,2) 

TSDT (Hosseini-Hashemi et al. (2011) 0.2113 0.1807 0.1631 0.1378 0.1301 

FSDT (Hosseini-Hashemi et al. (2011) 0.2112 0.1805 0.1631 0.1378 0.1301 

HSDT Thai and Kim (2013) 0.2113 0.1807 0.1631 0.1378 0.1301 

Nguyen (2015) 0.2117 0.1810 0.1634 0.1378 0.1301 

Present 0.2112 0.1807 0.1631 0.1377 0.1300 

20 1(1,1) 

TSDT (Hosseini-Hashemi et al. (2011) 0.0148 0.0125 0.0113 0.0098 0.0094 

FSDT (Hosseini-Hashemi et al. (2011) 0.0148 0.0125 0.0113 0.0098 0.0094 

HSDT Thai and Kim (2013) 0.0148 0.0125 0.0113 0.0098 0.0094 
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Nguyen (2015) 0.0148 0.0125 0.0113 0.0098 0.0094 

Present 0.0148 0.0125 0.0113 0.0098 0.0094 

2(1,2) 
Nguyen (2015) 0.0365 0.0310 0.0279 0.0241 0.0231 

Present 0.0365 0.0310 0.0279 0.0241 0.0231 

3(2,2) 
Nguyen (2015) 0.0577 0.0490 0.0442 0.0381 0.0364 

Present 0.0577 0.0490 0.0442 0.0380 0.0363 

 

 

First-Order Shear Deformation Theory (FSDT), and Higher-Order Shear Deformation Theory 

(HSDT). The minor difference seen is because of variations in modeling assumptions and 

numerical techniques. 

Table 3 illustrates the influence of the power law index (p) and geometry parameter (a/b and 

a/h) on the fundamental frequency of functionally graded (FG) plates. As the grading parameter 

increases, a notable shift in natural frequencies is observed, reflecting the gradual transition from a 

ceramic-rich composition to a metal-rich composition. The results indicate that a higher grading 

parameter reduces the stiffness of the structure, leading to decreased natural frequencies. 

Furthermore, the comparison with existing studies confirms the accuracy of the present approach. 

It should be noted that increasing the geometry parameters (a/b and a/h) increases the natural 

frequency.  

 

4.2 Effect of micromechanical models on free vibration analysis of FG plates 
 

The effect of micromechanical models on free vibration analysis of FG plates under various 

boundary conditions using the present trigonometric shear deformation plate theory (TSDPT) is 

presented for investigation. The results are presented in Tables 4-7 for the FG plate with different 

values of power law index p and two values of 𝑎/ℎ. 

Table 4 presents the natural frequency results of SSSS FG plates for different micromechanical 

models, a/h values, and material gradations. The grading parameter varies from 0, 0.5, 1, 2, and 5, 

while a/h values are varied from 5 and 10. The higher the grading indices, the lower the natural 

frequency will be. The different well-known micromechanical models chosen are Voigt, Reuss, 

LRVE, Tamura, and Mori-Tanaka. Of these, the Voigt model, which describes the upper bound, 

yields the maximum frequency, while Reuss, which gives the lower bound, yields the lowest. 

LRVE and Mori-Tanaka models provide intermediate values, reflecting a balance between strain 

and stress considerations. 

Table 5 illustrates the results for the CCCC plate, in the Voigt model, the fundamental 

frequency for p = 0 drops from 0.3505 to 0.1041, a 70.32% decrease. When p=0.5, compared to 

Voigt, Reuss gives (20.47 % lower than Voigt), LRVE (13.25% lower), Tamura (q=0) (18.71% 

lower), Tamura (q=100 (11.58% lower), Mori-Tanaka: 2533 (16.49% lower). However, when p=5, 

Reuss (6.79% lower), LRVE (5.98% lower), Tamura (q=0) (8.15% lower), Tamura (q=100) (5.79% 

lower), Mori-Tanaka (8.08% lower). It is interesting to note that as the grading indices values are 

higher, the micromechanical models have an insignificant impact on the natural frequency.  

For the CSCS FG plate, the fundamental frequency in the Voigt model declines from 0.2939 at 

p = 0 to 0.1865 at p=5, a 36.52% decrease, please see Table 6. When comparing micromechanical 

models at p=0.5, the Reuss model predicts a 20.24% lower frequency than Voigt, while LRVE, 

Tamura (q=0), Tamura (q=100), and Mori-Tanaka models show 13.29 %, 18.15 %, 11.92 %, and 
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Table 3 Nondimensional natural frequencies 𝜔 of simply supported Al/Al2O3 square plates. 

a/b a/h 
Mode 

(m,n) 
Theory 

Power law index (p) 

0 0.5 1 2 5 10 

0.5 

5 

1(1,1) 
Nguyen (2015) 3.4464 2.9380 2.6509 2.3971 2.2260 2.1432 

Present 3.4416 2.9348 2.6477 2.3947 2.2260 2.1403 

2(1,2) 
Nguyen (2015) 5.2932 4.5258 4.0860 3.6859 3.3919 3.2574 

Present 5.2822 4.5186 4.0786 3.6804 3.3913 3.2506 

3(2,2) 
Nguyen (2015) 11.6113 10.0109 9.0538 8.1181 7.2951 6.9568 

Present 11.5614 9.9754 9.0200 8.0914 7.2869 6.9259 

10 

1(1,1) 
Nguyen (2015) 3.6533 3.0996 2.7946 2.5371 2.3911 2.3118 

Present 3.6518 3.0990 2.7937 2.5364 2.3912 2.3108 

2(1,2) 
Nguyen (2015) 5.7731 4.9031 4.4216 4.0105 3.7671 3.6388 

Present 5.7696 4.9016 4.4190 4.0088 3.7672 3.6364 

3(2,2) 
Nguyen (2015) 13.7855 11.7519 10.6036 9.5884 8.9042 8.5729 

Present 13.7664 11.7398 10.5910 9.5791 8.9034 8.5611 

20 

1(1,1) 
Nguyen (2015) 3.7127 3.1455 2.8355 2.5773 2.4401 2.3622 

Present 3.7123 3.1458 2.8352 2.5771 2.4401 2.3618 

2(1,2) 
Nguyen (2015) 5.9309 5.0176 4.5234 4.1104 3.8880 3.7629 

Present 5.9199 5.0180 4.5228 4.1100 3.8880 3.7621 

3(2,2) 
Nguyen (2015) 14.6131 12.3983 11.1784 10.1482 9.5645 9.2471 

Present 14.6075 12.3963 11.1749 10.1456 9.5648 9.2433 

1 

5 

1(1,1) 
Nguyen (2015) 5.2932 4.5258 4.0860 3.6859 3.3919 3.2574 

Present 5.2822 4.5186 4.0786 3.6804 3.3913 3.2506 

2(1,2) 
Nguyen (2015) 11.6113 10.0109 9.0538 8.1181 7.2951 6.9568 

Present 11.5614 9.9754 9.0200 8.0914 7.2869 6.9259 

3(2,2) 
Nguyen (2015) 16.8351 14.5888 13.2140 11.8101 10.4647 9.9360 

Present 16.7328 14.5155 13.1438 11.7527 10.4400 9.8710 

10 

1(1,1) 
Nguyen (2015) 5.7731 4.9031 4.4216 4.0105 3.7671 3.6388 

Present 5.7696 4.9016 4.8194 4.0088 3.7673 3.6364 

2(1,2) 
Nguyen (2015) 13.7855 11.7519 10.6036 9.5884 8.9042 8.5729 

Present 13.7664 11.7398 10.5911 9.5791 8.9004 8.5611 

3(2,2) 
Nguyen (2015) 21.1728 18.1033 16.3438 14.7435 13.5677 13.0296 

Present 21.1288 18.0746 16.3147 14.7217 13.5655 13.0024 

20 

1(1,1) 
Nguyen (2015) 5.9209 5.0176 4.5234 4.1104 3.8880 3.7629 

Present 5.9200 5.0180 4.5228 4.1100 3.8880 3.7621 

2(1,2) 
Nguyen (2015) 14.6131 12.3983 11.1784 10.1482 9.5645 9.2471 

Present 14.6075 12.3963 11.1749 10.1456 9.5648 9.2433 

3(2,2) 
Nguyen (2015) 23.0925 19.6126 17.6865 16.0419 15.0685 14.5550 

Present 23.0786 19.6065 17.6778 16.0364 15.0690 14.5458 
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Fig. 2 Variation of the nondimensional frequencies through the thickness for simply supported FGM plate 

for different micromechanical models (p=1) 

 

 

Fig. 3 Nondimensional frequencies 𝜔
∧

 verss the power law index p for simply supported of FG plates for 

different micromechanical models (a/h=5) 

 

 

16.31 % lower values, respectively. At p = 5, the differences narrow, with Reuss predicting 6.64% 

lower than Voigt, LRVE 5.75 % lower, Tamura (q = 0) 9.00 % lower, Tamura (q = 100) 5.61 % 

lower, and Mori-Tanaka 7.86 % lower. Moreover, increasing a/h from 5 to 10 results in a  
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Table 4 Variation of the fundamental frequency 𝜔 with the power-law index 𝑝 for SSSS FG plate 

a/h Model 
Power law index (p) 

0 0.5 1 2 5 

5 

Voigt 0.2112 0.1807 0.1631 0.1472 0.1356 

Reuss 0.2112 0.1447 0.1370 0.1332 0.1270 

LRVE 0.2112 0.1592 0.1454 0.1358 0.1285 

Tamura 
q=0 0.2112 0.1479 0.1370 0.1300 0.1239 

q=100 0.2112 0.1601 0.1460 0.1362 0.1285 

Mori-Tanaka 0.2112 0.1516 0.1397 0.1319 0.1253 

10 

Voigt 0.0576 0.0490 0.0442 0.0400 0.0376 

Reuss 0.0576 0.0394 0.0376 0.0368 0.0353 

LRVE 0.0576 0.0434 0.0396 0.0374 0.0358 

Tamura 
q=0 0.0576 0.0403 0.0376 0.0359 0.0344 

q=100 0.0576 0.0435 0.0398 0.0374 0.0357 

Mori-Tanaka 0.0576 0.0413 0.0382 0.0364 0.0348 

 
Table 5 Variation of fundamental frequency 𝜔 with the power-law index 𝑝 for CCCC FG plate 

a/h Model 
Power law index (p) 

0 0.5 1 2 5 

5 

Voigt 0.3505 0.3033 0.2747 0.2466 0.2208 

Reuss 0.3505 0.2413 0.2267 0.2177 0.2058 

LRVE 0.3505 0.2631 0.2430 0.2236 0.2076 

Tamura 
0.3505 0.2465 0.2267 0.2126 0.2028 0.1239 

0.3505 0.2682 0.2437 0.2244 0.2080 0.1285 

Mori-Tanaka 0.3505 0.2533 0.2318 0.2161 0.2030 

10 

Voigt 0.1041 0.0889 0.0802 0.0726 0.0674 

Reuss 0.1041 0.0714 0.0677 0.0660 0.0630 

LRVE 0.1041 0.0783 0.0717 0.0673 0.0639 

Tamura 
0.1041 0.0729 0.0677 0.0644 0.0615 0.0344 

0.1041 0.0788 0.0720 0.0674 0.0638 0.0357 

Mori-Tanaka 0.1041 0.0747 0.0690 0.0654 0.0622 

 

 

frequency reduction of 71.29 %, highlighting the effect of increasing thickness on lowering 

fundamental frequencies. 

For the FCFC FG plate as shown in Table 7, the fundamental frequency in the Voigt model 

reduces from 0.3617 at p = 0 to 0.2266 at p = 5, marking a 37.35% decrease. At p = 0.5, the Reuss 

model predicts a 20.41 % lower frequency than Voigt, while LRVE, Tamura (q = 0), Tamura (q = 

100), and Mori-Tanaka models predict 13.47 %, 18.71 %, 11.56 %, and 16.69 % lower values, 

respectively. At p = 5, the differences among models become smaller, with Reuss predicting 6.68% 

lower than Voigt, LRVE 5.97% lower, Tamura (q = 0) 8.92% lower, Tamura (q = 100) 5.82% 

lower, and Mori-Tanaka 7.99% lower. Additionally, increasing a/h from 5 to 10 leads to a 69.66%   
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Table 6 Variation of fundamental frequency 𝜔 with the power-law index 𝑝 for CSCS FG plate 

a/h Model 
Power law index (p) 

0 0.5 1 2 5 

5 

Voigt 0.2939 0.2532 0.2291 0.2060 0.1865 

Reuss 0.2939 0.2020 0.1903 0.1836 0.1741 

LRVE 0.2939 0.2195 0.2032 0.1881 0.1758 

Tamura 
0.2939 0.2064 0.1903 0.1793 0.1699 0.1239 

0.2939 0.2241 0.2039 0.1887 0.1760 0.1285 

Mori-Tanaka 0.2939 0.2118 0.1944 0.1821 0.1718 

10 

Voigt 0.0844 0.0719 0.0649 0.0588 0.0548 

Reuss 0.0844 0.0518 0.0549 0.0537 0.0513 

LRVE 0.0844 0.0637 0.0581 0.0546 0.0520 

Tamura 
0.0844 0.0591 0.0549 0.0524 0.0500 0.0344 

0.0844 0.0638 0.0583 0.0547 0.0520 0.0357 

Mori-Tanaka 0.0844 0.0605 0.0560 0.0531 0.0507 

 
Table 7 Variation of fundamental frequency 𝜔 with the power-law index 𝑝 for FCFC FG plate 

a/h5 Model 
Power law index (p) 

0 0.5 1 2 5 

5 

Voigt 0.3617 0.3139 0.2847 0.2552 0.2266 

Reuss 0.3617 0.2494 0.2338 0.2239 0.2113 

LRVE 0.3617 0.2766 0.2513 0.2304 0.2130 

Tamura 
0.3617 0.2548 0.2338 0.2186 0.2061 0.1239 

0.3617 0.2775 0.2519 0.2312 0.2134 0.1285 

Mori-Tanaka 0.3617 0.2618 0.2393 0.2224 0.2084 

10 

Voigt 0.1097 0.0937 0.0847 0.0765 0.7083 

Reuss 0.1097 0.0752 0.0713 0.0694 0.0662 

LRVE 0.1097 0.0830 0.0756 0.0708 0.0671 

Tamura 
0.1097 0.0768 0.0713 0.0678 0.0646 0.0344 

0.1097 0.0831 0.0759 0.0709 0.0670 0.0357 

Mori-Tanaka 0.1097 0.0788 0.0727 0.0687 0.0654 

 

 

frequency drop, reaffirming that the plate's stiffness decreases with a higher aspect ratio. 

Fig. 2 illustrates the non-dimensional frequency results with various a/h values. The LRVE 

model yields maximum frequency followed by Reuss, Voigt, Mori-Tanaka, and Tamura. It should 

be noted that when the magnitude of a/h is higher, here (for a/h>20) the models LRVE, Reuss and 

Mori-Tanaka, and Voigt give similar results. Also, beyond a certain value of a/h the variation in 

natural frequency becomes constant, up to a/h>15, the drop is steeper.  

Similarly, the grading indices are plotted with natural frequency as shown in Figure 3. For 

lower grading indices (p<4) there is a drastic change in natural frequency was seen, however, as 

the indices are increased further, the variation becomes constant.  
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5. Conclusions 
 

Free vibration problems were solved using Hamilton’s principle and Navier’s procedure, 

analyzing the effects of various boundary conditions, micromechanical models, and key 

geometrical parameters. The following are the conclusions from the study: 

1. The fundamental frequency decreases as the power-law index increases from 0 to 5 for all 

models. Because of changes in the overall composition from ceramic-rich to metal-rich.  

2. The Mori-Tanaka and LRVE models offer a more realistic prediction for practical 

applications, as they account for both matrix and reinforcement interactions. The Voigt and Reuss 

models yield the upper and lower bound values and so can be used to develop and test novel 

micromechanical models. 

3. The CCCC (Clamped-Clamped) plates exhibit the highest fundamental frequencies due to 

the fully constrained edges. The SSSS (Simply Supported) shows the lowest natural frequency 

while FCFC and CSCS show intermediate results.  

4. A higher aspect ratio (a/h) results in significantly reduced fundamental frequency values. 

Lower range variation of geometry parameters and grading parameters has a higher impact than 

the higher range of values of these ratios. 

5. The results emphasize the need to choose an appropriate homogenization model depending 

on the specific application, especially in cases where microstructural effects significantly influence 

the material behavior. 
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