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Abstract.  In the present study, the extended standard complex variable method (ESCVM) was proposed as 
a robust method for calculating the analysis of design sensitivities, including the first and second order. The 
standard complex variables method (SCVM) uses only the imaginary step for sensitivity analysis. In contrast, 
the presented method applies both the imaginary and the real part to enhance the effectiveness of the 
procedure. To illustrate this, the ESCVM is employed for the transited laminar incompressible flow. The 
Navier-Stokes equations are solved using finite element analysis and the developed SCVM was then applied 
to them. It has been shown that the first order (FO) sensitivity analysis is less susceptible to variations in the 
step size for both the standard and extended SCVM. However, it is evident that, unlike the SCVM, the 
extended SCVM was less dependent on the step size in estimating the second-order sensitivity (SO). This 
ability can be seen as an improvement in the efficiency and robustness of the extended standard method for 
complex variables. 
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1. Introduction 

 
Sensitivity analysis is a unique and powerful means of disseminating engineering problems that 

uses the first derivative of an independent variable relative to the dependent variable to 
demonstrate how the dependent variable reacts to perturbations in one or more independent 
variables. This comparative measure of responsiveness provides an insight into the relationship 
between the two kinds of variables. A thorough overview of the different discrete techniques for 
computational derivatives is presented by Martins and Hwang (2013). in their thorough exposition, 
all of which is presented in a consistent mathematical framework. 

Furthermore, this approach has numerous applications, encompassing the derivation of first- 
and second-order optimization techniques (Ta et al. 2018, Akkari et al. 2014), as well as providing 
an assessment of the uncertainty linked to the solution (Lamberi and Gosselin 2018). Additionally, 
sensitivity analysis proves to be an effective method for assessing how changes in design 
parameters influence flow responses, and it is utilized within the field of flow analysis.  
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In classical optimization methods, it is necessary to calculate the sensitivity values of the 
objective function and constraints to the dependent variables. If precise methods for calculating 
sensitivity are applied in engineering problems that involve complex and extensive calculations 
(Sheikhi Azqandi et al. 2018, Sheikhi Azqandi 2021), gradient optimization methods can be used 
to achieve the optimal design, which requires calculating the derivative of the objective functions 
and problem constraints with respect to the design variables. Obtaining accurate values of the 
derivatives of the objective function with respect to the design variables (both first and second 
order) using SCVM and ESCVM methods serves as the basic input for gradient-based 
optimization algorithms. In these methods, such as steepest descent or other methods, the higher 
the accuracy of the sensitivity calculations, the faster the optimal point is found. In addition, if 
higher-order derivatives, such as the second-order derivative, are available, more powerful 
methods, such as Newton's method, can be used to reach the optimal point faster and with lower 
computational cost. The main point is that in problems that require simulation, the objective 
function itself and its derivatives are calculated numerically and approximately, and an 
inappropriate step size may change the accuracy of the results and their derivatives. However, if 
the ECVM method is used, the limitation of the small step size in calculating the sensitivity 
analysis is eliminated, and results can be obtained with a tiny step size, ensuring the accuracy of 
the results and their sensitivities. In this case, optimization methods can better and faster converge 
to the optimal solution. 

Researchers can utilize various analytical methods to calculate sensitivity, including finite 
difference analysis, continuous sensitivity approach (Kavadias et al. 2015, Hu and Kozlowski 
2018), complex differentiation method (Vincent and Bogey 2023), discrete sensitivity method (Liu 
 et al. 2014, Ding et al. 2018), semi-analytic method (Sheikhi Azqandi and Hassanzadeh 2018), 
hyper dual numbers (Tanaka et al. 2015, Tanaka et al. 2016), complex variables method (Jafari and 
Jafari 2019, Voorhess et al. 2012, Sheikhi Azqandi et al. 2019), hybrid complex variables method 
and direct sensitivity method (Sheikhi Azqandi et al. 2020), and extended complex variables 
method (Sheikhi Azqandi and Hassanzadeh (2021)). The complex variables method (CVM) has 
gained popularity in recent studies due to its significant advantages. Squire and Trapp determined 
the derivatives of real functions using the complex variables method (Squire and Trapp 1998). 
Martins et al. (2003) applied the complex variables method approach to determine sensitivity for 
optimal design in three-dimensional aerospace structures. Furthermore, Martins et al. (2000), 
employed SCVM to estimate sensitivity in two-dimensional computational fluid dynamics. Ilinca 
et al. (2008) describe the formulations of the first-order (FO) and second-order (SO) sensitivity 
equation method and its applications to transient flow problems. Their research demonstrates 
solutions for both value and shape parameters using a three-dimensional solution algorithm. 

In a study by Rodriguez (2000), the complex variable method was utilized in sensitivity 
analysis to determine the search direction in the optimization of aircraft inlet duct design. Similarly, 
Fiorini et al. (2021) conducted sensitivity analysis focusing on the Navier-Stokes equations. 

When using the complex variable method to determine first-order sensitivity, it was found that 
the results are not affected by the step size. Therefore, if implemented correctly, this method can 
provide highly accurate design sensitivities (Burg and Newman 2003). 

For most technical applications, FO derivatives are to be computed with the imaginary complex 
step. The SO derivatives estimations can be effectively done from the imaginary complex step 
alone. However, just like the finite-difference approach, making an attempt to narrow down the 
size of the step could bring round-off errors due to the inaccuracies associated with the process of 
subtraction.  
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Conversely, the larger the step size, the lower the precision of the calculations due to the 
truncation error. Consequently, there is a restricted range in which a reduction of the step size 
increases the accuracy. Consequently, a compromise between the rounding error and the truncation 
error should be considered when determining the SO sensitivity. 

The traditional method for determining the FO derivatives can be extracted by the Taylor series 
with an imaginary complex step size (Lai and Crassidis 2008). The complex variables can be 
expressed by Euler's formula in trigonometric form. Therefore, the complex Taylor series can also 
be extended with angles. To determine the FO and SO derivatives, A set of Taylor series 
characterized by an angular difference of 180 degrees was used to derive more accurate equations 
for performing the sensitivity analysis (Lai and Crassidis 2008). As with the SCVM, the truncation 
error was reduced with this method and there was no rounding error in the new estimate of the FO 
derivative. In addition, the SO derivation provides a more accurate estimate of the round-off error. 
Based on the review of sources conducted by the authors, the proposed methods have not yet been 
applied to engineering problems. This research aims to overcome this weakness immediately. 

This study introduces a novel application of the extended SCVM for the sensitivity analysis of 
transient laminar incompressible flow around a cylindrical barrier, with a focus on FO and SO 
effects. 

First, the finite element method (FEM) was applied to analyze the flow regimes. Subsequently, 
the FO and SO sensitivities were calculated using the ESCVM. Then a comparison is made 
between the ESCVM and the other standard approaches for different step sizes and its 
specification is discussed in detail. 

 
 

2. Governing equations (Navier-Stokes equations) 
 
The momentum and continuity equations were applied to model the incompressible laminar 

flow regime as described in (Reddy 2014) 

( )[ ]ufPuu
t

μγρρ 2u ⋅∇++−∇=∇⋅+
∂
∂                    (1) 

             0=⋅∇ u                                (2) 

Where u , ρ , P  and, μ  are the velocity, density, pressure and viscosity, respectively. t 
and f are the time and, the body force. 𝛾(𝑢) = (𝛻𝑢 + 𝛻𝑢்)/2is the shear rate tensor. Eqs. (1) and 
(2) are completed with a suitable set of initial conditions 

( ) ( ) Ω== in0, 0 xUtxu                          (3) 

And the Dirichlet and Neumann boundary conditions 

( ) ( ) DD ontxUtxu Γ= ,,                          (4) 

( )[ ] N
N onFnuPT Γ=⋅+−= ˆ2μγI                       (5) 

Where 𝑈஽ and 𝑈଴ are the initial velocity and the velocity on the boundary 𝛤஽respectively. I 
and 𝐹ேare the identity matrix, and the specified boundary condition of the surface traction force 
(T) respectively. 
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3. Velocity- pressure analysis by FEA 
 
Finite Element Analysis (FEA) assumes that every system consists of several components, 

called elements, and that the principles governing the system can be effectively applied to these 
individual parts. By integrating Eqs. (1) and (2) over an element for 2D domains and integrating 
by parts for velocity and pressure variables, Eqs. (6) to (10) are obtained (Reddy 2014) 
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Where (𝑛௫, 𝑛௬ ) are the directional cosines of the vector n̂  at the boundary eΓ . The 
components of the boundary traction stress are 𝑇௫and 𝑇௬. The dependent variables ( yx vvP ,, ) can 
be estimated using Eq. (11). 
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The nodal values of (𝑃, 𝑣௬, 𝑣௫) is (𝑃௡, 𝑣௬௠, 𝑣௫௠), ψ  and 𝜑 are shape functions. The weight 
functions (𝑄, 𝑤௬, 𝑤௫) is described in Eq. (12). 
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Fig. 1 The different elements for problem analysis by FEA

 
 
The above expression can be compressed into a bellows form 𝑀𝑈ሶ + 𝐾𝑈 = 𝐹                                                                      (13) 

Where 𝑀, 𝐾and F are obtained by substitution and arrangement of the terms. The elements 
used in this study are quadrilateral and triangular, that (𝑣௫, 𝑣௬, 𝑃) is the set of nodal variables. 
The polynomial interpolation applied to the velocity and pressure variables must be different. It 
should be noted that in Eqs. (6) to (8) the weak forms only contain the FO derivatives of the 
velocity and not the pressure derivative. The pressure values are also not present in the essential 
boundary conditions, but they are satisfied as part of the natural conditions. Fig. 1 shows the 
elements that apply to the incompressible viscous fluids. 

The Adams-Bashforth rule is used for transient solutions. The Adams-Bashforth predictor is 
given by Eq. (14). 𝑈௣௡ାଵ = 𝑈௡ + ௱௧೙ଶ ቂቀ2 + ௱௧೙௱௧೙షభቁ 𝑈ሶ ௡ − ቀ ௱௧೙௱௧೙షభቁ 𝑈ሶ ௡ିଵቃ                 (14) 

Where 𝛥𝑡௡ = 𝑡௡ାଵ − 𝑡௡ and 𝛥𝑡௡ିଵ = 𝑡௡ − 𝑡௡ିଵ 
These formulas are used to predict the solution vector (without pressure), and they use two 

"acceleration" vectors from the previous time step. No matrix solution is required for this 
expression. 

This is the compatible corrector formula for the above equation ቂ ଶ௱௧೙ 𝑀 + 𝐾(𝑈௡ାଵ)ቃ 𝑈௡ାଵ = ଶ௱௧೙ 𝑀𝑈௡ + 𝑀𝑈ሶ ௡ + 𝐹(𝑈௡ାଵ)            (15) 

Eq. (15) can be solved iteratively to obtain the vector 𝑈௡ାଵ. The following equation was used 
to calculate the vector 𝑈ሶ  in the next time steps 𝑈ሶ ௡ାଵ = ଶ௱௧೙ (𝑈௡ାଵ − 𝑈௡) − 𝑈ሶ ௡                      (16) 

 
 
4. Sensitivity analysis 

 
One of the essential questions in the design process is sensitivity analysis, which uses the 

application of a first- or second-order optimization method to determine the optimal variable and 
indicates which design variable is more significant at each step of the optimal variable. The 
discrete mathematical model corresponds to a physical problem explained in the form R(x,w)=0 

where w and { }T
1 2 px x ,x , ,x∈ L  represent the vector of state variables and a set of independent 

design variables, respectively. It is also assumed that the desired response is explained by the 

Nodes with u and v
Nodes with u, v and P
Nodes with P only
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function f(x,w). The objective function f to be minimized or the constraints to be satisfied can be 
taken into account. Thus, the sensitivity analysis can be determined as the calculation of the Kth 
order partial derivative of f with respect to the independent variable x. Eq. (17) is the FO derivative 
of the objective function.  

p

1 2 p

y y yf , , , R
x x x

 ∂ ∂ ∂ ∇ = ∈ ∂ ∂ ∂  
L                       (17) 

Finite difference analysis, which is the simplest numerical technique for sensitivity calculations, 
is explained below. It can be considered as a traditional method for numerically calculating the 
derivatives of a function. The Finite difference method for sensitivity is determined by eliminating 
insignificant terms from the extended Taylor series of a function as follows (Chapra 2017).  

( ) ( )
2 2 3 3 4 4

2 3 4
df x d f x d f x d ff x x f x x
dx 2! 3! 4!dx dx dx

δ δ δδ δ+ = + + + + +L            (18) 

Eq. (19) is the forward finite difference estimation of the FO derivative.  

( ) ( ) ( )f x x f xdf O x
dx h

δ
δ

+ −
≈ +                     (19) 

The cut-off error associated with Eq. (19) is of order O( xδ ). Therefore, this should be 
considered as a FO approximation. The auxiliary equations can be used with the extended Taylor 
series to reduce the cut-off error. 

( ) ( )
2 2 3 3 4 4

2 3 4
df x d f x d f x d ff x x f x x
dx 2! 3! 4!dx dx dx

δ δ δδ δ− = − + − + − +L            (20) 

Subtracting Eq. (20) from Eq. (18) and solving for, yields the central difference approximation 
shown in Eq. (21) 

( ) ( ) ( )2f x x f x xdf O h
dx 2 x

δ δ
δ

+ − −
≈ +                      (21) 

Since the truncation error is equal to the SO, it can be shown that the accuracy of the SO can be 
achieved using the central difference method. However, this method requires the function to be 
evaluated twice, which is a prerequisite for the central difference approximation. The higher-order 
finite difference formula can also be constructed in this way. The higher order derivatives by finite 
difference approximation can be calculated by directly differentiating the lower order methods. As 
an illustration, the central difference approximation in Eq. (21) can be used to estimate the SO 
derivative. 

( ) ( )2
2

2
df x x / dx df x x / dxd f O( x )

2 xdx

δ δ
δ

δ
+ − −

≈ +                (22) 

If we insert the corresponding formulas of ( )df x x / dxδ+  and ( )df x x / dxδ− , we get the 
following equation 
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( ) ( ) ( ) ( )
2

2 2
f x 2 x 2 f x f x 2 xd f O x

dx 4 x

δ δ
δ

δ
+ − + −

≈ +                (23) 

The expense in computations is order of the approximation dependent and increases linearly 
with the number of design variables. The accuracy of the approximation depends on the truncation 
error. In other words, with a small step size, any approximation error can be made small. In 
practice, however, the accuracy of the calculations is significantly influenced by the step size, 
which illustrates its crucial role in determining the overall reliability of the results. 

The SCVM and the FDM are conceptually similar numerical differentiation methods. However, 
this method has considerable advantages over finite difference analysis. To explain the complex 
variables method, you should examine the analytical function f defined in terms of the complex 
variable x. The function f can be expressed by a Taylor series expansion centered on the real point 
x, as shown below 

( ) ( )
2 2 3 3 4 4

2 3 4
df h d f ih d f h d ff x ih f x ih
dx 2! 3! 4!dx dx dx

+ = + − − + − +L            (24) 

It must be pointed out that Eq. (24) was obtained by replacing h in Eq. (18) with ih, where
2i 1= − . This method is known as the complex step approximation. The imaginary and the real 

parts (Im and Re) of Eq. (24) can be considered as Eqs. (25) and (26). 

( ) ( )
2 2

4
2

x d fRe f x i x f x O( h )
2! dx

δδ +  = − +                (25) 

( )
3 3

5
3

df x d fIm f x i x x O ( x )
dx 3 ! dx

δδ δ δ+ = − +                (26) 

The FO derivative of the function f, which is given by Eq. (27), can be derived from Eq. (26) 
by dividing both sides by xδ . 

( ) 2Im f x i xdf O( x )
dx x

δ
δ

δ
 +  = +                     (27) 

The estimate derived from Eq. (27) provides an accurate representation of the FO derivative of 
the function f with respect to 𝑂(𝛿𝑥ଶ). In contrast to the FDM, the upper estimate provides an 
approximation to the FO derivative that does not suffer from errors associated with the loss of 
significant figures since no subtraction is performed. It can be assumed that the main advantage of 
complex step estimation over FDM is that the issue of determining the appropriate step size has 
been successfully resolved. In principle, a minimum step size can be chosen without 
compromising the accuracy of the estimation. 

It is important to note that Eq. (25) is used to obtain an approximation of the SO derivative. 
This is done as follows 

( ) ( )( )2
2

2 2

2 f x Re f x i xd f O( x )
dx x

δ
δ

δ

−  +  = +                 (28) 

In contrast to the FO derivative estimation, Eq. (28) involves the subtraction operator, making 
its accuracy dependent on the chosen step size h. 
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Lai and Crassidis (2008) presented a refined formulation aimed at improving the precision of 
FO and SO sensitivities. Nevertheless, this formulation has not yet found application in the field of 
engineering. The complex unit vector holds potential for a number of applications. By applying 
standard principles of complex algebra, these vectors can be reformulated in the notation of 𝑖(௣/௤) = 𝑒௜ఉ, (𝛽 = (𝑝/𝑞) గଶ). 

In addition, the Taylor series, which contains two complex steps and a phase angle difference of 
π , can be expressed by Eqs. (29) and (30). 

( ) ( ) ( ) ( )
n

ni ni

n 1

xf x e x f x e f x
n!

β β δδ
∞

=
+ = +                  (29) 

( )( ) ( ) ( ) ( ) ( )
n

i ni n

n 1

xf x e x f x e f x
n!

β π β π δδ
∞

+ +

=
+ = +               (30) 

In the previous equations, an alternative method involves using the complex step i in its 
trigonometric form, as expressed by Euler's formula ie cos i sinβ β β= + , rather than its 
exponential form. This simplifies the derivation of the equations. By adding and subtracting Eqs. 
(29) and (30), we arrive at Eqs. (31) and (32) 

( ) ( )( ) [ ] ( )
( ) ( ) ( )

2n
i 2ni

n 1

xf x e x f x e x cos2n i sin2n f x 2 f x
2n !

β πβ δδ δ β β
∞

+

=
+ + + = + +          (31) 

( ) ( )( ) ( ) ( ) ( )
( ) ( )

2n 1
i 2n 1i

n 1

xf x e x f x e x 2 cos 2n 1 i sin 2n 1 f x
2n 1 !

β πβ δδ δ β β
∞ −

+ −

=
+ − + =  − + −   −      (32) 

In order to achieve greater efficiency in this case, it is important to focus exclusively on the 
imaginary component. 

( ) ( )( )( ) ( )
( ) ( )

2n
i 2ni

n 1

xIm f x e x f x e x 2 sin2n f x
2n !

β πβ δδ δ β
∞

+

=
+ + + =           (33) 

( ) ( )( )( ) ( ) ( )
( ) ( )

2n 1
i 2n 1i

n 1

xIm f x e x f x e x 2 sin 2n 1 f x
2n 1 !

β πβ δδ δ β
∞ −

+ −

=
+ − + = −

−       (34) 

By applying Eqs. (33) and (34), first and second order derivatives of each angle using the 
complex step method. Selecting the appropriate angles is crucial to fully utilize the extended 
complex variables method. A detailed analysis of Eqs. (33) and (34) shows cases where certain 
sine functions become zero, which can be used to improve the convergence rate of the Taylor 
series approximation. By choosing certain angles, it is possible to derive equations that are both 
practical and accurate. For example, the angles 𝛽 = 45∘and 𝛽 = 60∘are two different values that, 
when substituted into these equations, greatly simplify many of the coefficients in Eqs. (33) and 
(34). 

In case 1, the substitution of 𝛽 = 45∘ in Eq. (33) yields the following equation for the 
sensitivity of SO 

( )
( ) ( )( )

( ) ( ) ( )
1/ 2 5 / 2 4

6
cut2

Im f x i x f x i x hf x ,E x f x
360x

δ δ
δ

δ

+ + +
′′ = =          (35) 
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It is important to note that when 𝑠𝑖𝑛 2 𝑛𝛽 = 0 and n=2, the imaginary terms vanish. As a result, 
the first non-zero value occurs at n=3, which corresponds to 4O( x )δ . Nevertheless, a subtraction 

error persists in the estimation. However, its cut-off error is ( ) ( )64x f x / 360δ , and the associated 

error for Eq. (12) is ( ) ( )42x f x / 12δ . 
To compute the FO and SO derivatives utilizing Eqs. (27) and (35), it is essential to define 

( ) ( )1/ 2f x i x , f x i xδ δ+ +  and ( )5/ 2f x i xδ+ .  

To obtain the first-order derivative using ( )1/ 2f x i xδ+  and ( )5/ 2f x i xδ+ , the value 𝛽 = 45∘ 

is substituted into Eq. (37), resulting in the following relation 

( )
( ) ( )( )

( ) ( ) ( )
1/ 2 5 / 2 2

3
cut

Im f x i x f x i x xf x ,E x f x
62 x

δ δ δδ
δ

+ − +
′ = = −        (36) 

It is important to emphasize that the error associated with Eq. (36) is identical to that of Eq. (27) 
and leads to comparable results. However, the same functions are used in Eq. (36) as in Eq. (34). 

Due to ( ) ( ) ( ) ( )1/ 2 5/ 2 1/ 2 1/ 2f x i x f x i x f x i x f x i xδ δ δ δ+ − + = + − − , the subtraction error is 

eliminated in Eq. (36), and the imaginary components are merged. A key aspect of Eqs. (35) and 
(36) is that the FO and SO derivatives are derived from two separate simulations, with the 
accuracy of the SO sensitivity being roughly fourth-order. 

In Case 2, substituting 𝛽 = 60∘ in Eqs. (33) and (34) yields the FO and SO sensitivities, which 
are obtained by Eqs. (37) and (38). 

( )
( ) ( )( )

( ) ( ) ( )
2 / 3 8 / 3 4

5
cut

Im f x i x f x i x xf x ,E x f x
1203 x

δ δ δδ
δ

+ − +
′ = =           (37) 

( )
( ) ( )( )

( ) ( ) ( )
2 / 3 8 / 3 2

4
cut

Im f x i x f x i x xf x ,E x f x
243 x

δ δ δδ
δ

+ + +
′′ = =          (38) 

It is clear that the equation for the first-order (FO) derivative is more accurate than that for the 
second-order (SO) derivative. Unlike the SO derivatives, which are prone to both subtraction and 
truncation errors, the FO derivatives do not suffer from subtraction errors. Therefore, the equations 
derived for this case (𝛽 = 45∘), particularly Eqs. (35) and (36), are more suitable for calculating 
derivatives. 

To implement the complex step method, it is crucial to first develop simulation code that does 
not already use complex arithmetic. In this scenario, to leverage the benefits of the complex 
variable method, an automated process can be used to generate enhanced code that can compute 
both the function and its derivatives. 

In addition to the clear need for full access to the original code, developing an advanced 
version requires three phases, as shown in Fig. 2. 

In this study, MATLAB software was used to carry out the three steps shown in Fig. 2. 
MATLAB can handle complex variables as standard input data, so the first step is relatively simple. 
However, it is important to point out that in the second step, determining the complex step size  
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Fig. 2 The steps of producing a complex version of the code

 
 

 
Fig. 3 Domain and boundary conditions for the flow around a circular cylinder 

 
 

depends on the assumption that the function is analytic. Therefore, it is crucial to carefully check 
the correctness of this assumption when incorporating functions and operators in the complex 
domain. The last step can then be completed using the specified equations. 

 
 
5. Numerical example 

 
5.1 Flow around a cylinder 
 
The method described above was used here to evaluate the flow around a cylinder at a high 

Reynolds number. The most significant challenge in this evaluation was the periodic flow regime. 
When the Reynolds number ( 0Re /U dρ μ= ) of the free flow exceeds 𝑅𝑒௖ ൎ 51 (Sohankar et al. 
1998), the flow becomes periodic. 

A circular cylinder with a unit diameter within a specified range{ }88,258: ≤≤−≤≤−Ω yx
was assumed. The x-component of the velocity at the lower and upper walls, as well as at the inlet, 
was set to one, while the y-component of the velocity at these boundaries was considered zero (as  

450



 
 
 
 
 
 

Design sensitivities analysis for transient incompressible laminar flows using extended complex… 

 
Fig. 4 Finite element mesh for the flow around a circular cylinder 

 
 

 
Fig. 5 Time history of 𝜈௬-velocity component for the flow around a circular cylinder at (x,y)=(2,0) 

 
 

shown in Fig. 3). The Reynolds number was taken to be 100. The finite element mesh used in the 
calculations is depicted in Fig. 4, and it consists of triangular elements—six-node elements for the 
velocity and three-node elements for the pressure. The total number of elements was 1,815, with 
3,733 nodes for velocity and 959 nodes for pressure. This mesh results in a total of 8,425 degrees 
of freedom. To study the temporal evolution of the velocity component as a function of time, the 
point (x,y)=(2,0) was chosen. A fixed time step of 1.0=Δ t was used, which was sufficient to 
verify and validate the solution. To speed up the convergence of the results, the solution obtained 
in the previous time step was used as an initial estimate for the current time step. 

 
5.1.1 Verification 
The temporal progression of the velocity component at the specified point (x,y)=(2,0), along 

with the history of the drag coefficient, is shown in Figs. 5 and 6, respectively. From these figures, 
it can be observed that periodic flow begins at approximately 𝑡 = 120𝑠. Additionally, the time 
period measured from Fig. 6 is \dots, which yields a dimensionless flow frequency of 𝑆𝑡 =0.1667. Our results are in good agreement with the experimental findings of Hammache and 
Gharib (1991)(𝑆𝑡 = 0.166). Fig. 7 presents the contour of the velocity component and vorticity at 
130 seconds. 
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Fig. 6 Time history of CD-drag coefficient for the flow around a circular cylinder 

 

 

 
Fig. 7 Numerical results for flow around the cylinder (a) Vertical velocity contour (b) vorticity contour 
 
 
5.1.2 Sensitivity analysis 
In this section, sensitivities of the velocity fields and the pressure with respect to the input 

velocity 𝑈଴ were computed. Sensitivity computations depended on Eqs. (27) to (28) and (35) to 
(36), using the complex variables technique. With respect to this, the calculation of sensitivity 
implies a small variation in the value of the input velocity 𝑈଴, indicated as a step-size, rendered in 
the complex variable format. 
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Table 1 A comparative analysis of the sensitivity of the drag coefficient concerning the inlet velocity for both 
the FO and SO configurations (ቀడ஼ವడ௎బ , డమ஼ವడ௎బమ ቁ) for a flow passing around a cylinder at, t=200 s and Re=100 

step 
size 

FO SO 

SCVM ESCVM FDA SCVM ESCVM FDA 

10-2 69.48641346372 69.48641425159 69.48641425163 0.11879785278 0.11879765762 0.11879746222 

10-4 69.48641385761 69.48641385769 69.48641385770 0.11879879303 0.11879765548 0.11879726092 

10-6 69.48641385765 69.48641385765 69.48641385152 0.12922996007 0.11879752959 0.10125233985

10-8 69.48641385765 69.48641385765 69.48641378957 0.00000000000 0.11881542909 -2.91E+02 

10-10 69.48641385765 69.48641385765 69.48642439220 0.00000000000 0.11770780117 -4.66E+05 

10-12 69.48641385765 69.48641385765 69.48930320050 0.00000000000 0.22618219875 4.44E+08 

10-14 69.48641385765 69.48641385765 69.59988141375 0.00000000000 -2.01948391737 -5.11E+13 

 
 

n
0 0U U i xδ= +                             (39) 

When i2 = -1, xδ represents the disturbance (or step size) and is a small value assigned to the 
input velocity U0, virtually. This is not a real physical change in the input velocity, but rather a 
change in the complex number space that results in the calculation of the derivative of the function 
with very high accuracy and without the occurrence of subtraction error. In the standard complex 
variable method, n is equal to one, while in the extended form, n is set to 0.5 (in the case of 𝜃 =45). Table 1 demonstrates the first-order (FO) and second-order (SO) sensitivities for various step 
sizes using different forms, including finite difference analysis for validation. 

To more clearly explain how the proposed method works, the following steps should be 
performed. 

Step 1. run a Complex Simulation (Only One Simulation): The key is that we solve the 
Navier-Stokes equations (governing the flow) only once, but we do this solution in complex 
number space. In this simulation, we set the inlet velocity boundary condition not as a real number 
U₀, but as a complex number U = U₀ + iδ. 

Step 2. Calculating CD in Complex Space: During this same solution, the finite element 
software (which now can work with complex numbers), when the input is in the form of complex 
numbers, all variables and results, including direct results (i.e., velocity and pressure fields) and 
computational results (such as CD, etc.) that depend on the velocity and pressure fields, are 
converted into complex numbers because it performs all the steps of calculating the flow field 
(velocity, pressure) and finally calculating quantities such as the drag coefficient (CD) using 
complex numbers. Therefore, the output of this analysis will be a complex drag coefficient CD = 
CD (U₀ + iδ) . 

Step 3. Extracting the derivative of the imaginary part: According to the basic CVM relation 
(Eq. (27)), the first derivative of CD with respect to U₀ is obtained by taking the imaginary part of 

the same complex output and dividing it by δ: 0
0

Im[ ( )]DD C U idC
dU

δ
δ

+
≈ . 

The sensitivity estimated using the complex variable method aligns well with results from the 
finite difference analysis. The complex variable method is particularly robust for first-order (FO) 
calculations, showing little sensitivity to small step sizes. This suggests that both methods can be 
applied effectively across a broader range of step sizes, producing stable and satisfactory results.  
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Fig. 8 The FO sensitivity of the vertical velocity concerning 𝑈଴, డ௨೤డ௎బ at (x,y)=(2,0) for flow around the 
cylinder with a high Reynolds number 

 
 

 
Fig. 9 The FO sensitivity of the drag coefficient concerning 𝑈଴, డ௨೤డ௎బ for flow around the cylinder with a 
high Reynolds number 

 
 

All three approaches yield acceptable outcomes and show reduced sensitivity to cut-off errors 
when larger step sizes are used. 

The second-order (SO) sensitivity to variations in input parameters, as estimated by the 
Extended Complex Variable Method (ECVM) and the Standard Complex Variable Method 
(SCVM), shows good agreement with the finite difference approach. It can be observed that SO 
sensitivity in all three methods is affected by both small and large step sizes. Notably, the ECVM 
demonstrates less sensitivity to step size variations than the other methods, resulting in a broader 
range of acceptable results. Additionally, the accuracy of SO sensitivity is more strongly 
influenced by step size, with the SCVM also showing some dependence on this choice. As a result, 
both rounding and cut-off errors were present. 

Figs. 8 and 9 display the first-order (FO) sensitivities at point (x,y)=(2,0) and the drag 
coefficient over time. These sensitivities exhibit periodic behavior, mirroring the oscillatory nature 
of the flow components. The period of FO sensitivity is 𝜏 = 6𝑠, which exactly matches the period 
of the flow. 
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Fig. 10 The SO sensitivity of the vertical velocity concerning 𝑈଴, డమ௨೤డ௎బమ  at (x,y)=(2,0) for flow around the 
cylinder with a high Reynolds number 

 
 

 

Fig. 11 The SO sensitivity of the drag coefficient concerning 𝑈଴, డమ஼ವడ௎బమ  for flow around the cylinder with 
a high Reynolds number 

 
 
Figs. 10 and 11 plot the second-order (SO) sensitivities for 𝑢௬ at point(x,y)=(2,0) and the drag 

coefficient over time. These sensitivities show periodic behavior similar to that of the flow 
components. The time period of the SO sensitivity matches that of the first-order (FO) sensitivity 𝜏 = 6𝑠 and is also equal to the time period of the flow. 

 
5.2 Flow around the square cylinder with high Reynolds number 
 
In this example, the flow around a square cylinder at a Reynolds number (Re) of 100 was 

evaluated. The Reynolds number is calculated based on the free-stream velocity (𝑈଴) and the side 
length of the square (L). 

The square cylinder has a unit length (L=1.0) and is positioned within the finite region
{ }5.105.10,5.255.10: ≤≤−≤≤−Ω yx . The center of the square is located at (x,y)=(0,0). For the  
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Fig. 12 finite element mesh for the flow around a square cylinder 

 
 

 
Fig. 13 Time history of 𝜈௬-velocity component for the flow around a square cylinder at (x,y)=(2,0) 

 
 

boundary conditions, the x-component of velocity at the lower and upper walls, as well as the inlet 
flow, was set to one, while the y-component of velocity was set to zero at these boundaries. 

The mesh used in the finite element analysis is shown in Fig. 12 and consists of six-node 
triangular elements for velocity and three-node triangular elements for pressure. The total number 
of elements is 6258, with 12,764 nodes for velocity and 3253 nodes for pressure. Point (x,y)=(2,0) 
was selected to observe the changes in the y-component of velocity 𝑣௬ over time. A fixed time 
step of 𝛥𝑡 = 0.1𝑠 was assumed sufficient for verification and validation of the solution. To 
accelerate convergence, the solution from the previous time step was used as an initial estimate for 
solving the current time step. 

 
5.2.1 Verification 
Figs. 13 and 14 show the time history of the velocity component at point (x,y)=(2,0) and the 

time history of the drag coefficient, respectively. From these figures, it can be observed that the 
flow becomes periodic at approximately 𝑡 = 75𝑠. Furthermore, the time period measured from 
Fig. 13 is 𝜏 = 6.8𝑠, yielding a dimensionless flow frequency of 𝑆𝑡 = 0.147. Table 2 presents the 
calculated parameters alongside experimental measurements by Okajima (1982) and numerical  
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Table 2 Comparison of computed for flow around the square cylinder at Re = 100 
methods St DC  DpC

Present study 0.147 1.505 1.407 
Okajima (1982)  0.143±0.002 - - 

Sohankar et al. (1998) 0.146 1.46 1.414 
Pavlov et al. (2000) 0.150 1.51  - 

Pontaza and Reddy (2006) 0.140 1.48 1.382 
Strouhal number St, average drag coefficient 𝐶ሜ஽, average pressure drag coefficient 𝐶ሜ஽௣ 

 
 

 
Fig. 14 Time history of CD-drag coefficient for the flow around a square cylinder 

 
 
results from Sohankar et al. (1998), Pavlov et al. (2000), and Pontaza and Reddy (2006) under the 
same flow conditions. The calculated dimensionless shedding frequency (St) aligns well with the 
measurements in reference Okajima (1982) and with results in references Sohankar et al. (1998) 
and Pavlov et al. (2000), though it is slightly lower. A strong agreement is also found for the 
computed values of drag coefficient 𝐶ሜ஽and lift coefficient 𝐶ሜ஽௣. Fig. 15 illustrates the contour of 
the velocity component yu and vorticity at t=175 s. 

 
5.2.2 Sensitivity analysis 
Table 3 presents the first-order (FO) sensitivity for different step sizes using various methods, 

including finite difference analysis for validation. The sensitivity calculated by the standard 
complex variable method aligns well with the finite difference results. Notably, the standard 
complex variable method is unaffected by small step sizes, suggesting that both methods can be 
applied across a wide range of step sizes while still yielding reliable and satisfactory results. All 
three methods produce acceptable outcomes and show reduced dependence on cut-off errors when 
larger step sizes are used. 

It can be observed that the second-order (SO) sensitivity to both small and large step sizes is 
similar across all three methods. However, the Extended Complex Variable Method (ECVM) is 
less sensitive than the other two, resulting in a broader range of acceptable results. An analysis of 
Tables 1 and 2 reveals that the accuracy of SO sensitivity is significantly affected by step size.  
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Fig. 15 Numerical results for flow around the cylinder (a) Vertical velocity contour (b) vorticity contour 
 
 

Table 3 The analysis focuses on contrasting the sensitivity of the drag coefficient concerning the inlet 
velocity for both FO and SO configurations ቀడ஼ವడ௎బ , డమ஼ವడ௎బమ ቁ for a flow passing around a square cylinder at, 
t=200 s and Re=100 

Step 
size 

FO SO 

SCVM ESCVM FDA SCVM ESCVM FDA 

10-2 95.68582747674 95.68588227169 95.68588227127 0.70285245082 0.70284537197 0.70283829428 

10-4 95.68585486567 95.68585487115 95.68585487114 0.70285435250 0.70285419481 0.70285421927 

10-6 95.68585486841 95.68585486841 95.68585487318 0.69366734579 0.70285423803 0.69655392565 

10-8 95.68585486841 95.68585486841 95.68585480624 -150.9903 0.70275994293 -59.9520 

10-10 95.68585486841 95.68585486841 95.68585812580 -2.04E+06 0.70120100526 6.66E+04 

10-12 95.68585486841 95.68585486841 95.69345316152 -1.29E+10 0.87887940084 4.00E+09 

10-14 95.68585486841 95.68585486841 95.95657601835 -1.69E+14 -24.2338 2.24E+14 
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Fig. 16 The FO sensitivity of the vertical velocity relative to 0U , డ௨೤డ௎బ at (x,y)=(2,0) for flow around the 
square cylinder with a high Reynolds number 

 
 

 
Fig. 17 The FO sensitivity of the drag coefficient concerning 𝑈଴, ቀడ஼ವడ௎బቁ for flow around the square 
cylinder with a high Reynolds number 

 
 
 
Additionally, the complex variable method for calculating SO sensitivity shows some dependence 
on step size. It is also important to note that both rounding and cut-off errors are evident in the 
results. 

Figs. 16 and 17 illustrate the first-order (FO) sensitivities at point (x,y)=(2,0) and the drag 
coefficient CD with respect to 𝑈଴  over time. The results in these figures reveal that these 
sensitivities exhibit periodic behavior, closely mirroring the periodicity of the flow components. 
Notably, the time period of the FO sensitivity, 𝜏 = 6.8𝑠 is identical to the time period of the flow, 
confirming synchronized temporal patterns. 

Figs. 18 and 19 plot the second-order (SO) sensitivity of 𝑢௬ at the specific point (x,y)=(2,0) 
and the drag coefficient concerning 𝑈଴ over time. These sensitivities show periodic behavior 
similar to the flow components. The time period of the SO sensitivity matches that of the 
first-order (FO) sensitivity 𝜏 = 6.8𝑠, which is also equal to the time period of the flow. 
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Fig. 18 The SO sensitivity of the vertical velocity concerning 𝑈଴, ቀడమ௨೤డ௎బమ ቁ at (x,y)=(2,0) for flow around 
the square cylinder with a high Reynolds number 

 
 

 

Fig. 19 The SO sensitivity of the drag coefficient concerning 𝑈଴, ቀడమ஼ವడ௎బమ ቁfor flow around the square 
cylinder with a high Reynolds number 

 
 
6. Conclusions 

 
Given the importance of optimal design, identifying optimal parameters and utilizing sensitivity 

analysis in various engineering applications are essential. In this research project, the flow regime 
was initially modeled using finite element analysis (FEA). Subsequently, both first-order (FO) and 
second-order (SO) sensitivity analyses were conducted and evaluated within a transient flow 
regime. Complex variable methods were applied to estimate the FO sensitivity, while the Extended 
Complex Variable Method (ECVM) was used to determine the SO sensitivity. 

These sensitivity analyses were then applied to flows around both a cylinder and a square. The 
results demonstrated that the flow regime was effectively captured through finite element analysis, 
and the sensitivity analysis results were consistent with traditional methods, yielding a 
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comprehensive set of valid results. The primary findings can be summarized as follows: 
First, the extended and standard complex variable methods demonstrate independence from 

small step sizes regarding first-order (FO) sensitivity, achieving highly accurate results. 
Second, in the flow around both a cylinder and a square, the flow regime becomes periodic above 

the critical Reynolds number. Similarly, both first-order (FO) and second-order (SO) sensitivities 
exhibit periodic behavior in alignment with the flow regime.  

Third, while FO sensitivity remains relatively stable, SO sensitivity is more significantly 
impacted by step size. 

Fourth, compared to other methods, the extended complex variable approach achieves more 
accurate SO sensitivity results, attributed to its capacity for larger step sizes. 

Fifth, the standard complex variable method is recommended when the objective is solely to 
assess FO sensitivity, as it delivers high precision without concerns over step size. Conversely, the 
extended complex variable method (ESCVM) is preferable for calculating SO sensitivity, as it 
allows accurate determination of both FO and SO sensitivities with only two modeling runs. 

Sixth, the extended complex variable method proves to be an effective approach for sensitivity 
analysis, showcasing its suitability in addressing engineering challenges. 
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