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Abstract. In this study, a framework for coupling of the convolution quadrature time-domain boundary
element method (CQBEM) and image-based finite element method (IMFEM) is presented for 2-D elastic
wave propagation. This coupling method has three advantages: 1) the finite element modeling for
heterogeneous areas can be performed without difficulties by using digital data for the analysis model, 2)
wave propagation in an infinite domain can be calculated with high accuracy by using the CQBEM, and 3) a
small time-step size can be used. In general, a small time-step size cannot be used in the classical time-
domain boundary element method. However, the CQBEM used in this analysis can address a small time-
step size. This makes it possible to couple the CQBEM and image-based FEM which require a small-time
step size. In this study, the formulation and validation of the pro-posed method are described and confirmed
by solving fundamental elastic wave scattering problems. As a numerical example, elastic wave scattering in
inhomogeneous media is demonstrated using the proposed coupling method.

Keywords: convolution quadrature method; convolution quadrature time-domain boundary element method
(CQBEM); finite element method (FEM); image-based modeling; 2-D elastodynamics

1. Introduction

Recently, the convolution quadrature time-domain boundary element method (CQBEM) has
been developed and applied to several engineering problems, such as scalar, viscoelastic, and
anisotropic wave propagation (Schanz and Antes 1997, Abreu et al. 2003, Saitoh 2024), in an
infinite space. In the CQBEM formulation, the convolution quadrature method (CQM), first
proposed by Lubich (1998), is applied to the time-discretization convolutions of the time-domain
boundary integral equations. The CQM is an accurate and stable numerical approximation
technique for convolution integrals. Therefore, the CQBEM can produce high precision solutions
if a small time-step size is used. The classical time-domain boundary element method (BEM)
(Mansur and Brebbia 1983, Beskos 1987) does not exhibit these superior characteristics. In
addition, the CQBEM can deal with infinite regions without any modifications and requires a
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spatial discretization of the analysis domain as well as the classical one. On the other hand, the
finite element method (FEM) (Hughes 1987, Shaw and Andrawes 2017, Azqandi et al. 2019) is
resistant to nonlinear problems and the de facto standard of the computational methods. For
example, image-based modeling (Terada et al. 1997, Chung et al. 2015) converts the pixel data of
a digital image into a finite element mesh and significantly facilitate the modeling phase, greatly
enhancing the versatility of the FEM. Image-based modeling has been used for the elastodynamic
finite integration technique (EFIT) (Fellinger et al. 1995, Nakahata et al. 2009), which is an
improved version of the finite-difference time-domain method (FDTD) (Yu ef al. 2011). The great
advantage of image-based modeling is that it facilitates the numerical analysis of inhomogeneous
materials. Because the FEM and FDTD are more advantageous when analyzing inhomogeneous
regions compared to BEM, image-based modeling has been increasingly incorporated into the
FEM and FDTD approaches. However, the FEM cannot deal with infinite and semi-infinite
domains. To overcome this disadvantage, absorbing boundaries, such as PML (Givoli 2004), etc.,
have been applied to the FEM framework. There are no missing boundaries that can accurately
satisfy the radiation condition of scattered waves in infinite space.

Therefore, in this study, a coupling method was developed for the regions containing both finite
inhomogeneous and infinite characteristics. The CQBEM and FEM are utilized for treating the
infinite homogeneous and finite inhomogeneous regions, respectively, to maximize the advantages
of each method. The proposed coupling method has already been developed for 2-D anti-plane
wave propagation by our research group (Saitoh ef al. 2016). Consequently, in this study, the
previously proposed method for 2-D anti-plane wave propagation is extended to include 2-D
elastic wave propagation, which requires a more difficult formulation (Eringen and Suhubi 1975).

In the following section, the problem at hand is introduced. 2-D elastic wave propagation in an
infinite space with a finite region is considered. Next, the CQM and CQBEM formulations are
discussed. Then, a brief description of the image-based modeling and FEM formulations for 2-D
elastodynamics are introduced. The analysis of elastic wave scattering by an inclusion is
implemented using the proposed method to confirm its computational accuracy. Finally, elastic
wave scattering by an inhomogeneous solid in an infinite space is demonstrated to validate the
proposed coupling method.

2. Problem

The small index used throughout this study, such as ();, ranges from 1 to 2, unless stated
otherwise. Additionally, summation over repeated subscripts is implied throughout this paper.

Let us consider elastic wave propagation, scattering and transmission in an infinite space Qp
over a finite region (r and boundary I, as depicted in Fig. 1. The infinite space {1z and finite
region (lp are treated by the CQBEM and FEM, respectively. Displacement u;(x,t) at position
x and time t in both isotropic domains Qp and Qp satisfy the Navier-Cauchy equation in the
time-domain, which is stated as follows:

pi;(x,t) = pu; ji(x,t) + (A + wWu;;;(x, t) (1)
w(x0)=0, wx0)=0 @)

where Eq. (2) demonstrates the initial condition. In addition, A and u are the Lamé constants
and p is the density. The dot () and the the symbol (); represent the partial derivative with
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respect to the time t (d/0dt) and space x; (d/0x;), respectively. In Eq. (1), the body force term is
neglected. In Fig. 1, n® and nf are the unit normal vectors at a point x with respect to the
outer domain Qg and inside domain , respectively. Displacement u;(x,t) satisfies Eq. (1) in
each domain Qp and Qp and is calculated using the method that couples the CQBEM and FEM
presented in this study.

3. CQBEM formulation
3.1 Time domain boundary integral equation

For an infinite homogeneous region Qp containing inhomogeneous infinite region Qp,
CQBEM is utilized to treat the radiation condition on the infinite boundary I'®, as depicted in Fig.
1. The time domain boundary integral equation for domain Qp can be expressed as follows:

€y (0w (6 0) = ul(x, £) + f Uy (6,9,0) * 4,(y, O)dT, — f Sy ey D+ 0dl, (@)
r r

where C;;(x) is the free term and U;;(x,y,t) and S;;(x,y,t) are the time-domain fundamental
solution and corresponding traction fundamental solution for 2-D elastodynamics, respectively.
The symbol = represents the convolution integral with respect to time ¢ and q;(y,t) denotes

the traction component. In addition, u!"(x,t) denotes an incident wave.

In general, the calculation of the time-domain boundary integral equation defined in Eq. (3) is
unstable when the time increment At is small. However, image-based FEM (IMFEM) requires a
small time increment to guarantee the accuracy of time-domain solutions. Therefore, in this study,
the convolution integral of the time-domain boundary integral Eq. (3) is numerically approximated
using the CQM proposed by Lubich (1998) to obtain stable numerical solutions in the time-
domain.

3.2 Convolution quadrature method (CQM)
Before applying the CQM to the time-domain boundary integral equation (3), we briefly discuss

the CQM proposed by Lubich (1998).
In general, the convolution integral is expressed as follows:
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feg() = fo f(t-1)g@)d (4)

The convolution integral defined in Eq. (4) can be numerically approximated using CQM as
follows:

frgmht) = Y o (B)g(kBD, (1= 0,1, N) )
k=0

where time t is divided into N equal time steps (t = nAt,n =0, ..., N) with a time increment
of At. The function w,, is the weight function, which is defined as follows:

L-1

R (Y (2) _Z”Ti"l
wn(A8) == l=0f< )e (6)

where f denotes the Laplace transformation of the original kernel function f(t) defined in Eq.
(4). Additionally, i is the imaginary unit and z, = Re*™!/L R and L are CQM parameters.
Parameter R can be determined using the target accuracy e when constructing Eq. (5), which is
defined as follows:

Rl = e ()
Moreover, in Eq. (6), function y(z) is given as follows:
n 1 .
y(2) = F(l —z) 8
k=1

In Eq. (8), n=1 or n=2, which are denoted as BDF1 and BDF2 (Schanz 2001),
respectively, must be considered. Applying Eq. (5) to the convolutions of the time-domain
boundary integral equation defined in Eq. (3) and using the weight function w,,(At) defined in
Eq. (6), we can solve the time-domain boundary integral equation (3) without using the time-
domain fundamental solution, which is necessary for classical time-domain BEM tasks (Niwa et
al. 1980). Therefore, the CQBEM is very useful for problems in which no time-domain
fundamental solutions are known, such as viscoelastodynamic (Saitoh and Takeda 2021) and
poroelastodynamic problems (Saitoh et al. 2014). For such problems, the corresponding Laplace-
domain fundamental solutions are well known. Consequently, the use of the CQBEM can expand
the application spectrum of time-domain BEMSs. Some engineering problems have been solved
using the CQBEM, which overcomes the disadvantages of the classical time-domain BEM
applications (Xinzhong and Shunming 2018).

3.3 Discretization for time and space

As mentioned in the previous section, time discretization is carried out using CQM. On the
other hand, the spatial discretization is performed using the linear interpolation function.
Considering the interpolation function ¢P (&) for a local coordinate ¢ on the discretized
boundary I (j = 1,..,Mg), the displacement u; and traction q; are approximated on the
boundary T; as follows:
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2 2
w= ) o, a=) 9P ©)
r=1 p=1
where uf and qf are the displacement and traction components, respectively, at node p of a

discretized boundary element T; obtained by spatial discretization. Applying the CQM presented
in Eq. (5) and linear interpolations stated in Eq. (9) to the time-domain boundary integral equation
(3) for time and space discretization, respectively, and taking the limit x € T, the discretized
boundary integral equation can be obtained as follows:

Mp n

ul(x nAt) = ul®(x, nAt) + Z Z A" e (x)q,; (%, kAt) — Bj~ e (x)w (v kAt)] (10)
a=1k=1
where AZ? and B{}l are the influence functions, which are obtained using Egs. (5) and (6) as
follows:

. R—™M L 12 _ . ] _2miml

Ayt =—— Z f”u (x,y%, s)¢pP|e” L dI, (1)
1=0p=1-T :

. :R—ml‘ T2 R " 1 _2rimu

B == ) || Sy oytser |, (12)
1=0 p=1 T :

where s; is the Laplace parameter. Eqgs. (11) and (12) are represented in the form of Fourier
transforms. Therefore, Egs. (11) and (12) can be efficiently calculated using the fast Fourier
transform (FFT) if the CQM parameter L is set to L = N, where N is the total number of time
steps. Kernels ﬁij(x, y,s) and Sij(x, y,s) are the Laplace-domain fundamental solutions and
double-layer kernel for 2-D elastodynamics, respectively, which are given by

_ 1 1
Uij(x,y,5) =— [gr5ij ——9r — gu),ij (13)
u St

R c 2
Sij(x, y,s) = _SijnZ(gT),k - n?/(gr),j - <1 -2 2 )n 9L)i + nk (gT gL),ijk (14)

In Eq. (14), ¢, and ¢y denote the wave velocities of P- and S-waves, respectively. §;; and

n% denote the Kronecker delta and unit outer normal vector of the boundary element with y,
respectively. In addition, g; and g, are defined as

1 1
guL(r) = Ko (1), gr(r) = EKO(STr) (15)

where r is definedas r = |x — y| and K, is the second kind of modified Bessel function of the
0-th order. Parameter sz is given by sz =s;/cg (B =LorT). In the discretized boundary

integral Eq. (10) at the n-th time step, Eq. (10) can be rewritten in the matrix form as follows:

n-1

[B°]{(u}" — [A°H{q@}" = (u™}" + Z[[A""‘]{q}" — [B"*1{u}*]] (16)
k=1
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Fig. 2 A digital image data and magnified local area

where [A™] and [B™] are the assembling matrices defined in Eqgs. (11) and (12), respectively.
{ui“}n denotes the incident wave vector at the n-th time step. In addition, {u}" and {q}" are

the displacement and traction vectors at the n-th time step, respectively. In Eq. (16), {u}* and
{q}* on the right-hand side are known at the n-th time step. Therefore, Eq. (16) can be solved
starting from the first time step n = 1 with the initial conditions to the last time step n = N.

4. Image-based FEM (IMFEM) formulation

Next, a formulation of the time domain IMFEM is presented. In this section, first, the image-
based modeling is briefly described. Subsequently, the time-domain FEM formulation using
image-based modeling is explained. As mentioned previously, FEM is the de facto standard
method in the computational engineering field as shown in literatures, e.g., (Logan 2016).

4.1 Image-based modeling

Image-based modeling is a method for modeling the shape data of an object using a digital
image. Generally, digital images are represented by a set of pixels, as depicted in Fig. 2. In image-
based modeling, one pixel in an image is considered a finite element, as depicted in Fig. 2.
Therefore, a finite element is square in 2-D problems. The depth direction can be considered by
taking many tomographic images for 3-D problems. Subsequently, a finite element is defined as a
cubic shape in 3-D problems. In general, it is difficult to represent curves (or curved surfaces) of
analysis objects smoothly in image-based modeling, shown in Fig. 2, because curves need to be
approximated by members of squares in 2-D problems. However, in FEM modeling, complex
analysis targets or problems can be easily addressed if corresponding images can be prepared.
Therefore, for such complex problems, the required preprocessing time can be reduced if image-
based modeling is used.

4.2 Finite element equation based on the image-based modeling

In general, FEM formulation can be found in many textbooks, for example, (Logan 2016).
Therefore, the formulation of a finite element method based on image-based modeling is briefly
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described in this section. The Galerkin method is applied to the spatial discretization described in
Eq. (1). By multiplying Eqg. (1) by a weight function, N;(i =1,...,4) (Hughes 1987), and
integrating the resulting equation over the analysis domain Qp = Z’ewjl v,, We can obtain the
following equation:

Mg

ZJ- Ny (puyj; + (A + W — piiy)dv, =0 (17)

e=1""Ye

where My denotes the number of finite elements and v, is the e-th finite element region. The
following equation can be obtained using the Gauss-Green theorem:

f Na ui,jjdve = j Na, ui,jnjdse —f Na,j ui,jdve (18)
Ve Se Ve

where s, represents a boundary of the finite element v,. Substituting Eq. (18) into Eq. (17),
assuming that the Lamé constants A and u are used and the density p takes constant values for
each finite element, Eq. (17) can be rewritten as follows:

Mg Mg
Z u {J- Na ui,jnjdse - f Na,j ui,jdve} + Z A {f Na Ujjjnadse - f Not,i uj‘jdve}
e=1 Se Ve e=1 Se Ve
MFp Mg
+ Z 1% {J Na uj_injdse - J Na,j uj_idve} - Z pj Na ﬂid‘l]e =0
e=1 Se Ve e=1 Ve

Eq. (19) can be rewritten with respect to an integration over the finite element v, and its
boundary s, as follows:

(19)

MFp 4

Z Z [ﬂf N{l,j N,B,jdve . ufﬁ + AJ Na,i ng‘jdve . u]eﬁ + ‘Llj Na,j Nﬁ,idve . ufﬁ]
e=1p=1 ve ve ve
Mg 4 Mg 4 (20)
+ZZ[[J[ NaNﬁdve-ilfB]—ZZ[f Naqiﬁdse]=0
e=1p=1 ve e=1p=1L"5°

where uf’ﬁ and qu are the displacement and traction components, respectively, at node g of a
rectangular finite element v,. The second term in Eg. (20) contains a partial derivative with
respect to time t. Therefore, applying the backward differential approximations,

_u o, ol 2uf T @1)
At 0t At?

to Eq. (20) and moving the terms with respect to the displacement u{‘B at the n-th time step to the

left-hand side, while moving the remaining terms with respect to u{‘B‘l and u?ﬁ‘z to the right-

hand side, we arrive at the following matrix form:
At*{[K] + [M]Hu}" — At*[Q]{q}" = 2[M]{u}""" — [M]{u}""? (22)

where {u}" and {q}™ are the displacement and traction vectors at the n-th time step,
respectively. Matrix [M] is the global mass matrix and can be obtained using the second term on

- N
u;
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Fig. 3 Analysis model for accuracy verification and its CQBEM-FEM mesh
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Fig. 4 Time variation of total displacements at point A depicted in Fig. 3 for various time increments At

the left-hand side belonging Eq. (20). Matrix [K] is the global stiffness matrix calculated by the
first term on the left-hand side belonging to Eq. (20). Matrix [Q} can be obtained from the third
term on the left-hand side belonging to Eq. (20). Eq. (22) can be solved at the n-th time step using
the solutions obtained at the previous n—1 and n — 2-th time steps. The procedure for
obtaining the final form of Eq. (22) is the same as that followed for 2-D SH wave propagation
(Saitoh et al. 2016). Thus, Eqg. (22) can be solved step by step starting from the initial and
boundary conditions of the problem to be solved.

5. Coupling of COBEM and image-based FEM

A Dbrief description of the coupling between the CQBEM and image-based FEM frameworks is
presented in this section. In general, the equivalent boundary element coupling and finite element
coupling methods are known in the field of the classical coupling method for BEM and FEM
frameworks (Fukui 1987, Von 1990, Aour 2006). In this study, the equivalent boundary element
coupling method was considered for coupling the CQBEM and image-based FEM frameworks. In
the equivalent boundary element coupling algorithm, the finite element domain Qp is considered
as an equivalent boundary element. The existing BEM formulation can be easily applied to this
algorithm.

To solve Egs. (16) and (22) simultaneously, the time increment At for the CQBEM framework
is set to be the same as that for the image-based FEM framework. The following continuity
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Fig. 5 Elastic wave scattering caused by a circular inclusion at (a)n = 100, (b)n = 200, (c)n =
300, and (d)n = 400 time steps

cavity

Fig. 6 Elastic wave scattering caused by a cavity at (a)n = 100, (b)n = 200, (c)n = 300, and (d)n
= 400 time steps
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Fig. 7 Image-based modeling obtained by using an X-ray CT image (a) original X-ray CT image and (b)
processed image data

boundary conditions between the boundary element region Qp and finite element region Qg are
considered:

Uip (x' t) = Uip (x' t)' ti(x) t) + dip (x; t) =0 (23)

where the subscripts B and F denote the displacement and traction components in the boundary
element region Qp and finite element region Q, respectively. By applying the boundary
conditions depicted in Eq. (23) to both Egs. (16) and (22), and solving the resulting matrix through
time steps, the unknown displacements and tractions at the boundary T and in the finite domain
Qp at all time steps can be obtained. Once the unknown displacements and tractions on the
boundary T are obtained, the displacement u; in the outer space Qp can be calculated using Eq.
(3) with the free term C;; =1 for i = j, and otherwise C;; =0 for i #j.

6. Numerical examples

Some numerical examples are presented in this section. The accuracy parameter € defined in
Eq. (7) issetto e = 1.0 x 1012 for all the following calculations. The time increment At used
for the CQBEM frameworks is the same as that used for the image-based FEM framework. In the
numerical examples, the incident plane P-wave propagating in the x; direction is considered for
the 2-D infinite domain Qp as follows:

u%“(x, t) = u0%5i1(1 — cos 2Tma),

+ !
(=BT for 0<a<) (24)
a = AL CL
0 for otherwise

6.1 Accuracy confirmation

Before presenting the numerical results obtained by the proposed method, the coupling of the
CQBEM and classical FEM without image-based modeling was validated and confirmed.
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Fig. 8 Total wave fields |u|/u, around the inhomogeneous area at (a)n = 100, (b)n = 200, (c)n =
300, and (d)n = 400 time steps

The scattering of an incident plane P-wave by a circular object, shown in Fig. 3, was solved by
the coupling method without image-based modeling to verify the individual computational
accuracy of CQBEM and FEM. In this problem, if the material parameters of an object Q are the
same as those of an infinite elastic solid Qg, and the continuous boundary conditions for the
displacement wu; and traction g; on the boundary ' are imposed as depicted in Eq. (23), the
solutions of the boundary value problems are equivalent to those for an incident wave ul"(x, t).

Fig. 4 presents the time histories of the horizontal displacement u; at the point A depicted in
Fig. 3, which are obtained by using several time increments At. Parameter a, which denotes the
radius of the object Qp presented in Fig. 3, is used as a’ = 1.0 in Eq. (24). The exact solutions,
namely, the incident waves ul"(x,t) for this problem, are also indicated by the solid line to
evaluate the accuracy in Fig. 4. The incident wavelength A,, density p, and P-wave velocity ¢,
values are given as 4; = 2.0, p = 1.0, and ¢, = 1.0, respectively. In this case, Poisson's ratio v
in domain Qg is given as v = 0.25. Object Qp is discretized into (Mp =)1092 rectangular
finite elements, as shown on the right side in Fig. 3. The number of boundary elements is Mz =
104 in this case. There are 1145 node points in total.

It can be observed that the peak values of the horizontal displacement u; at point A depicted
in Fig. 3 are not accurate compared to the exact solutions when the time increments are At = 0.01
and At = 0.005. However, the results obtained by coupling CQBEM and FEM with time step of
At = 0.001 were in good agreement with the exact solutions, which is demonstrated in Fig. 4. A
small time-step size, At = 0.001, yields more accurate results than those obtained with At =
0.01 and At = 0.005. This numerical computation was executed in a stable manner, even for
small time increments At = 0.001 owing to using CQBEM.
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6.2 Elastic wave scattering caused by a circular inclusion

Next, an elastic wave scattering caused by a circular inclusion was solved using the coupled
method. For this calculation, the geometric model shown in Fig. 3 in the previous section 6.1 is
used. However, different parameters are considered for Q which is introduced as an inclusion
here. The wavelength A, issetas A; = 2.0. The ratio between the P- and S-wave velocities, ¢; 5
and crp, respectively, in the domain Qg is given as c;z/Crg = V2. In addition, the ratio
between the P- and S-wave velocities, ¢,z and cpp, respectively, in the domain Qp is

c.r/crr = V2. The inclusion with radius a = 1 is discretized according to the number of finite
elements Mp = 22500. Accordingly, the number of boundary elements My is setas Mz = 600.
Enough nodes per wavelength are considered. In addition, the time increment At =~ 0.02 and
total time steps N = 1024.

Figs. 5 (a)-(d) depict the total displacements |u| around the inclusion at n = 100, n = 200,
n = 300, and n = 400 time steps, subjected to the incident P-wave defined in Eq. (24). For
comparison, the results regarding the case in which the infinite domain Q is a cavity with a
traction-free boundary condition is presented in Fig. 6. In Figs. 5 (a)-(d), the dashed white circles
indicate the boundary between the domains Qp and Qg. In addition, the white circles indicate the
cavity in Fig. 6.

In Fig. 5(a), the scattered P-wave can be seen in front of the inclusion. The incident P-wave
inside the inclusion travels faster than that in the infinite outer domain Qpy because the P-wave
velocity ¢, in the inclusion Qg is larger than ¢,z in the domain Qg. However, if the object
Qp is a cavity, the incident P-wave is totally scattered by the cavity as shown in Fig. 6. Moreover,
a scattered S-wave can be generated by the mode conversion of the incident P-wave as shown in
Fig. 5(b). Part of the P-wave is scattered, while the rest is transmitted, as shown in Figs. 5(c) and
(d). From these numerical results, it can be observed that the CQBEM is properly coupled with
image-based FEM.

6.3 Elastic wave scattering by many inclusions

As a final numerical example, elastic wave scattering by many inclusions was analyzed using
the proposed method. The inclusions were modeled using image-based modeling in this analysis.

6.3.1 Preparation of analysis model using image-based modeling

Fig. 7(a) depicts the image used in this analysis, which is taken by an X-ray CT for a concrete
block with many aggregates. The number of pixels of the image is 150 x 150 = 22500.
Therefore, the total number of finite and boundary elements M, and My are M = 22500 and
Mg = 600, respectively, if one pixel matches one finite element.

To create the analysis model, first, each pixel of a grayscale digital image is represented by an
integer from 0 to 255, which is depicted in Fig. 7(a). Three thresholds were set (from 0 to 255) to
divide the infinite region Qp into three materials. In this analysis, which is presented in Fig. 7(b),
the three infinite domains are distinguished from each other using the grayscale values from 151 to
255 as material 1, those from 61 to 150 as the material 2, and those from 0 to 60 as the material 3.
As shown in Fig. 7, the finite element modeling for inhomogeneous regions can be easily
implemented using the image-based modeling for a digital image as an analysis object.
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6.3.2 Results obtained by proposed method

As mentioned in section 6.3.1, a scattering problem in an infinite domain Qp including a finite
inhomogeneous region Qp is considered here. In this analysis, the material parameters of the
infinite domain Qg were set to be the same as those of material 1 located in the inhomogeneous
region Q. The incident P-wave, defined in Eq. (24) with a’ = 3a, was also considered. Here,
the parameters, namely, the incident wavelength A; and P-wave velocity ¢, in each of the three
materials are defined as A, and c,,, respectively, using the subscripts y(y = 1,2,3), which
indicate the material number set by the image-based modeling depicted in Fig. 7. The wavelength
A, of the incident P-wave was set as A;; = 0.66. The ratios between the P- and S-wave
velocities in material 1, 2, and 3 were c;1/cr1 = 1.78, ¢15/crp, = 1.76, and c;3/cr3 = 1.73,
respectively. Accordingly, the Poisson's ratio values v, for materials 1, 2, and 3 are given as
v,=0.27, v, = 0.26, and v3 = 0.25, respectively. In Fig. 7, the dashed rectangles indicate the
interface boundary T'. On the other hand, the outer dashed black rectangles indicate the infinite
boundary. However, the outer dashed rectangles do not need to be considered because CQBEM
can deal with the infinite boundaries without any modification.

Figs. 8(a), (b), (c), and (d) depict the total wave fields |u|/u, around the inhomogeneous area
at (a) n =100, (b) n =200, (c) n=300, and (d) n =400 time steps, respectively. The
incident P-wave enters the inhomogeneous domain Qg, as shown in Fig. 8(a). Material 2 is
smaller than the wavelength A, of the incident P-wave. In addition, material 2 is modeled as an
inclusion. Therefore, the incident P-wave can propagate inside inclusions in the domain Q, as
depicted in Fig. 8(b), by repeating the multiple scattering. Accordingly, no scattered waves with
large amplitudes can be seen in Figs. 8(a) and (b). However, scattered waves with large
amplitudes are observed, which are presented in Figs. 8(c) and (d), because the acoustic impedance
between the matrix and material 3 is large. In addition, scattered waves generated by the
interaction between the incident P-wave and materials 2 and 3 propagate to infinity, and no
scattered waves from the infinite boundaries can be observed owing to using the CQBEM
framework over domain Qg. In addition, no useless scattered waves can be observed at the
interface boundary between Qg and Qg. Therefore, we can conclude that the CQBEM and
image-based FEM frameworks are combined without any problems for 2-D elastodynamic
problems.

7. Conclusions

In this study, a method for coupling the CQBEM and image-based FEM frameworks was
developed for 2-D elastodynamic problems. The proposed coupling method has the advantages of
both the CQBEM and image-based FEM. The proposed method can easily deal with infinite
regions without difficulties using CQBEM and inhomogeneous regions using image-based FEM.
Some elastic wave scattering problems were solved to validate the proposed method. In the future,
the proposed coupling method for 2-D elastodynamic problems will be extended to 3-D problems.
In addition, the fast multipole method (FMM) (Greengard and Rokhlin 1987, Rokhlin 1985) and
adaptive cross approximation method (Bebendorf (2008)) will be applied to accelerate calculating
a part of the matrix-vector products of the CQBEM. The proposed method will be applied to the
simulation of ultrasonic waves in nondestructive testing fields (Rose 1999).
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