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Abstract. Functionally graded materials (FGMs) are advanced materials with varying material properties
directionally. The material properties, such as elastic modulus, density, thermal conductivity, and thermal
expansion coefficient, improve by combining different materials. The structure thus offers a better strength-
to-weight ratio, thermal resistance, and durability in critical harsh environments. In the present study,
material properties follow a power law for material gradation along the thickness of the cylinder. Navier’s
approach is followed to solve the second-order governing differential equations with the assumption of a
plane stress condition to eliminate the complexity of differential equations, and MATLAB was used to solve
stress and deformation variation analytically and for visualization. This research aims to provide an exact
solution to stress and deformation for different real-life complex loading conditions with material non-
homogeneity. It is essential to analyze various loading conditions to maximize the structure's lifecycle,
minimizing the stresses induced. This analysis provides valuable insight to enhance the performance,
reliability, and integrity of structures in the fields of aerospace, defense, mechanical, and civil. This research
also provides a prominent connection for practical application to designing/analysis.
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1. Introduction

Composite materials are materials that provide enhanced properties compared to their
constituents (fiber and matrix). In composites, it is required that the properties will be constant
throughout, which means the reinforcement is distributed uniformly over the matrix (Al-Furjan et
al. 2022, Amirjan and Bozorg 2019). On the other hand, functionally graded materials (FGMs) are
advanced materials whose mechanical and physical properties are graded in a specific direction.
The gradation direction could be unidirectional, bidirectional, or multidirectional. This smooth
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transition in material properties can be customized to meet the requirements of various industries
and engineering applications (Adiga et al. 2022, Ansari et al. 2021, Garg et al. 2021). This gradual
change in microstructure across the interface does not mismatch the mechanical properties across
the multiple interfaces as other composite materials, such as laminated reinforced, do Nakamura et
al. (2000). Such changes in stepwise or continuous gradation in the material result from the
fabrication process. To avoid delamination, FGMs provide a gradual variation in microstructure,
reducing property mismatches across the interface Suresh and Mortensen (1997).

A bending analysis of functionally graded (FG) rotating disks under various boundary
conditions was conducted using a semi-analytical solution. They found that stress induced in an
FG disk was lower compared to disks made up of isotropic material (full-metal and full-ceramics)
were higher than stresses induced in an FG disk Bayat et al. (2009). The developed FGMs can be
of stepped or continuously varying types, depending on the fabrication method. The fabrication of
FGMs can be carried out by two means: continuous or step-wise. The step-wise layered FGM can
be developed using powder metallurgy or additive manufacturing, while a continuous variation in
properties can be achieved using the centrifugal casting method Madan and Bhowmick (2020).
Unlike laminated composites, which may exhibit abrupt changes in mechanical properties at the
interface. FGMs provide a gradual variation in microstructure, reducing property mismatches
across the interface (Daneshmand et al. 2023, Raad et al. 2024). Modeling of FGMs to estimate
the material properties is important for the accurate estimation of the field variables. To estimate
these properties effectively, two primary approaches are used. The first approach involves
determining the volume fraction of the matrix and reinforcement phases using models such as the
rule of mixtures, the modified rule of mixtures, the Mori-Tanaka method, and the Halpin-Tsai
model (Fallahi Arezodar and Nikbakht 2019, Madan and Bhowmick 2021) The second approach
directly assumes material property variations based on predefined functions such as power-law,
exponential, or sigmoid distributions. This study follows the latter approach, considering an
exponential variation in material properties, including Young’s modulus, density, and thermal
conductivity, without explicitly accounting for the volume fraction of each phase (Singh et al.
2024, Sondhi et al. 2023).

In Wang et al. (2015), discussed the thermo-mechanical stress analysis and parameter
optimization of FG pressure vessels using steady-state thermo-elastic theory with power law
material gradation. A problem of stresses induced in an FG hollow cylinder, disk, and sphere under
internal pressure is solved using the complementary functions method Tutuncu and Temel (2009).
Furthermore, for an FG cylinder under different loading conditions was solved analytically Rahimi
et al. (2011). For a short hollow cylinder under a steady-state thermal load, stresses are identified
analytically Jabbari et al. (2009). Elastic analysis of a thick hollow cylinder of variable thickness
under arbitrary pressure at the inner surface was performed using finite element analysis Nejad et
al. (2015). Investigated the thermo-mechanical behavior of various structural components under
different loading conditions. Analytical and numerical methods are used, including Hamilton’s
principle with the extended Kantorovich method for laminated panels Singh and Kumari (2020), a
modified bulge test with FEM for MEMS diaphragms was conducted by Altabey (2017) higher-
order shear deformation theory with Monte Carlo simulations for functionally graded plates
(Achchhe et al. (2017). Laplace transformation is applied to analyze nonlocal thermoelastic
nanobeams Zenkour and Abouelregal (2018), while a semi-analytical approach is used to study
magneto-thermo-elastic effects in piezoelectric hollow spheres Allam et al. (2018). These findings
offer valuable insights into material behavior under complex conditions, contributing to
advancements in engineering design and analysis.
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Functionally graded cylinders under extension, torsion, shearing, pressuring, and temperature
changes are studied analytically by varying the modulus as per the power law (Tarn 2001). Exact
solutions for thermomechanical responses in cylindrically anisotropic functionally graded
cylinders under multiple loadings, incorporating radial material variation and rotational effects
(Cinefra et al. 2010). Thermo-mechanical analysis of FGM cylinders using the smoothed radial
point interpolation method (Feng and Li 2017). Analytical and finite element stress analysis of
FGM cylinders with exponential property variation is proposed and validated with finite element
analysis results (Habib er al. 2018). Developed an analytical model for transient thermo-
mechanical analysis of FGM thick-walled cylinders using shear deformation theory, the proposed
method was validated using FEM and has aerospace and industrial relevance (Vaziri et al. 2019).
Presented an exact analytical solution for FG thick-walled cylinders under combined thermal and
mechanical loads, validated by FEM (Das et al. 2024). Investigates the nonlinear vibration
behavior of functionally graded cylindrical shells reinforced with eccentrically placed stiffeners
under thermo-mechanical loading. Using analytical and numerical methods, they found that
increasing foundation stiffness increases the natural frequencies, while higher temperatures reduce
frequencies and structural rigidity, demonstrating the coupled thermo-mechanical effects on
dynamic performance (Muthanna et al. 2025). Analyzed the nonlinear free vibration of porous
functionally graded sandwich plates under hygrothermal conditions using FSDT and Hamilton’s
principle. They illustrate how porosity, hygrothermal effects, and geometry influence the natural
frequencies. The results are validated with FEM and found a maximum 11% discrepancy from
analytical results (Alhous et al. 2025). The gradation variation structures like beam, plate, shell
(Abbas et al. 2025) and sandwich structures (Njim et al. 2021, 2024) can be unidirectional (Hadji
et al. 2021, Viet et al. 2020), bidirectional (Lu and Chen 2020) or multidirectional (Hadji et al.
2024a, b). During the fabrication of FGM, porosity develops. To analyze the behavior of the
structure for various porosity distributions, extensive research has been conducted (Hadji et al.
2023, Kadum Njim et al. 2024, Madan et al. 2023, Raad et al. 2024). To avoid the development of
porosities, the process parameters, such as sintering temperature, holding time and temperature,
compaction load, scan rate, and melting temperature, need to be optimized (Hangai et al. 2016,
Madan and Bhowmick 2022).

From a host of literature, till date, no research has been identified that focuses on developing an
analytical solution for the thermo-mechanical deformation and stress analysis of functionally
graded cylindrical vessels subjected to a combination of angular rotations, body force, mechanical
loads, and thermal loads with heat generation. The mechanical loads include both internal and
external pressure, while the thermal loads account for the effects of heat conduction and internal
heat generation within the material. Understanding the behavior of these vessels under such
conditions is crucial, particularly for applications in aerospace, nuclear reactors, and pressure
vessel industries, where functionally graded materials (FGMs) offer superior performance due to
their spatially varying properties. Moreover, real-life loading conditions often involve a complex
interplay of multiple forces, yet no existing study systematically examines the stress and
deformation response of functionally graded cylindrical vessels under such conditions.
Investigating the impact of material parameters following a power-law variation, along with the
effects of thermal and mechanical loading parameters and body forces, is essential to gain deeper
insights into their structural behavior. This method allows for an accurate analytical evaluation of
the stress and deformation distribution, offering valuable insights into the performance and
reliability of functionally graded cylindrical vessels under diverse operating conditions.
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Fig. 1 FGM cylinder

2. Mathematical formulation

Considering a hollow cylindrical geometry made of FG material with inner radius a and outer
radius b as shown in Fig. 1. Let the displacement ‘U’ be the function of the radius of a cylinder.
The radial strain, tangential strain, and displacement are related as Eq. 1 Jabbari et al. (2002):

du 1 . u 1 . .
Err = E = E [Opr — O0pe] + &0t™ L &e = ; = E [owe — 90 ] + &0t™, 0t™ = A Ty 1)

Plane stress state is considered for reducing the complexity of the analysis, in plane stress
condition, the thickness of the cylinder wall is very thin as compared to the radius. For elastic
materials, the thermo-mechanical stress-strain relations for non-homogeneous and isotropic
materials under the influence of temperature are given by Hook’s law Sondhi et al. (2024):

Orr = Yopdlerr (1 = 9) + &, — (L + "], 0 = Ve A9 + (1 — 0 — (1 + 9D, "] (2)

where, Y,..is Young’s modulus at radius r, Ais lame constant, ¥ is considered the constant
Poisson’s ratio.

EQ. (3) shows the governing equilibrium equation expressed by Navier’s equation for the plane
stress, including the body force and the inertia term in the radial direction. The basic unknown

parameter is the displacement at each discretised point along the thickness of the cylinder.
d g
raarr + (arr - Utt) + Orr (wz - E) r?=0 3)

The material properties assumed to vary as follows (Avcar 2019, Eraslan and Orcan 2002):
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Epr = Eq(M™, apy = ag(r)™2, kyyp = ko (r)™s )
Prr = Pa()™, Grr = qa (1)

To solve the governing equation, the first strains, which are a function of displacement as in
Eqg. (1), are substituted into the stress-strain relation as in Eq. (2), illustrating the stress as a
function of displacement. Then the results are substituted in governing differential Eq. (3), and
finally, the Navier’s equation in the form of displacement is found,

d du u
T'E [Errll {(1 — V) ar +9 T 1+ ﬁ)arrTrr}]

du Uu
+E. A [(1 —O) - (14 ﬁ)arrTrr]

du u (5)
_E,2 [19 -9 - 4 19)%7”]
+prr(w2 - %)rz =0
where,
1
A (6)

T A+9)(1-29)
For ease of the calculation, Eq. (5) can be rewritten and converted into standard differential
equation form and introducing some arbitrary constants as,

2
Ar? <3TZ> + Br (Z—l:) + C(u) = Ur™Mzthatl f yyme=matmst3 | jyypmetl 4 gpma—matd  (7)

where,

A=EA1-9), B=EAm(1-9)+1-09)],
C = E,A(0my +9 — 1)U = (1_;219)Ea(;zaQ4[1r>4 +my +myl,
_ B1Eq.a,
(1-29)

_ EqaqQ3

W= m[ml +m;].S = —pq [wz B (g)]

a

(8)

[mg —mg + my + m, + 2]

3. Temperature formulation

Assuming FG materials under high-temperature application, combinations of material
properties will be chosen based on temperature. The temperature distribution of a one-dimensional
steady-state heat conduction equation with constant heat flux is governed by varying heat
conductivity Reddy and Chin (1998).

1d

;a[r"ﬂ

d
ETrr] + 4 =0 (9)

The thermal boundary conditions employed at the inner and outer radius of a cylinder are given
by Eq. (10),
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where, Ty, is the temperature at any radius, the temperature at the inner and outer radius was
defined by T,&Ty.
Differentiating the above Eq. (9), the Navier’s equation for temperature can be written as:

T lr=a=T, and T,..[r =b =T, (10)
d?T, dT,
Aqr? <dT;r> + Blr< d;r) + Cy(Tr) = yrMs—ms+2 (12)

where,

A1—-B
Ay = ke Bi=ko(14ma), (1 =0, 71 = ~qo, Py =0P = (2 2)=-m3  (12)

d Trr

ar PyQur™ ™1 + By (ms —mg + 2)rMs st (13)
Trr = Q3 + QurPr + Byr™sma*2 (14)
Solving for Q; and Q, yields
Q4 = aiijf& - [?1(117"5":}3)::2:"5""3“), Q3 =T, — pra™s™™M3+2 — Q,a (19

4. Solution of displacement Equation

The Navier’s equation for radial displacement ‘u’ is given in Eq. (7), the aforementioned
equation is a non-homogeneous Euler differential equation, which is solved in 2 sections: a.
general solution (ug,) using homogeneous part and b. particular solution using the non-
homogeneous part Vasil’ev and Fedorov (2022)

u, = Qrf (16)
Substitute the above Eq. (16) in the homogeneous Eq. (7)
AP2+(B—AP+C=0 a7
The above Eq. (17) has 2 real roots P; and P,, which are given by

— — A2 —
P, = (A—B) ++/(B—A)?—4AC (18)
’ 2A
Thus, the general solution is
Uy (r) = QP + Qar™ (19)
Now particular part of solution u,, is assuming to have the form
up — ITm2+P4+1 _|_]rm2—m3+m5+3 + er2+1 + Mrm4—m1+3 (20)

Substitute above Eq. (20) in Eq. (7) then rearrange, we get,
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A(my, + P, + 1)(my, + P,) +

B(m,+P,+1)+C

N [A(mz +ms —mg + 3)(my, + mg —ms3 + 2)]]rm2_m3+m5+3
+B(my + mg—m3+3)+C

+[A(my + Dmy + B(m, + 1) + C]Lr™=*t1 +

A(my —my +3)(my —my +2) +] MypMa—mi+3

B(my—m;+3)+C

— Urm2+P4+1 + Vrmz—m3+m5+3 + Wrmz"'l + Srm4—m1+3

] Jr™me +Py+1

(21)

U
I'= Al(my, + P, + D(my + P)] + Blm, + P, + 1] + C
14

[A{(m2 +ms —mz + 3)(my + mg —mz + 2)}]
+B(my, —mg+mg+3)+C
~ w
~ Al(my + 1)(my)] + Bl(m, + D]+ C

S

[A[(m4 —my +3)(my —my + 2)]]
+B[(my —my +3)]+C

] =

(22)
L

M=

Equating the coefficient of identical power we have:
Now, the complete solution for u is the sum of general solution and particular solution as,

U=Ug+ Uy (23)
Thus,
u= erPl + QZT'PZ + [rMatPs+l +]rm2+m5—m3+3 + LyM2tl 4 pppma—ma+3 (24)

Substituting Eq. (24) in Eq. (1) to (4), the strains distributions and stresses distributions are
obtained as,

&y = QP71+ QuPorPe™ 4 [(my + Py + 1)rM2thatl

LJ(my — my + mg + 3P M2 4 [ (o 1)r™2 4 M(my — my + 3)rmemrz (20
gep = QP 4 QurPaml 4 [yMatPa 4 JpMa=Ma+mMs+2 4 [,My 4 JfypMa—ma+2 (26)
Q. {(1—9)P, +9}r™th—1 4
Q{(1 = 9P, + 9™ tF2—1
+ITm1+m2+P4{(1 — ﬁ)(mz +P, + 1) +l9} +
my+my+mg—mz+2 _ _
opr = E A Jr {1 =9)(my + msg —m3 + 3) + 9} 27)

+Lr™MtM2{(1 —-9)(m, + 1) + 9} +
Mr™a*t2{(1 — 9)(my — m; + 3) + 9}

L erm1+m2 +Q4rm1+m2+P4 +
__( +l9)da ﬁlrm1+m2+m5—m3+2
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Q; and Q, are determined using the mechanical free-free boundary conditions, considering
the internal pressure p, and external pressure p,

Opr = —Pg aNd 0, = —pp (28)
Substituting the mechanical boundary condition, eq. (28) in Eq. (27), the constants become
$22X — h1Y 0, = ¢11Y — P21 X
© b — Prada

S S

(29)

where,

P;(1—v) +v]am™tht

P,(1—-v)+v]

Pi(1—-v)+v]
]

Py(1—v) +v]pmtP-1

$11 = Egh
$12 = EgA
$21 = Eq
$22 = Egd

X=-Z@)—ps , Y=—Z2(0)—pp (31)

qMitP2—1

(30)

bm1+P1—1

— — —

[Q.{(1—=9)P; +9}a™+Pi=1 4

Q{(1 — 9P, + 9}a™+P"1

+la™ 2 tPf{(1 —9)(m, + P, + 1) + 9} +
JaMatmems=ms+2((1 _ 9)(m, + mg — m3 + 3) + 9}
+La™tM2{(1 —9)(m, + 1) + 9} +

Ma™*2{(1 —9)(my —my + 3) + 9}

_(1 + -(9) Q3am1+m2 + Q4am1+m2+P4 +
| Ag ﬁlam1+m2+m5—m3+2

Z(a) = E A (32)

Q. {(1 —9)P; + 9}p™1tPi"1

Q.{(1 —9)P, + 9}p™tP2m1

+Ip™ M2 tPf(1 —9)(m, + P, + 1) + 9} +
JhMatmems=ms+2£(1 _ 9)(m, + mg — m3 + 3) + 9}
+Lp™tM2{(1 —9)(m, + 1) + 9} +

Mb™+*2{(1 — 9)(my — my + 3) + U}

ngm1+m2 + Q4bm1+m2+P4, +
__(1 +9)a, {ﬁlbm1+m2+m5_m3+2 }

Z(b) = E A (33)

5. Results and discussion

Thermo-mechanical stress analysis was carried out on a functionally graded hollow cylindrical
vessel subjected to varying thermal distribution. FGM-composed results are presented and
assumed to be temperature-independent, isotropic elastic material properties. The geometrical and
mechanical properties are given in Table 1. Displacement, stress, and material properties along the
radial direction of the cylinder are represented as dimensionless values to demonstrate the effect of
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the FG material. The following dimensionless values were used for the presentation of numerical
Pry * Orr Jgg0 x __ U

results: P === == == =
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5.1 Material properties

Fig. 2 represents the dimensionless elastic modulus, thermal expansion coefficient, thermal
conduction coefficient, and density, wherem, = m, = m3 = m, = n and ms = 0 for constant
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Fig. 4 Effect of various rotations (internal pressure) on displacement and stresses (radial, tangential
and von Mises)

heat flux along the radius. The inhomogeneity constant shows the stiffness variation along the
radius, i.e., n > 0 means increasing the stiffness and n < 0 means decreasing the stiffness in the
radial direction. An n =0, shows the isotropic material properties.

5.2 Validation of the present study

The present approach was validated with Jabbari et al. (2002) to check the feasibility of the
methodology, which is illustrated in Fig. 3(a-d). [llustrated figures show excellent agreement with
the literature. For the effective stress analysis, the von Mises stress distribution ¢ *= /2|0, —
oy¢| 1s analyzed for all cases.

5.3 Effect of various rotations (internal pressure)

The radial displacement and stress, such as radial, tangential, and von Mises, are represented by
Fig. 4, for the various angular rotations (100, 300, 400) with internally pressurized (50 MPa)
mechanical loading conditions. Displacement and stresses (tangential & von Mises) are directly
related to the angular rotation in both n =1 & 2, i.e., angular rotation helps to increase the loading
condition, due to this increment in loading, the displacement and stresses also increase. But the
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Fig. 5 Effect of various temperature (internal pressure) on displacement and stresses (radial, tangenti
al and von Mises)

radial stress behaves in inverse relation to angular rotation, because the inner region resists internal
pressure, experiencing compressive radial stress, while at the outer region tensile stress is
generated, which is the dominating stress. The von Mises stress distribution shows the cumulative
effect of radial and tangential stress, which is more influenced by the tangential stress as shown.
For accurate prediction of failure, it is essential to thoroughly understand the stress variation with
varying angular rotation & material properties.

5.4 Effect of various temperatures (internal pressure)

The effect of various temperatures (100, 200, 300) with internal pressure (50 MPa) on
displacement and stress (radial, tangential, and von Mises) is shown in Fig. 5, respectively. The
displacement and radial stress are illustrating the direct relation with the temperature as shown in
Fig. 5 for both n = 1 & 2, because increasing the temperature softens the material that influences
and reduces the radial stress and increases radial deformation. On the other hand, the tangential
and von Mises stresses are inversely related to temperature till the ratio r/b = 1.08, beyond this, the
relationship becomes proportional because after a certain value of radius, the temperature is less
pronounced due to thus the dominant effect is less. Beyond the critical radius, the tangential stress
is more influenced by temperature, resulting in higher tangential and von Mises stress.
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5.5 Effect of various pressures (internal pressure)

The influence of various internal pressures (50, 100, 150 MPa) on radial displacement and
stresses such as radial, tangential, and von Mises, is shown in Fig. 6, respectively. These variations
in internal pressure directly influence the radial displacement, radial stress, and von Mises stress,
with a higher magnitude at the inner surface and lowest at the outer surface, which represents the
linear elastic behavior where stress is directly proportional to the strain. But in the case of
tangential stress, the relation with internal pressure is opposite, with a higher magnitude at the
outer surface as compared to the inner surface. An increase in pressure leads to radial expansion
radially which decreases the tangential stress. This critical response is important to understand the
failure modes under various pressures.

5.6 Effect of various rotations (external pressure)

In this case, the influence of various rotations (100, 300, 400) under external pressure (100
MPa) is considered to analyze the radial displacement and stresses (radial, tangential, and von
Mises) of the FG cylinder as shown in Fig. 7, respectively. Radial displacement and tangential
stresses are directly influenced by angular rotation because centrifugal force becomes more
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Fig. 7 Effect of various rotations (external pressure) on displacement and stresses (radial, tangential, and von
Mises)

dominant with an increase in angular rotation. This reduces the net compressive force due to the
external pressure and results outward expansion of walls. However, radial stress shows a non-
linear inverse response. While compressive radial stress due to external pressure opposes the
outward centrifugal force and reduces the compressive effects. This leads to lower radial stress
magnitude as the angular velocity increases. The von Mises stress variation shows the complex
pattern due to conflict behaviour between tangential and radial stresses, due to this, it is necessary
to individually analyse both the components for failure prediction.

5.7 Effect of various temperatures (external pressure)

In this case, the effect of various temperatures (100, 200, 300) with external pressure (100
MPa) is considered for the analysis and represented in Figs. 8, respectively. The radial stress is
directly influenced because it is the ability of the material (thermal expansion) to resist radial
pressure (compressive) that leads to the radial stress by stiffening the inner layers under thermal
gradient. Whereas the radial displacement varies inversely with temperature and external pressure
case because when increasing the temperature, material generally expands, but external pressure
exhibits compression. The material leading to less resistance against displacement due to the
combined effect those results in it being more easily deformable. Tangential stress and von Mises
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Fig. 8 Effect of various temperatures (external pressure) on displacement and stresses (radial, tangential, and
von Mises)

stresses are converging & directly influenced up to r/b = 1.10, then diverging onwards. At this
critical point, the outer layer of wall material becomes softer due to the thermal effect and becomes
dominant than the compressive force. In this region material easily deforms and the tangential and
von-Mises stresses pattern changes.

5.8 Effect of various pressures (external pressure)

In this scenario, various external pressures (50, 100, 150 MPa) are considered for the analysis
of radial displacement and stress, as shown in figs. 9, respectively. As expected, the magnitude of
displacement and stress is directly influenced by the external pressure. Because an increase in
external pressure imposed higher compressive forces. This proportional relation is also justified by
the classical mechanics principles that material behaves elastically under a specified pressure
range. Critical tangential stress in between different grading indices is decreasing while increasing
the external pressure, but the critical von Mises stress between grading indices increases with an
increase in the external pressure because stiffer materials resist radial expansion effectively, and
alter the stress components. The material yielding is more pronounced in the case of increasing
external pressure.
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Fig. 9 Effect of various pressures (external pressure) on displacement and stresses (radial, tangential and von
Mises)

5.9 Effect of various rotations (internal and external pressure)

In this case, the combined loading condition of various angular rotations (50, 100, 150) under
both internal (50 MPa) & external (100 MPa) pressure is analysed. As the radial displacement and
tangential stresses are directly proportional to the loading condition considered in this case, with a
slightly higher magnitude at the inner surface because a higher value of angular rotation generates
higher centrifugal forces. In contrast, radial stress is inversely proportional to the mechanical and
centrifugal loading conditions because the compressive force of external and internal pressures is
reduced due to the increase in centrifugal force that creates conflicting behaviors of the von Mises
distribution as shown in Fig. 10(a-d), leads to non-monotonic von-Mises stress distribution. These
complex stress fields require careful evaluation to avoid material failure an unexpected region.

5.10 Effect of various temperatures (internal and external pressure)

This case study explains the effect of various temperatures (50, 100, 150) under internal (50
MPa) & external (100 MPa) pressure on displacement and stresses as shown in Fig. 11 (a-d),
respectively. Radial displacement shows an inverse relation to thermal loading conditions because
although materials tend to expand with heat, the net mechanical load is compressive, which
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Fig. 10 Effect of various rotations (internal and external pressure) on displacement and stresses (radial,
tangential and von Mises)

dominates at elevated temperatures. Whereas radial stress is directly proportional to temperature,
because the ability of the material to withstand radial stress is increased with temperature rise, also
material’s ability to resist compressive force due to pressure is better at higher temperatures due to
a softer outer region and a stiffer inner region. Tangential and von Mises stresses are increasing up
to a critical radius, and beyond inverse trend follows. This is because the material’s response is
more uniform near the inner region, whereas the outer region may experience different responses
as compared to the inner region. The converging-to-diverging behavior is caused by thermal
softening in the outer wall of the structure. This complex scenario must be accounted for in
designing high-temperature pressure vessel.

5.11 Effect of various pressures (internal and external pressure)

Finally, in this section, the effect of various internal (100, 200, and 300 MPa) and constant
external (100 MPa) pressures is considered for analysis. It is found that the directly proportional
relationship of radial displacement, tangential stress, and von Mises stress with the loading
condition is due to the dominating internal expansion force. Also indicates that an increase in
elastic deformation leads to more noticeable responses. However, radial stress is inversely related
to loading conditions because the outward centrifugal force is balanced by the compression force.
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Fig. 11 Effect of various temperatures (internal and external pressure) on displacement and stresses (radial,
tangential, and von Mises)

Also, the critical stress for different grading index shifts outward when increasing the pressure
loading, indicating that the dominating tensile effect is due to higher pressure and stiffer outer
materials can bear higher stress. Meanwhile, maximum von-Mises stress is shifting inward,
indicating that a more complex interaction between radial and tangential stress components. This
important insight is useful for optimum design against failure.

6. Conclusions

In this study, an exact thermo-mechanical analytical solution for an FG cylindrical pressure
vessel has been presented by assuming the varying material properties and a constant Poisson’s
ratio. Different cases of loading are considered as described in the above sections. Thermo-
mechanical elastic stresses for free-free boundary conditions were obtained. The effect of non-
homogeneity constant, angular rotation, varying temperature, and internal & external pressure on
the displacement and stresses was investigated. Some general conclusions were observed and
summarized as follows:

1. Radial stress is zero at the outer surface in the case of internal pressure, zero at the inner
surface in the case of external pressure, and non-zero on both sides in the case of both-sided
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Fig. 12 Effect of various pressures (internal and external pressure) on displacement and stresses (radial,
tangential and von Mises)

pressures. And in between the inner and outer radius, the radial stress variations remain tensile.

2. Due to the material parameter variations, the displacement and stresses have significant
changes throughout the thickness in all cases considered as above, and omitting the different
applications as requirements.

3. This study will help engineers design cylindrical vessels by analyzing the case study for
different loading conditions considered in this paper.
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Radial strain

Tangential strain
Radial stress (MPa)

Tangential stress (MPa)
Rotation (rad/s)
Gravity (m/s?)
Young’s modulus function (MPa)
CTE function (per °C)

Thermal conduction coefficient (TCC)
function (W/mKk)

Density function (kg/m?3)

Pa,

4a

m1=m2=m3
:m4_:m5

Q31 Q4—l P3! P4-

le QZV Plv PZ
Py

Py

Density at ‘a’ (kg/m?)

Heat generation at ‘a’ (kj/m°)
Material grading parameter

Temperature function (°C)
Temperature at ‘a’ (°C)
Temperature at ‘b’ (°C)

Thermal constants

Displacement constants
Pressure at inner radius (MPa)

Pressure at outer radius (MPa)





