
Advances in Concrete Construction, Vol. 19, No. 6 (2025) 349-362 
https://doi.org/10.12989/acc.2025.19.6.349 

Copyright © 2025 Techno-Press, Ltd. 
http://www.techno-press.org/?journal=acc&subpage=7                                      ISSN: 2287-5301 (Print), 2287-531X (Online) 

 
1. Introduction 

 
Footing or foundation is the structural member (sub-

structure) that transfers the loads of the superstructure to the 
soil. Footings are used in various types of construction in 
structural engineering, such as buildings and bridges. 

The main purpose of geotechnical and structural 
engineering is to obtain the smallest area and the 
dimensions of the footing to support the imposed loads by 
the superstructure. 

The total contact pressure depends on the position of the 
resultant force “R”, the base of the footing can be 
completely compressed or a fraction of it can be without 
compression and without tension (zero pressure). The area 
that works under compression is called the active 
compression zone, and the zero pressure condition defined 
by the neutral axis “NA”. 

The mathematical models to obtain the contact area on 
the soil have been developed for square (Luévanos-Rojas 
2012a), rectangular (Luévanos-Rojas 2013) and circular 
(Luévanos-Rojas 2012b) isolated footings subjected to 
biaxial bending. Also, models for combined footings have 
been proposed to obtain the contact surface on the soil 
subjected to biaxial bending in each column of rectangular 
shape (Luévanos-Rojas 2016), trapezoidal (Luévanos-Rojas 
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2015a), L-shaped (López-Chavarría et al. 2017), strap 
(Aguilera-Mancilla et al. 2019) and T-shaped (Luévanos-
Rojas et al. 2018a). These papers take into account the 
entire contact area working under compression. 

The studies on the bearing capacity of shallow footings 
subjected to uniaxial bending, taking into account the area 
of the footing that works partially under compression are: 
Peck et al. (1974) proposed an iterative method for 
arbitrarily shaped foundations. Teng (1979) presented 
graphs and equations for rectangular footings. Young and 
Budynas (2002) proposed tables and a general graphical 
method based on trial and error for rectangular footings. 
Highter and Anders (1985) developed design aids for 
circular and rectangular footings based on the concept of 
reduced effective area. 

The investigations on the bearing capacity of shallow 
footings subjected to biaxial bending are: Irles-Más and 
Irles-Más (1992) proposed an analytical solution to 
determine the pressure generated by the soil on the 
rectangular footings. Özmen (2011) proposed a successive 
approximations process to calculate the pressures below the 
rectangular footings. Rodriguez-Gutierrez and Aristizabal-
Ochoa (2013a) presented a simplified method to estimate 
the biaxial moment and axial load capacities of a rigid 
footing of arbitrary or regular shape that rests on the soil. 
Rodriguez-Gutierrez and Aristizabal-Ochoa (2013b) 
proposed several design aids (nomograms) for rectangular 
and trapezoidal rigid footings for three different types of 
pressure distribution for the types of uniform, linear, and 
parabolic. Bashir et al. (2013) used the 3D finite element 
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program to predict the moment anchorage capacity and 
experimentally verified. Lee et al. (2015) developed a 3D 
numerical method to obtain the settlement behavior of 
flexible mat foundations under vertical loads, taking into 
account the coupled soil springs. Kaur and Kumar (2016) 
used a statistical model for nonlinear regression analysis 
based on experimental data to predict the vertical 
settlement, horizontal deformation and tilt of a square 
footing subjected to any load supported on reinforced sand. 
Bezmalinovic Colleoni (2016) developed analytical 
equations to determine the linear pressure distribution of 
soil under the rigid rectangular footings. Aydogdu (2016) 
presented an iterative method to calculate the pressure 
below rectangular footings. Girgin (2017) obtained the 
rotational spring constants for rigid rectangular isolated 
footings resting on soil without tension and compression. 
Turedi et al. (2019) investigated the load-settlement and 
vertical stress of the ring footings supported on the loose 
sand bed through numerical analysis and laboratory tests. 
Al-Gahtani and Adekunle (2019) proposed an accurate and 
efficient, simple formulation to calculate the soil stresses 
due to arbitrarily distributed pressures over an arbitrarily 
shaped surface. Galvis and Smith-Pardo (2020) developed 
design aids to obtain the axial load and biaxial moment 
capacity for rectangular and circular shallow footings. 
Rawat et al. (2020) presented a critical evaluation and 
proposed a simplified analysis methodology for rectangular 
isolated footings. Lu and Aboutaha (2021) introduced three 
strengthening systems for isolated footings: BFRP wrapping 
system, CFRP wrapping system, and steel jacketing system. 
Lezgy-Nazargah et al. (2022) analyzed shallow ground-
supported footings using a mixed-field plate finite element 
model. Gör (2022) investigated the efficiency of two 
metaheuristic-based models; the black hole algorithm and 
multi-verse optimizer are synthesized with an artificial 
neural network to build the proposed hybrid models. 
Mansour et al. (2022) investigated experimentally and 
numerically the punching behavior of reinforced concrete 
isolated footings. Himeur et al. (2022) studied the coupled 
effect of variable Winkler–Pasternak foundations on the 
bending behavior of plates exposed to several types of 
loading. Dai et al. (2023) applied the six neural network-
based solutions to the bearing capacity of shallow footing 
on double-layer soils. Belabed et al. (2024) examined the 
bending and buckling behaviors of functionally graded 
carbon nanotube-reinforced composite beams resting on 
Winkler-Pasternak elastic foundations by the finite element 
model. 

Several researchers presented complete optimal designs 
for foundations such as: Khajehzadeh et al. (2014) for the 
foundations using the global-local gravitational search 
algorithm, Luévanos-Rojas (2014) for circular isolated 
footings, Luévanos-Rojas (2015b) for trapezoidal combined 
footings of edge, Luévanos-Rojas et al. (2017) for 
rectangular isolated footings, Velázquez-Santillán et al. 
(2018) for rectangular combined footings, Luévanos-Rojas 
et al. (2018b) for T-shaped combined footings, López-
Chavarría et al. (2019) for circular isolated footings, Yáñez-
Palafox et al. (2019) for strap combined footings, 
Luévanos-Rojas (2023a) for the optimal design of 

trapezoidal combined footings, Luévanos-Rojas et al. 
(2024a) for the optimal design of strap combined footings, 
Luévanos-Rojas et al. (2024b) for the optimal design of 
circular isolated footings with eccentric column. These 
papers take into account the entire contact area working 
under compression. 

 The papers that present the minimum contact area with 
the ground that work partially in compression are: Soto-
García et al. (2022) for circular isolated footings; Vela-
Moreno et al. (2022) for rectangular isolated footings; 
Montes-Paramo et al. (2023) for rectangular combined 
footings; Luévanos-Rojas (2023b) for the complete design 
of rectangular isolated footings; Luévanos-Soto (2024a) for 
circular isolated footings with eccentric column; Luévanos-
Soto (2024b) for the complete design of circular isolated 
footings with eccentric column. 

This research shows a mathematical model to obtain the 
minimum area for the corner combined footings subjected 
to biaxial bending at each column that considers the contact 
surface with the soil working partially under compression, 
i.e., a part of the contact surface of the footing is subject to 
compression and the other there is no pressure (pressure 
zero). The three types that can occur depending on the 
location of the maximum pressure are: 1) Corner of the 
footing; 2) At one end and on the outer side of the footing; 
3) At one end and on the inner side of the footing. In this 
work, the simplified equations are shown for type 1. The 
optimal model is formulated from a mathematical approach 
based on a minimum area, and it is developed by integration 
to obtain the resultant force “R”, resultant moment around 
the X axis “MxT” and resultant moment around the Y axis 
“MyT”. The known or constant parameters (independent 
variables) are: σmax, P1, P2, P3, Mx1, Mx2, Mx3, My1, My2 and 
My3. The unknown or decision variables (dependent 
variables) are: Amin, a1, a2, a3, b, h, h1, x1, x2, xd, y1, y2, ys, 
MxT and MyT. Some designers obtain the footing contact area 
by the trial and error method and others obtain the 
minimum area for a corner combined footing, but take into 
account that the soil contact area works entirely under 
compression. Numerical examples are presented to obtain 
the footing minimum area and compared with the current 
model to observe the differences. 

 
 

2. Methodology 
 
The loads and moments are obtained from a structural 

analysis, where the analysis of the structural framework is 
developed by any of the known methods (Stiffness Method, 
Slope-Deflection Method and Hardy Cross Method) that 
include dead, live, wind, and earthquake. 

The rigid footing deforms in a planar manner, i.e., the 
distribution of soil pressure under the footing is considered 
to be linear. 

The biaxial bending equation is not valid, when the 
resultant force R is located outside of the central nucleus, a 
well-known and delimited area, indicating an uncompressed 
zone. 

Fig. 1 shows the geometric properties of a corner 
combined footing. 
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Part 1: Optimal surface for corner combined footings assuming that the ground contact area … 

Fig. 1 Geometric properties for a corner combined footing
 
 
The geometric properties of the Ꞁ-shaped section are 
 𝐴 = ሺ𝑎ଵ − 𝑎ଶሻ𝑏 + 𝑎ଶℎ (1)
 𝑦௦ = ሺ𝑎ଵ − 𝑎ଶሻ𝑏ଶ + 𝑎ଶℎଶ2ሾሺ𝑎ଵ − 𝑎ଶሻ𝑏 + 𝑎ଶℎሿ (2)

 𝑦௜ = ሺ2ℎ − 𝑏ሻሺ𝑎ଵ − 𝑎ଶሻ𝑏 + 𝑎ଶℎଶ2ሾሺ𝑎ଵ − 𝑎ଶሻ𝑏 + 𝑎ଶℎሿ  (3)

 𝑥ௗ = 𝑎ଵଶ𝑏 + 𝑎ଶଶሺℎ − 𝑏ሻ2ሾሺ𝑎ଵ − 𝑎ଶሻ𝑏 + 𝑎ଶℎሿ (4)

 𝑥௜ = 𝑎ଵଶ𝑏 + 𝑎ଶሺ2𝑎ଵ − 𝑎ଶሻሺℎ − 𝑏ሻ2ሾሺ𝑎ଵ − 𝑎ଶሻ𝑏 + 𝑎ଶℎሿ  (5)

 𝐼௫ = ሺ𝑎ଵ − 𝑎ଶሻ𝑏ଷ + 𝑎ଶℎଷ12 + ሺ𝑎ଵ − 𝑎ଶሻ𝑏 ൬𝑦௦ − 𝑏2൰ଶ
         +𝑎ଶℎ ൬𝑦௦ − ℎ2൰ଶ

 
(6)

 𝐼௬ = 𝑏ሺ𝑎ଵ − 𝑎ଶሻଷ + ℎ𝑎ଶଷ12 + 𝑎ଶℎ ቀ𝑥ௗ − 𝑎ଶ2 ቁଶ
         +ሺ𝑎ଵ − 𝑎ଶሻ𝑏 ቀ𝑎ଵ − 𝑥ௗ − 𝑎ଵ − 𝑎ଶ2 ቁଶ

 
(7)

 
The resultant force and resultant moments are 
 𝑅 = 𝑃ଵ + 𝑃ଶ + 𝑃ଷ (8)
 𝑀௫் = 𝑀௫ଵ + 𝑀௫ଶ + 𝑀௫ଷ + ሺ𝑃ଵ + 𝑃ଶሻሺ𝑦௦ − 𝑦ଵሻ             −𝑃ଷሺℎ − 𝑦௦ − 𝑦ଶሻ (9)

 𝑀௬் = 𝑀௬ଵ + 𝑀௬ଶ + 𝑀௬ଷ + ሺ𝑃ଵ + 𝑃ଷሻሺ𝑥ௗ − 𝑥ଵሻ             −𝑃ଶሺ𝑎ଵ − 𝑥ௗ − 𝑥ଶሻ (10)

 
2.1 The maximum pressure is located at the corner 

of the footing 
 
Fig. 2 shows the eleven possible cases, when the 

maximum pressure is found at the corner of the corner 

combined footing subjected to biaxial bending. 
Case I considers that the area footing in contact with the 

soil works totally under compression. The pressure 
generated by the soil at any point of the footing “σz” is 
obtained by the biaxial bending general equation 

 𝜎௭ = 𝑅𝐴 + 𝑀௫்𝑦𝐼௫ + 𝑀௬்𝑥𝐼௬  (11)
 

where: R is the resultant force, MxT and MyT are the 
resultant moments in the X and Y axes, A is the area or 
surface of contact of the footing with the soil, Ix and Iy are 
the moments of inertia on the X and Y axes, x and y are the 
coordinates at any point of the footing. 

Cases II to XI consider that the area footing in contact 
with the soil works partially under compression. The 
pressure generated by the soil on the footing is obtained by 
the general equation of the pressure plane, from three 
known points. 

Now for this case the three known points of the pressure 
plane are 𝑃ଵሺ𝑥ௗ, 𝑦௦, 𝜎௠௔௫ሻ; 𝑃ଶሺ𝑥ௗ − 𝑎ଷ, 𝑦௦, 0ሻ; 𝑃ଷሺ𝑥ௗ, 𝑦௦ − ℎଵ, 0ሻ 

(12)

 
where: σmax is the available bearing capacity of the soil. 

The general equation of the pressure plane can be 
obtained as follows 

 อ 𝑥 − 𝑥ௗ 𝑦 − 𝑦௦ 𝜎௭ − 𝜎௠௔௫𝑥ௗ − 𝑎ଷ − 𝑥ௗ 𝑦௦ − 𝑦௦ 0 − 𝜎௠௔௫𝑥ௗ − 𝑥ௗ 𝑦௦ − ℎଵ − 𝑦௦ 0 − 𝜎௠௔௫ อ (13)

 
Solving the determinant and the value of σz is obtained 
 𝜎௭ = 𝜎௠௔௫ሾሺ𝑎ଷ + 𝑥 − 𝑥ௗሻℎଵ + ሺ𝑦 − 𝑦௦ሻ𝑎ଷሿ𝑎ଷℎଵ  (14)
 
Case I 
By Eq. (11) six general equations of soil pressure are 

obtained at each corner of the footing subject to biaxial 
bending 

 𝜎ଵ = 𝑅𝐴 + 𝑀௫்𝑦௦𝐼௫ + 𝑀௬்𝑥ௗ𝐼௬  (15)

 𝜎ଶ = 𝑅𝐴 + 𝑀௫்𝑦௦𝐼௫ + 𝑀௬்ሺ𝑥ௗ − 𝑎ଵሻ𝐼௬  (16)

 𝜎ଷ = 𝑅𝐴 + 𝑀௫்ሺ𝑦௦ − 𝑏ሻ𝐼௫ + 𝑀௬்ሺ𝑥ௗ − 𝑎ଶሻ𝐼௬  (17)

 𝜎ସ = 𝑅𝐴 + 𝑀௫்ሺ𝑦௦ − 𝑏ሻ𝐼௫ + 𝑀௬்ሺ𝑥ௗ − 𝑎ଵሻ𝐼௬  (18)

 𝜎ହ = 𝑅𝐴 + 𝑀௫்ሺ𝑦௦ − ℎሻ𝐼௫ + 𝑀௬்𝑥ௗ𝐼௬  (19)

 𝜎଺ = 𝑅𝐴 + 𝑀௫்ሺ𝑦௦ − ℎሻ𝐼௫ + 𝑀௬்ሺ𝑥ௗ − 𝑎ଶሻ𝐼௬  (20)
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Case II 
The general equations of the resultant force “R”, the 

resultant moment on the X axis “MxT” and the resultant 
moment on the Y axis “MyT” are obtained as follows 

 𝑅 = න න 𝜎௭𝑑𝑥𝑑𝑦௫೏௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య
௬ೞ௬ೞି௛భ  (21)

 𝑅 = 𝜎௠௔௫𝑎ଷℎଵ6  (22)

 
 𝑀௫் = න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௫೏௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య

௬ೞ௬ೞି௛భ  (23)

 𝑀௫் = 𝜎௠௔௫𝑎ଷℎଵሺ4𝑦௦ − ℎଵሻ24  (24)

 𝑀௬் = න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௫೏௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య
௬ೞ௬ೞି௛భ  (25)

 

 
(a) Case I (b) Case II (c) Case III 

 

 

 

(d) Case IV (e) Case V (f) Case VI 
 

 

(g) Case VII (h) Case VIII (i) Case IX 
 

(j) Case X (k) Case XI 

Fig. 2 Corner combined footing subjected to biaxial bending (Maximum pressure is found at the corner)

352



 
Part 1: Optimal surface for corner combined footings assuming that the ground contact area … 

𝑀௬் = 𝜎௠௔௫𝑎ଷℎଵሺ4𝑥ௗ − 𝑎ଷሻ24  (26)

 
Case III 
The general equations of the resultant force “R”, the 

resultant moment on the X axis “MxT” and the resultant 
moment on the Y axis “MyT” are obtained as follows 

 𝑅 = න න 𝜎௭𝑑𝑥𝑑𝑦௫೏௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య
௬ೞ௬ೞି௛  (27)

 𝑅 = 𝜎௠௔௫𝑎ଷൣℎଵଷ − ሺℎଵ − ℎሻଷ൧6ℎଵଶ  (28)

 𝑀௫் = න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௫೏௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య
௬ೞ௬ೞି௛  (29)

 

 𝑀௬் = න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௫೏௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య
௬ೞ௬ೞି௛  (31)

 

 
Case IV 
The general equations of the resultant force “R”, the 

resultant moment on the X axis “MxT” and the resultant 
moment on the Y axis “MyT” are obtained as follows 

 

 

 

 

 

 

 
Case V 
The general equations of the resultant force “R”, the 

resultant moment on the X axis “MxT” and the resultant 
moment on the Y axis “MyT” are obtained as follows 

  

𝑀௫் = 𝜎௠௔௫𝑎ଷ24ℎଵଶ ൣℎଵଷሺ4𝑦௦ − ℎଵሻ − ሺℎଵ − ℎሻଷሺ4𝑦௦ − 3ℎ − ℎଵሻ൧ (30)

𝑀௬் = 𝜎௠௔௫𝑎ଷ24ℎଵଷ ൛ℎଵସሺ4𝑥ௗ − 𝑎ଷሻ − ሺℎଵ − ℎሻଷሾ4𝑥ௗℎଵ − ሺℎଵ − ℎሻ𝑎ଷሿൟ (32)

𝑅 = − න න 𝜎௭𝑑𝑥𝑑𝑦௫೏ି௔మ௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య
௬ೞି௕

௬ೞି௕ିೌయሺ೓భష್ሻషೌమ೓భೌయ + න න 𝜎௭𝑑𝑥𝑑𝑦௫೏௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య
௬ೞ௬ೞି௛  (33)

𝑅 = 𝜎௠௔௫6𝑎ଷଶℎଵଶ ൛𝑎ଷଷൣℎଵଷ − ሺℎଵ − ℎሻଷ൧ − ሾሺ𝑎ଷ − 𝑎ଶሻℎଵ − 𝑎ଷ𝑏ሿଷൟ (34)

𝑀௫் = − න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௫೏ି௔మ௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య
௬ೞି௕

௬ೞି௕ିೌయሺ೓భష್ሻషೌమ೓భೌయ + න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௫೏௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య
௬ೞ௬ೞି௛  (35)

𝑀௫் = 𝜎௠௔௫24𝑎ଷଷℎଵଶ ൛𝑎ଷସℎଵଷሺ4𝑦௦ − ℎଵሻ − 𝑎ଷସሺℎଵ − ℎሻଷሺ4𝑦௦ − 3ℎ − ℎଵሻ− ሾሺ𝑎ଷ − 𝑎ଶሻℎଵ − 𝑎ଷ𝑏ሿଷሾሺ4𝑦௦ − 3𝑏 − ℎଵሻ𝑎ଷ + 𝑎ଶℎଵሿൟ 
(36)

𝑀௬் = − න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௫೏ି௔మ௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య
௬ೞି௕

௬ೞି௕ିೌయሺ೓భష್ሻషೌమ೓భೌయ + න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௫೏௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య
௬ೞ௬ೞି௛  (37)

𝑀௬் = 𝜎௠௔௫24𝑎ଷଶℎଵଷ ൛ሾ𝑎ଷ𝑏 − ሺ𝑎ଷ − 𝑎ଶሻℎଵሿଷሾሺ4𝑥ௗ − 3𝑎ଶ − 𝑎ଷሻℎଵ + 𝑎ଷ𝑏ሿ + 𝑎ଷଷℎଵସሺ4𝑥ௗ − 𝑎ଷሻ− 𝑎ଷଷሺℎଵ − ℎሻଷሾ4𝑥ௗℎଵ − 𝑎ଷሺℎଵ − ℎሻሿൟ 
(38)
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Case VI 
The general equations of the resultant force “R”, the 

resultant moment on the X axis “MxT” and the resultant 
moment on the Y axis “MyT” are obtained as follows 

 𝑅 = න න 𝜎௭𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ
௫೏௫೏ି௔భ  (45)

 𝑅 = 𝜎௠௔௫ℎଵሾ𝑎ଷଷ − ሺ𝑎ଷ − 𝑎ଵሻଷሿ6𝑎ଷଶ  (46)

 𝑀௫் = න න 𝜎௭𝑦𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ
௫೏௫೏ି௔భ  (47)

 

 𝑀௬் = න න 𝜎௭𝑥𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ
௫೏௫೏ି௔భ  (49)

 

 

Case VII 
The general equations of the resultant force “R”, the 

resultant moment on the X axis “MxT” and the resultant 
moment on the Y axis “MyT” are obtained as follows 

 

 

 

 

 

 

 

 
  

𝑅 = න න 𝜎௭𝑑𝑥𝑑𝑦௫೏௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య
௬ೞ௬ೞି௛ − න න 𝜎௭𝑑𝑥𝑑𝑦௫೏ି௔మ௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య

௬ೞି௕
௬ೞି௛  (39)

𝑅 = 𝜎௠௔௫6𝑎ଷଶℎଵଶ ൛𝑎ଷଷൣℎଵଷ − ሺℎଵ − ℎሻଷ൧ − ሾሺ𝑎ଷ − 𝑎ଶሻℎଵ − 𝑎ଷ𝑏ሿଷ + ሾሺ𝑎ଷ − 𝑎ଶሻℎଵ − 𝑎ଷℎሿଷൟ (40)

𝑀௫் = න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௫೏௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య
௬ೞ௬ೞି௛ − න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௫೏ି௔మ௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య

௬ೞି௕
௬ೞି௛  (41)

𝑀௫் = 𝜎௠௔௫24𝑎ଷଷℎଵଶ ൛𝑎ଷସℎଵଷሺ4𝑦௦ − ℎଵሻ − 𝑎ଷସሺℎଵ − ℎሻଷሺ4𝑦௦ − 3ℎ − ℎଵሻ− ሾሺ𝑎ଷ − 𝑎ଶሻℎଵ − 𝑎ଷ𝑏ሿଷሾሺ4𝑦௦ − 3𝑏 − ℎଵሻ𝑎ଷ + 𝑎ଶℎଵሿ+ ሾሺ𝑎ଷ − 𝑎ଶሻℎଵ − 𝑎ଷℎሿଷሾሺ4𝑦௦ − 3ℎ − ℎଵሻ𝑎ଷ + 𝑎ଶℎଵሿൟ 

(42)

𝑀௬் = න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௫೏௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య
௬ೞ௬ೞି௛ − න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௫೏ି௔మ௫೏ାೌయሺ೤ೞష೤ሻ೓భ ି௔య

௬ೞି௕
௬ೞି௛  (43)

𝑀௬் = 𝜎௠௔௫24𝑎ଷଶℎଵଷ ൛𝑎ଷଷℎଵସሺ4𝑥ௗ − 𝑎ଷሻ − 𝑎ଷଷሺℎଵ − ℎሻଷሾ4𝑥ௗℎଵ − 𝑎ଷሺℎଵ − ℎሻሿ− ሾሺ𝑎ଷ − 𝑎ଶሻℎଵ − 𝑎ଷ𝑏ሿଷሾሺ4𝑥ௗ − 3𝑎ଶ − 𝑎ଷሻℎଵ + 𝑎ଷ𝑏ሿ+ ሾሺ𝑎ଷ − 𝑎ଶሻℎଵ − 𝑎ଷℎሿଷሾሺ4𝑥ௗ − 3𝑎ଶ − 𝑎ଷሻℎଵ + 𝑎ଷℎሿൟ 

(44)

𝑀௫் = 𝜎௠௔௫ℎଵ24𝑎ଷଷ ሼ𝑎ଷସሺ4𝑦௦ − ℎଵሻ − ሺ𝑎ଷ − 𝑎ଵሻଷሾ4𝑎ଷ𝑦௦ − ሺ𝑎ଷ − 𝑎ଵሻℎଵሿሽ (48)

𝑀௬் = 𝜎௠௔௫ℎଵ24𝑎ଷଶ ሾ𝑎ଷଷሺ4𝑥ௗ − 𝑎ଷሻ − ሺ𝑎ଷ − 𝑎ଵሻଷሺ4𝑥ௗ − 𝑎ଷ − 3𝑎ଵሻሿ (50)

𝑅 = − න න 𝜎௭𝑑𝑦𝑑𝑥௬ೞି௕
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏ି௔మ௫೏ି௔మି೓భሺೌయషೌమሻషೌయ್೓భ + න න 𝜎௭𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ
௫೏௫೏ି௔భ  (51)

𝑅 = 𝜎௠௔௫6𝑎ଷଶℎଵଶ ൣ𝑎ଷଷℎଵଷ − ℎଵଷሺ𝑎ଷ − 𝑎ଵሻଷ − ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷ𝑏ሿଷ൧ (52)
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Part 1: Optimal surface for corner combined footings assuming that the ground contact area … 

 

 

 

 

 

Case VIII 
The general equations of the resultant force “R”, the 

resultant moment on the X axis “MxT” and the resultant 
moment on the Y axis “MyT” are obtained as follows 

 

 

 

 

 

 

 

Case IX 
The general equations of the resultant force “R”, the 

resultant moment on the X axis “MxT” and the resultant 
moment on the Y axis “MyT” are obtained as follows 

 

 
 

  

𝑀௫் = − න න 𝜎௭𝑦𝑑𝑦𝑑𝑥௬ೞି௕
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏ି௔మ௫೏ି௔మି೓భሺೌయషೌమሻషೌయ್೓భ + න න 𝜎௭𝑦𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ
௫೏௫೏ି௔భ  (53)

𝑀௫் = 𝜎௠௔௫24𝑎ଷଷℎଵଶ ൛𝑎ଷସℎଵଷሺ4𝑦௦ − ℎଵሻ − ℎଵଷሺ𝑎ଷ − 𝑎ଵሻଷሾ4𝑎ଷ𝑦௦ − ሺ𝑎ଷ − 𝑎ଵሻℎଵሿ− ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷ𝑏ሿଷሾሺ4𝑦௦ − 3𝑏 − ℎଵሻ𝑎ଷ + 𝑎ଶℎଵሿൟ 
(54)

𝑀௬் = − න න 𝜎௭𝑥𝑑𝑦𝑑𝑥௬ೞି௕
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏ି௔మ௫೏ି௔మି೓భሺೌయషೌమሻషೌయ್೓భ + න න 𝜎௭𝑥𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ
௫೏௫೏ି௔భ  (55)

𝑀௬் = 𝜎௠௔௫24𝑎ଷଶℎଵଷ ൛𝑎ଷଷℎଵସሺ4𝑥ௗ − 𝑎ଷሻ − ℎଵସሺ𝑎ଷ − 𝑎ଵሻଷሺ4𝑥ௗ − 𝑎ଷ − 3𝑎ଵሻ− ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷ𝑏ሿଷሾሺ4𝑥ௗ − 3𝑎ଶ − 𝑎ଷሻℎଵ + 𝑎ଷ𝑏ሿൟ 
(56)

𝑅 = − න න 𝜎௭𝑑𝑦𝑑𝑥௬ೞି௕
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏ି௔మ௫೏ି௔మି೓భሺೌయషೌమሻషೌయ್೓భ − න න 𝜎௭𝑑𝑦𝑑𝑥௬ೞି௛
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏௫೏ିೌయሺ೓భష೓ሻ೓భ  
         + න න 𝜎௭𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏௫೏ି௔భ  
(57)

𝑅 = 𝜎௠௔௫6𝑎ଷଶℎଵଶ ൛𝑎ଷଷℎଵଷ − ℎଵଷሺ𝑎ଷ − 𝑎ଵሻଷ − ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷ𝑏ሿଷ − 𝑎ଷଷሺℎଵ − ℎሻଷൟ (58)

𝑀௫் = − න න 𝜎௭𝑦𝑑𝑦𝑑𝑥௬ೞି௕
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏ି௔మ௫೏ି௔మି೓భሺೌయషೌమሻషೌయ್೓భ − න න 𝜎௭𝑦𝑑𝑦𝑑𝑥௬ೞି௛
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏௫೏ିೌయሺ೓భష೓ሻ೓భ  
             + න න 𝜎௭𝑦𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏௫೏ି௔భ  
(59)

𝑀௫் = 𝜎௠௔௫24𝑎ଷଷℎଵଶ ൛𝑎ଷସℎଵଷሺ4𝑦௦ − ℎଵሻ − ℎଵଷሺ𝑎ଷ − 𝑎ଵሻଷሾ4𝑎ଷ𝑦௦ − ሺ𝑎ଷ − 𝑎ଵሻℎଵሿ − 𝑎ଷସሺℎଵ − ℎሻଷሺ4𝑦௦ − 3ℎ − ℎଵሻ− ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷ𝑏ሿଷሾሺ4𝑦௦ − 3𝑏 − ℎଵሻ𝑎ଷ + 𝑎ଶℎଵሿൟ 
(60)

𝑀௬் = − න න 𝜎௭𝑥𝑑𝑦𝑑𝑥௬ೞି௕
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏ି௔మ௫೏ି௔మି೓భሺೌయషೌమሻషೌయ್೓భ − න න 𝜎௭𝑥𝑑𝑦𝑑𝑥௬ೞି௛
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏௫೏ିೌయሺ೓భష೓ሻ೓భ  
             + න න 𝜎௭𝑥𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏௫೏ି௔భ  
(61)

𝑀௬் = 𝜎௠௔௫24𝑎ଷଶℎଵଷ ൛𝑎ଷଷℎଵସሺ4𝑥ௗ − 𝑎ଷሻ − ℎଵସሺ𝑎ଷ − 𝑎ଵሻଷሺ4𝑥ௗ − 𝑎ଷ − 3𝑎ଵሻ − 𝑎ଷଷሺℎଵ − ℎሻଷሾ4𝑥ௗℎଵ − ሺℎଵ − ℎሻ𝑎ଷሿ− ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷ𝑏ሿଷሾሺ4𝑥ௗ − 3𝑎ଶ − 𝑎ଷሻℎଵ + 𝑎ଷ𝑏ሿൟ 
(62)

𝑅 = − න න 𝜎௭𝑑𝑦𝑑𝑥௬ೞି௕
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏ି௔మ௫೏ି௔మି೓భሺೌయషೌమሻషೌయ್೓భ − න න 𝜎௭𝑑𝑦𝑑𝑥௬ೞି௛
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏௫೏ିೌయሺ೓భష೓ሻ೓భ  
         + න න 𝜎௭𝑑𝑦𝑑𝑥௬ೞି௛

௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ
௫೏ି௔మ௫೏ିೌయሺ೓భష೓ሻ೓భ + න න 𝜎௭𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏௫೏ି௔భ  
(63)
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Case X 
The general equations of the resultant force “R”, the 

resultant moment on the X axis “MxT” and the resultant 
moment on the Y axis “MyT” are obtained as follows 

 

 

 

 

 

 

 

Case XI 
The general equations of the resultant force “R”, the 

resultant moment on the X axis “MxT” and the resultant 
moment on the Y axis “MyT” are obtained as follows 
 

  

𝑅 = 𝜎௠௔௫6𝑎ଷଶℎଵଶ ൛𝑎ଷଷℎଵଷ − ℎଵଷሺ𝑎ଷ − 𝑎ଵሻଷ − ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷ𝑏ሿଷ − 𝑎ଷଷሺℎଵ − ℎሻଷ + ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷℎሿଷൟ (64)

𝑀௫் = − න න 𝜎௭𝑦𝑑𝑦𝑑𝑥௬ೞି௕
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏ି௔మ௫೏ି௔మି೓భሺೌయషೌమሻషೌయ್೓భ − න න 𝜎௭𝑦𝑑𝑦𝑑𝑥௬ೞି௛
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏௫೏ିೌయሺ೓భష೓ሻ೓భ  
             + න න 𝜎௭𝑦𝑑𝑦𝑑𝑥௬ೞି௛

௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ
௫೏ି௔మ௫೏ିೌయሺ೓భష೓ሻ೓భ + න න 𝜎௭𝑦𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏௫೏ି௔భ  
(65)

𝑀௫் = 𝜎௠௔௫24𝑎ଷଷℎଵଶ ൛𝑎ଷସℎଵଷሺ4𝑦௦ − ℎଵሻ − ℎଵଷሺ𝑎ଷ − 𝑎ଵሻଷሾ4𝑎ଷ𝑦௦ − ሺ𝑎ଷ − 𝑎ଵሻℎଵሿ − 𝑎ଷସሺℎଵ − ℎሻଷሺ4𝑦௦ − 3ℎ − ℎଵሻ− ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷ𝑏ሿଷሾሺ4𝑦௦ − 3𝑏 − ℎଵሻ𝑎ଷ + 𝑎ଶℎଵሿ+ ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷℎሿଷሾሺ4𝑦௦ − 3ℎ − ℎଵሻ𝑎ଷ + 𝑎ଶℎଵሿൟ 

(66)

𝑀௬் = − න න 𝜎௭𝑥𝑑𝑦𝑑𝑥௬ೞି௕
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏ି௔మ௫೏ି௔మି೓భሺೌయషೌమሻషೌయ್೓భ − න න 𝜎௭𝑥𝑑𝑦𝑑𝑥௬ೞି௛
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏௫೏ିೌయሺ೓భష೓ሻ೓భ  
             + න න 𝜎௭𝑥𝑑𝑦𝑑𝑥௬ೞି௛

௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ
௫೏ି௔మ௫೏ିೌయሺ೓భష೓ሻ೓భ + න න 𝜎௭𝑥𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏௫೏ି௔భ  
(67)

𝑀௬் = 𝜎௠௔௫24𝑎ଷଶℎଵଷ ൛𝑎ଷଷℎଵସሺ4𝑥ௗ − 𝑎ଷሻ − ℎଵସሺ𝑎ଷ − 𝑎ଵሻଷሺ4𝑥ௗ − 𝑎ଷ − 3𝑎ଵሻ − 𝑎ଷଷሺℎଵ − ℎሻଷሾ4𝑥ௗℎଵ − ሺℎଵ − ℎሻ𝑎ଷሿ− ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷ𝑏ሿଷሾሺ4𝑥ௗ − 3𝑎ଶ − 𝑎ଷሻℎଵ + 𝑎ଷ𝑏ሿ+ ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷℎሿଷሾሺ4𝑥ௗ − 3𝑎ଶ − 𝑎ଷሻℎଵ + 𝑎ଷℎሿൟ 

(68)

𝑅 = න න 𝜎௭𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ
௫೏௫೏ି௔భ − න න 𝜎௭𝑑𝑦𝑑𝑥௬ೞି௕

௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ
௫೏ି௔మ௫೏ି௔భ  (69)

𝑅 = 𝜎௠௔௫6𝑎ଷଶℎଵଶ ൛𝑎ଷଷℎଵଷ − ℎଵଷሺ𝑎ଷ − 𝑎ଵሻଷ − ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷ𝑏ሿଷ + ሾℎଵሺ𝑎ଷ − 𝑎ଵሻ − 𝑎ଷ𝑏ሿଷൟ (70)

𝑀௫் = න න 𝜎௭𝑦𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ
௫೏௫೏ି௔భ − න න 𝜎௭𝑦𝑑𝑦𝑑𝑥௬ೞି௕

௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ
௫೏ି௔మ௫೏ି௔భ  (71)

𝑀௫் = 𝜎௠௔௫24𝑎ଷଷℎଵଶ ൛𝑎ଷସℎଵଷሺ4𝑦௦ − ℎଵሻ − ℎଵଷሺ𝑎ଷ − 𝑎ଵሻଷሾ4𝑎ଷ𝑦௦ − ሺ𝑎ଷ − 𝑎ଵሻℎଵሿ− ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷ𝑏ሿଷሾሺ4𝑦௦ − 3𝑏 − ℎଵሻ𝑎ଷ + 𝑎ଶℎଵሿ+ ሾℎଵሺ𝑎ଷ − 𝑎ଵሻ − 𝑎ଷ𝑏ሿଷሾሺ4𝑦௦ − 3𝑏 − ℎଵሻ𝑎ଷ + 𝑎ଵℎଵሿൟ 

(72)

𝑀௬் = න න 𝜎௭𝑥𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ
௫೏௫೏ି௔భ − න න 𝜎௭𝑥𝑑𝑦𝑑𝑥௬ೞି௕

௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ
௫೏ି௔మ௫೏ି௔భ  (73)

𝑀௬் = 𝜎௠௔௫24𝑎ଷଶℎଵଷ ൛𝑎ଷଷℎଵସሺ4𝑥ௗ − 𝑎ଷሻ − ℎଵସሺ𝑎ଷ − 𝑎ଵሻଷሺ4𝑥ௗ − 𝑎ଷ − 3𝑎ଵሻ− ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷ𝑏ሿଷሾሺ4𝑥ௗ − 3𝑎ଶ − 𝑎ଷሻℎଵ + 𝑎ଷ𝑏ሿ+ ሾℎଵሺ𝑎ଷ − 𝑎ଵሻ − 𝑎ଷ𝑏ሿଷሾሺ4𝑥ௗ − 3𝑎ଵ − 𝑎ଷሻℎଵ + 𝑎ଷ𝑏ሿൟ 

(74)
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2.2 Minimum area for corner combined footings 
 
The minimum area “Amin” (objective function) for all 

cases is 𝐴௠௜௡ = ሺ𝑎ଵ − 𝑎ଶሻ𝑏 + 𝑎ଶℎ (81)

 
 

 

 

 

 

 
 

 

 
Table 1 shows the constraint functions and conditions 

when the maximum pressure is located at the corner of the 
footing. 

The procedure to obtain the location of the maximum 
pressure is using case I. Once the location of the maximum 

Table 1 Constraint functions when the maximum pressure is located at the corner of the footing 
Case Constraint functions and conditions 

I Eqs. (1), (2), (4), (6) to (10), (15) to (20), 0 ≤ σ1, σ2, σ3, σ4, σ5, σ6 ≤ σmax 
II Eqs. (2), (4), (8) to (10), (22), (24), (26), a1 ≥ a3, a2 ≥ a3(h1 − b)/h1, h ≥ h1 
III Eqs. (2), (4), (8) to (10), (28), (30), (32), a1 ≥ a3, a2 ≥ a3(h1 − b)/h1, a2 ≤ a3(h1 − h)/h1, h1 ≥ h 
IV Eqs. (2), (4), (8) to (10), (34), (36), (38), a1 ≥ a3, a2 ≤ a3(h1 − b)/h1, a2 ≥ a3(h1 − h)/h1, h1 ≥ h 
V Eqs. (2), (4), (8) to (10), (40), (42), (44), a1 ≥ a3, a2 ≤ a3(h1 − b)/h1, a2 ≤ a3(h1 − h)/h1, h1 ≥ h 
VI Eqs. (2), (4), (8) to (10), (46), (48), (50), a1 ≤ a3, a2 ≥ a3(h1 − b)/h1, h1 ≤ h 
VII Eqs. (2), (4), (8) to (10), (52), (54), (56), a1 ≤ a3, a2 ≤ a3(h1 − b)/h1, h1 ≤ h 
VIII Eqs. (2), (4), (8) to (10), (58), (60), (62), a1 ≤ a3, a2 ≤ a3(h1 − b)/h1, a2 ≥ a3(h1 − h)/h1, h1 ≥ h 
IX Eqs. (2), (4), (8) to (10), (64), (66), (68), a1 ≤ a3, a2 ≤ a3(h1 − b)/h1, a2 ≤ a3(h1 − h)/h1, h1 ≥ h 
X Eqs. (2), (4), (8) to (10), (70), (72), (74), a1 ≤ a3, a1 ≤ a3(h1 − b)/h1, h1 ≤ h 
XI Eqs. (2), (4), (8) to (10), (76), (78), (80), a1 ≤ a3, a1 ≤ a3(h1 − b)/h1, a2 ≥ a3(h1 − h)/h1, h1 ≥ h 

 

*Note: In all cases, the following conditions must be added: h = y1 + Ly + y2, a1 = x1 + Lx + x2, a1 ≥ a2, and h ≥ b

𝑅 = − න න 𝜎௭𝑑𝑦𝑑𝑥௬ೞି௛
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏௫೏ିೌయሺ೓భష೓ሻ೓భ − න න 𝜎௭𝑑𝑦𝑑𝑥௬ೞି௕
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏ି௔మ௫೏ି௔భ  
         + න න 𝜎௭𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏௫೏ି௔భ  
(75)

𝑅 = 𝜎௠௔௫6𝑎ଷଶℎଵଶ ൛𝑎ଷଷℎଵଷ − ℎଵଷሺ𝑎ଷ − 𝑎ଵሻଷ − 𝑎ଷଷሺℎଵ − ℎሻଷ − ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷ𝑏ሿଷ + ሾℎଵሺ𝑎ଷ − 𝑎ଵሻ − 𝑎ଷ𝑏ሿଷൟ (76)

𝑀௫் = − න න 𝜎௭𝑦𝑑𝑦𝑑𝑥௬ೞି௛
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏௫೏ିೌయሺ೓భష೓ሻ೓భ − න න 𝜎௭𝑦𝑑𝑦𝑑𝑥௬ೞି௕
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏ି௔మ௫೏ି௔భ  
         + න න 𝜎௭𝑦𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏௫೏ି௔భ  
(77)

𝑀௫் = 𝜎௠௔௫24𝑎ଷଷℎଵଶ ൛𝑎ଷସℎଵଷሺ4𝑦௦ − ℎଵሻ − 𝑎ଷସሺℎଵ − ℎሻଷሺ4𝑦௦ − 3ℎ − ℎଵሻ − ℎଵଷሺ𝑎ଷ − 𝑎ଵሻଷሾ4𝑎ଷ𝑦௦ − ሺ𝑎ଷ − 𝑎ଵሻℎଵሿ− ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷ𝑏ሿଷሾሺ4𝑦௦ − 3𝑏 − ℎଵሻ𝑎ଷ + 𝑎ଶℎଵሿ+ ሾℎଵሺ𝑎ଷ − 𝑎ଵሻ − 𝑎ଷ𝑏ሿଷሾሺ4𝑦௦ − 3𝑏 − ℎଵሻ𝑎ଷ + 𝑎ଵℎଵሿൟ 

(78)

𝑀௬் = − න න 𝜎௭𝑥𝑑𝑦𝑑𝑥௬ೞି௛
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏௫೏ିೌయሺ೓భష೓ሻ೓భ − න න 𝜎௭𝑥𝑑𝑦𝑑𝑥௬ೞି௕
௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ

௫೏ି௔మ௫೏ି௔భ  (79)

+ න න 𝜎௭𝑥𝑑𝑦𝑑𝑥௬ೞ௬ೞା೓భ൫ೣ೏షೣ൯ೌయ ି௛భ
௫೏௫೏ି௔భ  (79)

𝑀௬் = 𝜎௠௔௫24𝑎ଷଶℎଵଷ ቂ𝑎ଷଷℎଵସሺ4𝑥ௗ − 𝑎ଷሻ − 𝑎ଷଷሺℎଵ − ℎሻଷሾሺ4𝑥ௗ − 𝑎ଷሻℎଵ + 𝑎ଷℎሿ − ℎଵସሺ𝑎ଷ − 𝑎ଵሻଷሺ4𝑥ௗ − 𝑎ଷ − 3𝑎ଵሻ− ሾℎଵሺ𝑎ଷ − 𝑎ଶሻ − 𝑎ଷ𝑏ሿଷሾሺ4𝑥ௗ − 3𝑎ଶ − 𝑎ଷሻℎଵ + 𝑎ଷ𝑏ሿ+ ሾℎଵሺ𝑎ଷ − 𝑎ଵሻ − 𝑎ଷ𝑏ሿଷሾሺ4𝑥ௗ − 3𝑎ଵ − 𝑎ଷሻℎଵ + 𝑎ଷ𝑏ሿቃ (80)
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pressure is known, the corresponding constraint functions 
can be used. 

Fig. 3 shows the flowchart using the equations proposed 
 
 

 
 

for each case and how to use Maple software to obtain the 
minimum area of a reinforced concrete corner combined 
footing (Nonlinear optimization). 

 
 

 
 

 
Fig. 3 Flowchart using the equations proposed for each case by Maple software for corner combined footing

Table 2 Minimum area with unlimited sides at the ends (x1 = 0.20, x2 ≥ 0.20, y1 = 0.20 and y2 ≥ 0.20) 

P1 
(kN) Case σmax 

(kN/m2) 

R 
(kN) 

MxT 
(kN-m) 

MyT 
(kN-m) 

a1 
(m)

a2 
(m)

a3 
(m)

b
(m)

h 
(m)

h1 
(m)

x1 
(m)

x2 
(m) 

xd 
(m) 

y1 
(m) 

y2 
(m)

ys 
(m)

Amin
(m2)

600 

I 
250 

1600 1040.00 540.00 5.40 1.00 - 1.00 6.40 - 0.20 0.20 1.60 0.20 0.20 2.10 10.80
IXa 1600 869.81 860.04 5.59 1.00 10.96 1.21 6.40 7.76 0.20 0.39 1.80 0.20 0.20 1.99 11.96

I 
200 

1600 1960.23 582.33 5.40 1.00 - 1.34 8.22 - 0.20 0.20 1.63 0.20 2.02 2.68 14.11
IXa 1600 1083.53 1082.09 5.40 1.00 13.12 1.82 7.03 7.99 0.20 0.20 1.94 0.20 0.83 2.13 15.05

I 
150 

1600 2474.91 3077.49 11.08 1.00 - 1.00 10.70 - 0.20 5.88 3.19 0.20 4.50 3.00 20.77
IXa 1600 2478.16 820.34 5.40 1.16 11.19 1.99 9.18 17.00 0.20 0.20 1.78 0.20 2.98 3.00 19.10

I 
100 

No solution available 
IXa 1600 2926.51 1462.10 5.40 1.00 14.57 4.00 10.75 18.00 0.20 0.20 2.18 0.20 4.55 3.28 28.35

400 

I 
250 

1400 660.00 260.00 5.40 1.00 - 1.00 6.40 - 0.20 0.20 1.60 0.20 0.20 2.10 10.80
IXa 1400 547.93 546.09 5.97 1.00 7.11 1.00 6.40 7.97 0.20 0.77 1.80 0.20 0.20 2.02 11.37

I 
200 

1400 660.00 260.00 5.40 1.00 - 1.00 6.40 - 0.20 0.20 1.60 0.20 0.20 2.10 10.80
IXa 1400 1053.17 166.94 5.40 1.00 7.30 1.00 7.09 13.91 0.20 0.20 1.53 0.20 0.89 2.38 11.49

I 
150 

1400 1685.67 336.12 5.40 1.00 - 1.49 8.78 - 0.20 0.20 1.65 0.20 2.58 2.83 15.34
IXa 1400 1807.71 25.30 5.40 1.37 6.76 1.00 7.68 20.44 0.20 0.20 1.43 0.20 1.48 2.92 14.59

I 
100 

1400 2743.12 3434.92 14.02 1.15 - 1.00 12.65 - 0.20 8.82 3.87 0.20 6.45 3.59 27.40
IXa 1400 3244.09 0 5.58 1.83 6.93 1.00 9.39 33.09 0.20 0.38 1.41 0.20 3.19 3.95 20.94

 

a Maximum pressure located at the corner 
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The importance of this research is: 
 

1) In many cases, the minimum area for corner 
combined footings is governed by the minimum pressure 
(zero pressure) and not the maximum pressure that the soil 
can withstand, since the soil cannot withstand tensions, this 
occurs when the area of contact with the ground works 
completely under compression. 

2) When maximum pressure is reached, a smaller 
contact area with the ground is generated, which leads to a 
lower volume of earth extraction due to excavation to build 
the footing. 

 
 

3. Numerical problems 
 
Tables 2 and 3 present the minimum areas and the 

dimensions of the corner combined footings subjected to 
biaxial bending for case I (area works totally to 
compression) and the smaller of all other cases (area works 
partially to compression). 

Table 2 shows the results (Example 1) for c1, c2, c3, c4 = 
0.40 m, Lx = 5.00 m, Ly = 6.00 m, P1 = 600, 400 kN, P2 = 
500 kN, P3 = 500 kN, Mx1 = 500 kN-m, Mx2 = 250 kN-m, 
Mx3 = 250 kN-m, My1 = 400 kN-m, My2 = 200 kN-m, My3 = 
200 kN-m and σmax = 250, 200, 150, 100 kN/m2. These 
examples are presented unlimited at the ends (h = c3/2 + Ly 
+ y2, a1 = c2/2 + Lx + x2). 

Table 3 shows the results for the same loads and 
moments as in example 1, but limited at the ends (h = c3/2 + 
Ly + c4/2, a1 = c1/2 + Lx + c2/2). 

 
 

 
 

4. Results 
 
Table 2 presents the following (unlimited sides at the 

ends). When P1 = 600 kN and σmax decreases (case I): MxT, 
MyT, h, Amin increase; a1 is the same at σmax = 250, 200 
kN/m2 and then increases; a2 remains equal to all σmax; b 
tends to increase and then decreases (there is no solution 
available for σmax = 100 kN/m2). When P1 = 600 kN and 
σmax decreases (case IXa): MxT, h, Amin increase; MyT tends 
to decrease up to σmax = 200 kN/m2 and then increases up to 
σmax = 150 kN/m2 and subsequently decreases; a1 tends to 
decrease until σmax = 200 kN/m2 and then is constant; a2 is 
the same at all σmax except at σmax = 150 kN/m2; b tends to 
increase; the smaller minimum area appears at σmax = 250 
and 200 kN/m2 for case I and for σmax = 150 and 100 kN/m2 
in case IXa (Even in case I, there is no solution available for 
σmax = 100 kN/m2). When P1 = 400 kN and σmax decreases 
(case I): MxT, MyT, h, Amin are the same at σmax = 250 and 
200 kN/m2 and then increases; a1, a2 are constant at σmax = 
250, 200 and 150 kN/m2 and then increases; b is constant at 
all σmax except at σmax = 150 kN/m2. When P1 = 400 kN and 
σmax decreases (case IXa): MxT, h, Amin increase; MyT tends 
to decrease; a1 tends to decrease up to σmax = 200 kN/m2 and 
then is constant at σmax = 200 and 150 kN/m2 and then 
increases; a2 is constant at σmax = 250 and 200 kN/m2 and 
then increases; b is constant at all σmax; the smaller 
minimum area appears at σmax = 250 and 200 kN/m2 for 
case I and for σmax = 150 and 100 kN/m2 in case IXa. 

Table 3 shows the following (limited sides at the ends). 
When P1 = 600 kN and σmax decreases (case I): MxT, MyT, b, 
a2, Amin increase; a1 remains equal to all σmax; h is equal to 
all σmax (there is no solution available for σmax = 150, 100 
kN/m2). When P1 = 600 kN and σmax decreases (case IXa): 

Table 3 Minimum area with limited sides at the ends (x1 = 0.20, x2 = 0.20, y1 = 0.20 and y2 = 0.20) 

P1 
(kN) Case σmax 

(kN/m2) 

R 
(kN) 

MxT 
(kN-m) 

MyT 
(kN-m) 

a1 
(m)

a2 
(m)

a3 
(m)

b
(m)

h
(m)

h1 
(m)

x1 
(m)

x2 
(m) 

xd 
(m) 

y1 
(m) 

y2 
(m)

ys 
(m)

Amin
(m2)

600 

I 
250 

1600 1040.00 540.00 5.40 1.00 - 1.00 6.40 - 0.20 0.20 1.60 0.20 0.20 2.10 10.80
IXa 1600 856.62 856.59 5.40 1.00 8.96 1.35 6.40 7.31 0.20 0.20 1.80 0.20 0.20 1.99 12.32

I 
200 

1600 1142.22 892.87 5.40 1.33 - 1.56 6.40 - 0.20 0.20 1.82 0.20 0.20 2.16 14.86
IXa 1600 1033.76 1031.53 5.40 1.25 13.50 1.75 6.40 7.49 0.20 0.20 1.91 0.20 0.20 2.10 15.26

I 
150 

No solution available 
IXa 1600 1526.96 1290.49 5.40 1.95 18.52 2.46 6.40 9.59 0.20 0.20 2.07 0.20 0.20 2.40 21.00

I 
100 

No solution available 
IXa 1600 2397.75 2043.42 5.40 3.17 59.56 4.98 6.40 8.78 0.20 0.20 2.54 0.20 0.20 2.95 31.39

400 

I 
250 

1400 660.00 260.00 5.40 1.00 - 1.00 6.40 - 0.20 0.20 1.60 0.20 0.20 2.10 10.80
IXa 1400 511.54 511.41 5.40 1.00 6.23 1.31 6.40 7.85 0.20 0.20 1.78 0.20 0.20 1.99 12.17

I 
200 

1400 660.00 260.00 5.40 1.00 - 1.00 6.40 - 0.20 0.20 1.60 0.20 0.20 2.10 10.80
IXa 1400 814.04 209.34 5.40 1.15 7.77 1.00 6.40 12.29 0.20 0.20 1.56 0.20 0.20 2.21 11.60

I 
150 

1400 827.86 630.18 5.40 1.47 - 1.72 6.40 - 0.20 0.20 1.86 0.20 0.20 2.22 16.15
IXa 1400 1306.76 181.56 5.40 1.81 8.66 1.00 6.40 16.03 0.20 0.20 1.54 0.20 0.20 2.56 15.18

I 
100 

No solution available 
IXa 1400 1451.29 1267.50 5.40 2.57 25.72 3.61 6.40 9.42 0.20 0.20 2.32 0.20 0.20 2.67 26.66

 

a Maximum pressure located at the corner 
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MxT, MyT, b, a2, Amin increase; a1, h remain equal to all σmax; 
the smaller minimum area appears at σmax = 250 and 200 
kN/m2 for case I and for σmax = 150 and 100 kN/m2 in case 
IXa (Even in case I, there is no solution available for σmax = 
150, 100 kN/m2). When P1 = 400 kN and σmax decreases 
(case I): MxT, MyT, b, a2, Amin are the same at σmax = 250 and 
200 kN/m2 and then increases; a1, h remain equal to all σmax. 
When P1 = 400 kN and σmax decreases (case IXa): MxT, a2, 
Amin increase; MyT tends to decrease up to σmax = 150 kN/m2 
and subsequently increases; a1 and h is constant at all σmax; 
b tends to decrease up to σmax = 200 kN/m2 and is constant 
up to σmax = 150 kN/m2 and subsequently increases; the 
smaller minimum area appears at σmax = 250 and 200 kN/m2 
for case I and for σmax = 150 and 100 kN/m2 in case IXa 
(Even in case I, there is no solution available for σmax = 100 
kN/m2). 

Fig. 4 shows the comparison between the CM (Current 
Model) which is Case I (area works totally to compression) 
and the NM (New Model) which are all other cases (area 
works partially to compression) of example 1. 

Fig. 4 shows the following: When σmax decreases, the 
soil contact areas increase for both models. For σmax = 250 
and 200 kN/m2 the Current Model is smaller and for σmax = 
150 and 100 kN/m2 the New Model is smaller for both 
models. For σmax = 250 kN/m2 at P1 = 600 kN of the Current 
Model presents the same area for unlimited and limited 
sides. For σmax = 250 and 200 kN/m2 at P1 = 400 kN of the 
Current Model presents the same area for unlimited and 
limited sides. In some cases the current model does not 
appear. It is observed that to greater bearing capacity of the 
soil governs the current model, and to lower bearing 
capacity of the soil governs the new model. 

 
 

5. Conclusions 
 
This paper presents a mathematical model to obtain the 

optimal surface for corner combined footings subjected to 
biaxial bending in each column considering that the contact 
area with the ground works partially in compression, 
assuming that the soil pressure distribution is linear. 

The optimal model is formulated from a mathematical 
approach based on a minimum area, and it is developed by 
integration to obtain the resultant force “R”, resultant 
moment around the X axis “MxT” and resultant moment 
around the Y axis “MyT”. The known or constant parameters 
(independent variables) are: σmax, P1, P2, P3, Mx1, Mx2, Mx3, 

 
 

My1, My2 and My3. The unknown or decision variables 
(dependent variables) are: Amin, a1, a2, a3, b, h, h1, x1, x2, xd, 
y1, y2, ys, MxT and MyT. 

This work will be of great help to structural engineers or 
foundation specialists, as it will enable them to fully design 
corner combined footings, i.e., to obtain the thickness and 
areas of reinforcing steel for the footings. 

The main contributions shown in this paper are: 
 

1.- This document shows the precise and simplified 
equations to obtain the minimum area, when the maximum 
pressure is located at the corner of the footing. 

2.- The new model is always present and the current 
model does not appear in some cases for these examples 
(see Tables 2 and 3). 

3.- The current model shows in some cases the same 
minimum area for case I, because it does not reach the 
maximum pressure nor the zero pressure (see Tables 2 and 3). 

4.- When any of the resulting moments MxT or MyT are 
zero, it means that the resultant force is located on the X or 
Y axis as appropriate (see Table 2). 

5.- In the new model, for example 1, case IXa appears for 
unconstrained and constrained sides (see Tables 2 and 3). 

 

The main advantage of this study is that it directly 
impacts the construction cost of footing, because by 
presenting less contact area with the soil, it generates less 
volume of footing filling. 

Suggestions for future research include a new model for 
the optimal design of corner combined footings based on 
the footing dimensions shown in this paper assuming the 
contact surface works partially in compression. 
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